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» Incompressibility condition

V-u(x,t)=0, xeR? >0,

» Conservation of mass

pi(x, t) + u(x,t) - Vp(x,t) =0,

» Darcy’s law (1856)
w(x, u(x,t) = =Vp(x, t) — p(x,1)(0,1), k=1=g,

» The Muskat problem (1934)

_ [ (W), xeD(),
(1P (x, t){ (12, 0%), x € D(t) = R2~ DI(d),

two incompressible and immiscible fluids.
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For
D?(t) = {(x,y) e R?, y <f(x,t); f:Tx[0,T] =R},
it is possible to get

Ay =0 inD?(t), V¢c L3(D?1),
$(x, f(x)) = — L £(x),

w
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Then f obeys the equation

2
oif = — 15 G,

with the Dirichlet-Neumann operator G(f)g given by

1 sin(x—x")+sinh(f(x)—f(x"))Oxf(X) ., .,
G(f)g(x)zﬂp"/'/r cosh(F(x)—F(x)) —cos(x—x7) (X)X

and 0 : T — R satisfies

sinh(f(x)—f(x"))—sin(x—x")Oxf(X) .. ,\ .,
EQ(X”Z”'V'/T cosh(F(X)—T(x)) —cosx—x) (X)X =0xg(X).
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Linear Equation

At the linear level,

0? OxfL(x') 1)

ft /
oK™ (x, 1) = 2p 4 tan((x — X')/2)dx

= —;H(aXfL)(x, t)
—ZZ/\(fL)(x,t), A= (-A)"2

Fourier transform:

~ ~ 2
(e, t) = (&, hew (- T5lelt).

2
° p—z > 0 stable case: fluid below,
o

2
. % < 0 unstable case: fluid on top.
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» Two-fluids equation:

Wy sin(x—x)(OxF(X) = F(X)) .,
KH(X) = =4 ~P-v- /T cosh(F(x) — F(x)) —cos(x—x')



One-fluid vs Two-fluids

3! 3 global 3! global
local | small | squirt | splash | turning | local | 3large
sub. | critical critical | data

1-F v v X v X ? ?
2-F v v X X v v X

sub.=subcritical




Global well-posedness for large data

Theorem (H. Dong, G., H.Q. Nguyen-21)
For all fy € W'->(T), there exists

fe C(T x [0,00)) N L=([0, 00); WH(T)), 9;f € L=(]0, 00); L3(T))
such that f|i—o = fy, f satisfies One-Fluid-Muskat in L3°L2, and
Flwrry < follwroc(ry a.e. t>0.

Moreover, f is unique in its class (viscosity solution).
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Theorem (H. Dong, G., H.Q. Nguyen-21)
For all fy € W'->(T), there exists

f e C(T x [0,00)) N L>=([0, 00); W'(T)), &f € L([0, 00); L3(T))
such that f|i—o = fy, f satisfies One-Fluid-Muskat in L3°L2, and
(Ol wr(ry < llfollwe(ry a.e. t>0.
Moreover, f is unique in its class (viscosity solution).

» This is the first construction of unique global strong solutions for
the Muskat problem with initial data of arbitrary size in a critical
space.
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e Property: f;, f € WH>°(T), C*'(x), fy < o and f1(x0) = f2(xo) then
—G(f1)f1 (Xo) < —G(fg)fg(Xo).
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[Fllwr.e (8) < [[follwr .o
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e Property: f;, f» € CrC?2 two solutions with f;(0) < £(0) then
fi(x,t) < h(x,1).
e Property: with f(x + y,0) < f(x,0) + L|y| we get
[Fllwr () < [follwr.ox -
e Regularized system:

2
O = — 15 GIF)(I) +eF £(x,0) = (K- % 6)(x).

We are able to probe global-in-time existence for the system above.
e New inequalities:

IG(Ngllz < C(1 + [|0xFlL=)? 105G 2,

16]12 < C(1 + [l )2 [|0xF] 2.



e Taking limits at the nonlinear parts:

1 tanh(CHy
N1 = ZaanrCtan (W)Q (X )dX,

and

Ny = 417axp.v. /T log (cosh(f*(x) — f°(x")) — cos(x — x'))6°(x")dx".



Uniqueness

e Def: f: T x [0, T] is a viscosity subsolution (super) if

(i) f is upper semicontinuous (lower semicontinuous) on T x [0, T]
(i) ¥ ¢ with 9p € C(T x (0, T)) and +» € C((0, T); C"1(T)), if f — 2
attains a global maximum (minimum) over T x [ty — r, fp] at

(X0,%) € T x (0, T) for some r > 0, then

7
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A viscosity solution is both, subs. and supers.
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(i) f is upper semicontinuous (lower semicontinuous) on T x [0, T]
(i) ¥ ¢ with 9p € C(T x (0, T)) and +» € C((0, T); C"1(T)), if f — 2
attains a global maximum (minimum) over T x [ty — r, fp] at

(X0,%) € T x (0, T) for some r > 0, then

O (0. 0) < — L2 (GW)D) (0r o) (2)

=

A viscosity solution is both, subs. and supers.

« Consistency: f be a subs. (supers.), f € W">(T x (0, T)) and
C"'(xo, ). Then

Of(Xo, 1) < —&z(G(f)f)(Xo, ) (>).

=



« Highly needed: For f ¢ W'>(T) and C"'(x), its harmonic
extension ¢ satisfies:
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« Highly needed: For f ¢ W'>(T) and C"'(x), its harmonic
extension ¢ satisfies:

160X, ¥) — F(x0) — (x = X0,y — F(x0)) - Vo0, F(x0))]
< M|(x — x0)? + (¥ — f(x0))?| %

e Comparison: For f subs. and g supers., if f(0) < g(0), then
f(t)y<g(t), V(x,t)eTx][0,T].

Sup and inf-convolution.



What about 3D?

» Implicit kernels
» More difficult to solve the regularized system

» More difficult to obtain the harmonic extension property



Thank you!



