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& Social networks

What is common to . .. Protein-protein interactions
Freight transport between cities
Spread of the virus in a population

All these datasets have a graph structure.
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What can be tackled from graph data?

* Security issues — Graph alignment

Is the user privacy preserved?

* Prediction tasks — Link prediction

What is the probability for two new users to be connected?

* Estimation tasks — Community detection

Can we learn the preference of each user?



QOutline of the presentation

Random Graphs

Need to model temporal growth of networks

Growth Models

Modeling networks with an underly-
ing spatial or community structure

Probabilistic tool for the theoretical analysis

Concentration inequality for

U-statistics for Markov chains




|.1 Random Geometric Graphs: the problem of geometry
detection



Random Geometric Graphs (RGGs)

Presentation of the Random Geometric Graph (RGG)
@ Choose a latent space.
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Presentation of the Random Geometric Graph (RGG)
@ Sample points.
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Presentation of the Random Geometric Graph (RGG)

@ Draw edges.




RGGs: The high-dimensional regime

* Hard RGGs on $9:

Y.D.C. & Quentin Duchemin. Random Geometric Graph: Some recent developments and
perspectives. High Dimensional Probability IX, Progress in Probability series, 2022.



RGGs: The high-dimensional regime

* Hard RGGs on $9:

# Studying the behaviour of Hard RGGs in the high-dimensional setting (i.e.
when d = d(n) goes to +00 as n — +00):

Given some graph G with n points, the geometry detection problem reads

as
Ho:"G ~ G(n,p)" VS Hi:"G~RGG(n,p,d)",

where G(n, p) is the Erdds-Renyi distribution and RGG(n, p, d) is the
distribution of Hard-RGGs on $9~! with matching expected degree.

Y.D.C. & Quentin Duchemin. Random Geometric Graph: Some recent developments and
perspectives. High Dimensional Probability IX, Progress in Probability series, 2022.



Mathematical Tools to study RGGs in high dimensions

Information
theory
StatlStlcél / Concentration
Computational
of measure
gaps ?
Statistical Random

physics tools matrix theory




Phase diagram for the problem of geometry detection

Task Current state of knowledge Ref.
Recognizing if a graph can be
realized as a RGG NP-hard 1998
Testing between G(n, p,d) L o
and G(n, p) in high-dimension 0 Polynomial time test ,,‘3 Undistinguishable g 2016
for p € (0,1) fixed '
Testing between G(n, £,d) 3 36
1 1
and G(n, £) in high-dimension 0 oen s d 2%21&
forc>0 Polynomial time test ? Undistinguishable

Limit as n—-w

Phase where signed triangle counts differ
Bubeck et al. (2016) &
Liu et al. (2021)

Impossible Phase
Bubeck et al. (2016)
Brennan et al. (2020)
Liu et al. (2021)

Y.D.C. & Quentin Duchemin. Random Geometric Graph: Some recent developments and
perspectives. High Dimensional Probability IX, Progress in Probability series, 2022.



Literature in RGGs

* First motivated to model wireless communication systems.

* An active line of research is studying the behaviour of RGGs in the
high-dimensional setting (i.e. when d = d(n) goes to +00 as n — +00).
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Literature in RGGs

* First motivated to model wireless communication systems.

* An active line of research is studying the behaviour of RGGs in the
high-dimensional setting (i.e. when d = d(n) goes to +00 as n — +00).

In this work, we adopt another point of view and we focus on
non-parametric estimation in a new growth model for RGGs.

10



|.2 Non-parametric estimation in RGGs
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Non-parametric estimation in RGGs (1/2)

We work with the Euclidean d-dimensional sphere
$7 = {xeR? : x| =1}
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Non-parametric estimation in RGGs (1/2)

We work with the Euclidean d-dimensional sphere
$7 = {xeR? : x| =1}
The graph is built by
* sampling n points Xi,..., X, on §971.
* setting an edge between nodes i and j with i # j with probability
p({Xi, Xj)) where p : [-1,1] — [0, 1] is called the envelope function.

The adjacency matrix A is such that

Aij =0ifi=]

vi,j € [n], { Aij  ~Ber(p({Xi,X;)))if i #j

This RGG corresponds to a graphon-type model where the graphon W is
Vx,y €877 W(x,y) = p((x,¥))-

Typical example: p:t — Lz, t7 € (—1,1).
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Non-parametric estimation in RGGs (2/2)

Can we recover p from the observation of the graph (i.e. A)?

Previous work In some work?, the authors address the non-parametric
estimation of the envelope function p in the independent setting.

1Y.D.C., C. Lacour and T.M Pham Ngoc, Adaptive Estimation of Nonparametric Geometric
Graphs. Mathematical Statistics and Learning, 2020.
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Non-parametric estimation in RGGs (2/

Can we recover p from the observation of the graph (i.e. A)?

Previous work In some work?, the authors address the non-parametric
estimation of the envelope function p in the independent setting.

Goal
# Extend the previous work to a dependent framework.
~~ We sample the latent space using a Markovian dynamic.

* Estimate the Markov transition kernel.
~ We propose a heuristic to solve link prediction problems.

1Y.D.C., C. Lacour and T.M Pham Ngoc, Adaptive Estimation of Nonparametric Geometric
Graphs. Mathematical Statistics and Learning, 2020.
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|.3 The Markovian dynamic

14



Latent Markovian dynamic: Isotropic sampling
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Latent Markovian dynamic: Isotropic sampling
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Markov Random Geometric Graphs (MRGG)

Sampling procedure: Isotropic Markovian dynamic
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Markov Random Geometric Graphs (MRGG)

Sampling procedure: Isotropic Markovian dynamic

X~ USYTY)
* Vie{2,...,n},
= Y USTY Y L X
« rp~ fg:[—1,1] = [0,1].
fz is called the latitude function.
Then X; is defined by

Xi=rix Xic1+1/1—r2x Vi 4
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Markov Random Geometric Graphs (MRGG)

Sampling procedure: Isotropic Markovian dynamic

X~ USYTY)
* Vie{2,...,n},
Y~ UG YL X
« rp~ fg:[—1,1] = [0,1].
fr is called the latitude function.
Then X; is defined by

X,‘:r,‘XX,',l-‘y-\/].—rl-zX\/,'. "‘X4

Construction of the graph

i+ j (i.e. Aij=1) with proba. W(Xj, X;) := p((Xi, Xj)).
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|.3 Graphon estimation via Harmonic decomposition and
Matrix concentration
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Estimation of p: A plug-in approach

* W can be viewed as a translation-invariant integral operator.

Tw:fel*s$ ") — p((x, ))f(x)o(dx) € L2($97H).

gd—1
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Estimation of p: A plug-in approach

* W can be viewed as a translation-invariant integral operator.

Tw:fel*s$ ") — p((x, ))f(x)o(dx) € L2($97H).
gd—1
* Ty is Hilbert-Schmidt.
o Spectrum of Tw: A" = {pg,pI,.--,Pls---sP/s---sPls---}, with
known multiplicities that depend only on the dimension of the sphere.
o Decomposition of p: p(t) = prj(f;k(t) where (¢« ) do not depend on

k>0
the graphon W, they are the Gegenbauer polynomials.

o k =1 corresponds to linear kernel: p({x,y)) = cops + c1pi{x,y) + ...
(with ¢ explicit constants) and p; has multiplicity d in A*.
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Estimation of p: A plug-in approach

* W can be viewed as a translation-invariant integral operator.

Tw:fel*s$ ") — p((x, ))f(x)o(dx) € L2($97H).

gd—1

* Ty is Hilbert-Schmidt.
o Spectrum of Tw: A" = {pg,pI,.--,Pls---sP/s---sPls---}, with
known multiplicities that depend only on the dimension of the sphere.

o Decomposition of p: p(t) = prj(f;k(t) where (¢« ) do not depend on
k>0

the graphon W, they are the Gegenbauer polynomials.

o k =1 corresponds to linear kernel: p({x,y)) = cops + c1pi{x,y) + ...

(with ¢ explicit constants) and p; has multiplicity d in A*.

* Goal:
Show that A(T,) — A" where T, =

S|

(1 = di)p ((Xi, Xj>))1§,',j§,,~
Show that A(T,) — A(T.) where T, = 1A.

18



Estimation of p: Main result

Definition (Distance between spectra)

Given two sequences x, y of reals such that . x? 4 y? < oo, we define
2 — f 2
d(x,y) = P'g‘; Z(Xi = ¥o(i))" >

1
where S is the set of permutations of N.

——e —90 —9o 90— 9o o —0o —0o —0
0
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Estimation of p: Main result

Definition (Distance between spectra)
Given two sequences x, y of reals such that . x? 4 y? < oo, we define
2 — f 2
02(x,y) = ;2‘; Z(Xi = Yo() ">

1
where S is the set of permutations of N.

* 53 (/\('7'”),)\( Tn)) — 0, ~ follows from one nice work?.
* It remains to prove that 63 (A(T,),\*) — 0.

2Bandeira & Van Handel, Sharp nonasymptotic bounds on the norm of random matrices with
independent entries. AoP, 2016. 19



Estimation of p: Main result

Definition (Distance between spectra)
Given two sequences x, y of reals such that . x? 4 y? < oo, we define
2 — f 2
02(x,y) = P'gg Z(Xi = Yo() ">

1
where S is the set of permutations of N.

63 (A('T'n),A(Tn)) — 0, ~ follows from one nice work?.
It remains to prove that 63 (A(T,), \*) — 0.

Theorem (EJS: 2022)

If

p has regularity s > 0
Ifz]lco < 00 and inf,ci_1.1)fe(r) >0

then for n large enough it holds

25
n ] 25+(d—1)
b)

E[53 (A(T2), A") V S (A (To), A)] S Logz ;

1
where A% (T,) = (34, 352 ,0,....) and Ropt = (i ) 7" .

log2(n)

2Bandeira & Van Handel, Sharp nonasymptotic bounds on the norm of random matrices with
independent entries. AoP, 2016. 19



|.4 Finding eigenvalues clusters
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Estimation of p: In practice

The previous theorem proves that we can recover (p;).>1 up to a
permutation! But ...
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The previous theorem proves that we can recover (p;).>1 up to a
permutation! But ...

# ... finding such a permutation is NP-hard.
We develop an algorithm (the SCCHEI) based on a Hierarchical
Agglomerative Clustering of the eigenvalues /\(7\',,) to estimate the true
partition.
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Estimation of p: In practice

The previous theorem proves that we can recover (p;).>1 up to a
permutation! But ...

# ... finding such a permutation is NP-hard.
We develop an algorithm (the SCCHEI) based on a Hierarchical

Agglomerative Clustering of the eigenvalues /\(7\',,) to estimate the true
partition.

* ... the optimal resolution level R°P! is unknown.

We use a data-driven choice of model size R based on the slope heuristic.

21



|.5 Link prediction
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The characters of the Gold Linear Harmonic Rush

* Adjacency matrix observed: To= %A;

* Latent positions (unknown): (Xj)i>1;
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The characters of the Gold Linear Harmonic Rush

* Adjacency matrix observed: To= %A;

* Latent positions (unknown): (Xj)i>1;

# Latent distances (unknown): G* := %((X,-,)Q))lgingn (has rank d);

* Linear part of the kernel (unknown): p({x,y)) = copo + c1p1 {(x,¥) + ...
(with ¢ explicit constants) and p; has multiplicity d in A*;

* The empirical eigenvectors corresponding to the linear Harmonic space (to
be found): V € R"™*¢;
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The characters of the Gold Linear Harmonic Rush

* Adjacency matrix observed: To= %A;

* Latent positions (unknown): (Xj)i>1;

# Latent distances (unknown): G* := %((X,-,)Q))lgingn (has rank d);

* Linear part of the kernel (unknown): p({x,y)) = copo + c1p1 {(x,¥) + ...
(with ¢ explicit constants) and p; has multiplicity d in A*;

* The empirical eigenvectors corresponding to the linear Harmonic space (to
be found): V € R"™*¢;

% The key remark (our hope): pi is the ONLY eigenvalue with
multiplicity d. Note that the multiplicities are pairwise disjoints as soon
as d > 3 (otherwise we resort to classical Fourier analysis on the torus);

23



Adjacency matrix observed: T, = 1A
Latent positions unknown: (Xi)i>1

T
|
|
|

¥

’—{ Spectral decomposition of T }—‘

HEIC Algorithm (NeurlPS 2019)

|

SCCHEi Algorithm (EJS 2022)

|

Finds the bulk of d eigenvalues of 'IA',, the
most separated from the rest of the spectrum

Gives a clustering of A(T,) in Rmax + 1

groups with sizes do, ..., dg,,,

Output of the Algorithm

i

Output of the Algorithm

l

d eigenvectors of T V e rR™

Cags - - - ’Cd*?max

Estimation of the latent distances

Estimation of the eigenvalues of Ty

. |

G = 1UVT estimate of G*

1
d

|

P = i ercdk A estimate of p;

Estimation of the latitude function f.

|

Estimation of the envelope function p

|

Eg: Kernel density estimate from (n(?,-,,;l)’.

¥

Pr = 25:05;¢k
:

Link prediction

24




From latent distances to link prediction

Denoting pronnL(~) the orthogonal projection onto Span(X,)*, it holds
<Xi7 Xn+1> - <Xi7 Xn><Xn7 Xn+1>

pl"ij,,L (Xi)
+ \/1 - <anXn+1>2\/1 - <Xi,Xn>2<m7 Yoi1),

~ Latent distances D1., = ((Xi, Xj))1<ij<n € [-1,1]"*" are enough for link
prediction.

Indeed, Vi € [n],

ni(Dl:n) - ]P(Ai,n+1 =1 | Dl:n)

B / ’ <<Xi’X”>r +V1-r2V/1- <X/7er>2u> fe(r)dr(l — uz)d%“ du
Jrue(-1,1)

d

)

where A;j 11 € {0,1} is one if and only if node n+ 1 is connected to node i.

25



Estimation of the latitude function and link prediction

Theorem

Assume that

s lpi = picl > 0.

Then, we can compute G € R™" s.t. with high probability

. e
||G*—G\|Fs(—£' ) ,
log®(n)

with G* := %(<Xi’)<j>)1§i,j§n'
Heuristic from link prediction Denoting r = nG,

estimate p with

let 7~ be a kernel density estimator of fz based on (7ii11);<;cp ;-

Use the plug-in estimate
d—
1- uz)TA du

0w = [ 5 (R VIZ VIR ) ar=t) =
rue(—1,1

26



Link prediction: experiments

1.0 1

* iid case (RGG estimate) X +
% Bayes optimal probabilities

54
©

2 + MRGG estimate

%OAG-

S * * *x * *x * *x * *x *
2 0.4 1 +

X

< X

-

I
N

%

x ¥ 4+ + +
x X X X
0.0

2 2 6 8 10
10 first nodes: Xy, ..., X10

Figure 1: Link predictions between the future node X,.1 and the 10 first
nodes Xi, ..., Xio. We work with n =2000, d =3, p(t) = 1,-1 and
fe(r) = 3fs,1)(“5) where f(s5 1y is the pdf of the Beta distribution with

parameter (5,1).
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Estimation results

—— Estimated envelope
True envelope

e
¥

-100 -0.75 -050 -0.25 000 025 050 075 100

(a) Envelope function

0025

0020

0015

0010

0.005

0.000

Latitude Density Estimation

—— Estimation
True latitudes

-1.00 -0.75 -0.50 —0.25 000 025 050

(b) Latitude function

Figure 2: Non-parametric estimation of envelope and latitude functions.
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Transition towards the concentration toolbox
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Transition: Proof and use of U-statistic concentration

If p has regularity s > 0,

Ifz]loo < o0 and inf,c(_q1,1) fz(r) >0,

then for n large enough it holds
2s

~ 5=
BIS (TS [ ] T
log“ n

30



: Proof and use of U-statistic concentration

We recall that T, = %((1 —0ij)p ((Xi, Xi)))1<; j<, and we define

1
Trn = — (1= 8i.1)pr ({Xi, Xi)))1<i j<n s

where

pr(t) == piok(t), R>0.

k=0
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: Proof and use of U-statistic concentration

We recall that T, = %((1 —0ij)p ((Xi, Xi)))1<; j<, and we define

1
Trn = — (1= 8i.1)pr ({Xi, Xi)))1<i j<n s

where .
pr(t) ==Y piow(t), R>0.

k=0
Then

82(MTn), A")* < 82(A(T0), MTron))* + 82(A(Tron), A7)
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: Proof and use of U-statistic concentration

We recall that T, — %((1 = 5:)P (X6, X)) 11 and we define

Tan = 7 (1= 8.7)pr (06 X))scr e

where

R
pr(t) := ZP;@(W R >0.
k=0
Then

82(AM(Tn), A)? < B2(MT0), M(Tron))? + 62(A(Tr.0), A¥)2.

The first term involves a U-statistic.

2 2
62 (M(Tr.n), A(Th)) < [ Tr.n — TallF = 22 p — pr)*((Xi, X))).
~—
Hoffman-Wielandt i#
inequality

30



: Proof and use of U-statistic concentration

We recall that T, = % (L —6i7)p ({Xi, Xi)))1<i j<, and we define

1
Trn = — (1= 8i.1)pr ({Xi, Xi)))1<i j<n s

where
R
pr(t) == piok(t), R>0.
k=0

Then
52(A(Ta), A")? < 82(M(T0), A(Tr,n))* + 52(A(Tr,n), A)?.

The first term involves a U-statistic.

1
82 (\(Tr.n) A(Th))? < I Ton = Tl = — > (P — PR)*({X:, X;)).
S~~~ n —
HofF_man—V\ll_i::Iandt i#j
inequality

Definition (U-statistic of order 2)
A U-statistic of order 2 is a sum of the form
> hi(X, X)),
1<i<j<n

where X1, ..., X, are r.v. taking values in a measurable space (E,X) and

where h; j : E? — R.
30



Random Graphs

Need to model temporal growth of networks

Growth Models

Modeling networks with an underly-
ing spatial or community structure

Probabilistic tool for the theoretical analysis

Concentration inequality for
U-statistics for Markov chains
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Review on concentration in the independent framework

* Arcones & Giné 1993
||h,-,j||Oo < oo and

Vi,j € [n], ¥x, Ex [h,’J(X,X)} — Ex [h,-,j(x,x)] —0.

32



Review on concentration in the independent framework

* Arcones & Giné 1993
||h,-,j||oo < oo and

Vi,j € [n], ¥x, Ex [h,’J(X,X)} — Ey [h,-,j(x,x)] —0.
* Houdré & Reynaud-Bouret 2002

Improved the constants in the exponential inequality of Arcones & Giné for
U-statistics of order two.
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Review on concentration in the independent framework

* Arcones & Giné 1993
||h,-,j||oo < oo and

Vi,j € [n], ¥x, Ex [h,’J(X,X)} — Ey [h,-,j(x,x)] —0.
* Houdré & Reynaud-Bouret 2002

Improved the constants in the exponential inequality of Arcones & Giné for
U-statistics of order two.

* Giné, Latala & Zinn 2000

Proved that exponential inequality can still be obtained for U-statistics
with sufficiently light tails of arbitrary order.
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on concentration in the independent framework

Arcones & Giné 1993
||hiaj||oo < oo and

Wi, j €[], ¥x, Bx [hii(x, X)] = Bx[hi (X, x)] =0.
Houdré & Reynaud-Bouret 2002
Improved the constants in the exponential inequality of Arcones & Giné for
U-statistics of order two.
Giné, Latala & Zinn 2000
Proved that exponential inequality can still be obtained for U-statistics
with sufficiently light tails of arbitrary order.
Joly & Lugosi in 2016

Working with kernels that have finite p-th moment for some p € (1, 2],
they construct an estimator of the mean of the U-process using the
median-of-means technique.

32



Assumption 1 (Uniform ergodicity)
The Markov chain (Xi)i>1 valued in the measurable space (E,X) is uniformly
ergodic with transition kernel P : E? — R and with invariant distribution .
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Assumption 1 (Uniform ergodicity)

The Markov chain (X;)i>1 valued in the measurable space (E,X) is uniformly
ergodic with transition kernel P : E?> — R. and with invariant distribution 7.

< Jp € (0,1) and 3L > 0 such that
HPn(Xf) - ﬂ—HTV < Lpn7 vn > 07 T—a.e X € E7
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Assumption 1 (Uniform ergodicity)
The Markov chain (Xi)i>1 valued in the measurable space (E,X) is uniformly
ergodic with transition kernel P : E? — R and with invariant distribution .

Assumption 2 ("Upper-bounded" transition kernel)

36nm > 0, v proba. meas. on E s.t. Vx € E, VA€ X, P(x,A) < duv(A).
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Assumption 1 (Uniform ergodicity)
The Markov chain (X;)i>1 valued in the measurable space (E,X) is uniformly
ergodic with transition kernel P : E*> — R. and with invariant distribution .

Assumption 2 ("Upper-bounded" transition kernel)
3om > 0, v proba. meas. on E s.t. Vx € E, VA€ X, P(x,A) < dmv(A).
This holds for

* Aperiodic and irreducible Markov chains on finite state space.
* AR(1) process with mild conditions.

* ARCH process with mild conditions.

&



Assumption 1 (Uniform ergodicity)
The Markov chain (Xi)i>1 valued in the measurable space (E,X) is uniformly
ergodic with transition kernel P : E? — R and with invariant distribution .

Assumption 2 ("Upper-bounded" transition kernel)

36nm > 0, v proba. meas. on E s.t. Vx € E, VA€ X, P(x,A) < duv(A).

Assumption 3 (Bounded and 7-canonical kernels)
Vi j, hij: (E*,Z®X) — (R, B(R)) is measurable, bounded and -canonical,
i.e.

Vx € E7 Eﬂ—h,"j(X,X):Eﬂh;,j(X,X):O.

&



Theorem (Bernoulli: 2022)

We consider a stationary Markov chain satisfying Assumptions 1, 2 and 3. Then
there exist 8,k > 0 s.t. Yu > 0, it holds with probability at least 1 — Se™ " log n,

Ustar(n) = > (hij(Xi, X)) = E[hii(Xi, X))])

1<i<j<n

<k Iog(n)( [Co + Alog(n)v/n] \/u+ [A+ Bav/n| u+ [2AV/n] P24+ A [uz + log n] )
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there exist 8,k > 0 s.t. Yu > 0, it holds with probability at least 1 — Se™ " log n,

Ustar(n) = > (hij(Xi, X)) = E[hii(Xi, X))])

1<i<j<n

<k Iog(n)( [Co + Alog(n)v/n] \/u+ [A+ Bav/n| u+ [2AV/n] P24+ A [uz + log n] )

with for some t, scaling with log n,
n j—1

A =2 max||hiloc, G =Y E By b (X, X))

j=2 i=1

0<k<t, i

n
B? :=max [ max max sup Z Exmw (Bxopr(xr ) hij(x, X))%,

X j=it1
j—1 . >



Theorem (Bernoulli: 2022)

We consider a stationary Markov chain satisfying Assumptions 1, 2 and 3. Then
there exist 8,k > 0 s.t. Yu > 0, it holds with probability at least 1 — Se™ " log n,

Ustar(n) = > (hij(Xi, X)) = E[hii(Xi, X))])

1<i<j<n

<k Iog(n)( [Co + Alog(n)v/n] \/u+ [A+ Bav/n| u+ [2AV/n] P24+ A [uz + log n] )

with for some t, scaling with log n,
n j—1

A:=2 r‘r}il_x”h,-_jHom Cr=> Y E[Ex~,[h;(X,X)]] <A,

j=2 i=1

0<k<t, i

n
B? :=max [ max max sup Z Exmw (Bxopr(xr ) hij(x, X))%,

X j=itl
j—1 >
< 2
oJax  max sgp;ﬂi)—(wﬂ <]EXNPk(yY.)h,'1J'(X7X)> < An.
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Discussion

"Constants look pretty ugly" X
In the specific case where (which includes the independent setting),
we get that
C3 = Z E {Var;(Nﬁ |:h,',j()<,'7 )?)‘X,:| } )
i<j
and using Jensen inequality that
j-1

BZ < max [sup Z Varg,._[hij(x, X)], sup ZV&I‘XNTF[,'I[J(X7}/)] .
Vi

i i—1
"Not too bad but stationarity is restrictive"”
Theorem (Bernoulli: 2022)

Suppose Assumptions 1, 2 and 3. Assume further that
either
or a mild condition on the initial distribution of the chain.

Then there exist 5,k > 0 s.t. Yu > 0, it holds w.p. > 1— Be™"log n,

2

u ul?
__c < . - =z .
gy U (n) < wema g { - [4]7 ]

n
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Main proof arguments

Telescopic decomposition of Usat(n).

Ul ()
Ustar(n) = > z (B2 [hij(Xi, Xp)] = Bk [hi i (Xi, X;)])
+ Z (e, [hi i (X, X5)] = E[hi j(Xi, X)])
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Ul ()
Ustar(n) = > Z (B2 [hij(Xi, Xp)] = Bk [hi i (Xi, X;)])
+ Z (e, [hi i (X, X5)] = E[hi j(Xi, X)])

Bounding Ufflf(n)

Aﬁ = ZEj—l [(Us(:“)n:(J) - Uq(tlzc(l - 1))2] S Z Ej1
j=2 j=2

4

j-1
> pii(Xi, X))
i=1

¢
pij(x;2) i= hij(x, 2) = Exs , [hij(Xi, X")]

, with (X/) iide
j

n j—1
<omy 1| Y pig(Xi, X))
j=2 i=1

duality

lemma n—1 n 4
converse /S |: sup Z Z Ej—l [p"‘rj(X"v)(j/)Ej()(j/)}] —
(

Use of a Talagrand inequality

duality &)ELY T j=it1 for Markov chains
lemma
WP - - ¢ ¢ /2
S1-e NS B> (X, X))+ n(Atu)" + BI (A%ntu)"®.
j=2 i=1
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Ustat (n) = ZZ k1 [hii (X, Xi)] = Ej—k[hi (X, X;)])
+ Z (Ej—e, [hij(Xi, Xi)] = E[hi ;(Xi, X;)])

Bounding U, (n).

n n j—1 £
A=Y "B [(UD0) - UG = 1)) S DB D pii(Xi, X)
j=2 j=2 i=1

¢

ith pij(x;2) i= hij(x, 2) = Exs , [hij(Xi, X")]
S Wi '\ il
(%), "~ v

J

n j—1
<omy 1| Y pig(Xi, X))
j=2 i=1

duality

lemma n-t o n ‘
converse S sup Z Z Ej1 p/J(XlaX )EJ(X )} -
duality (Ei€Le i =1 =it

lemma

Use of a Talagrand inequality

for Markov chains

w.p.

S1_eu <Z

AEu (Aznéu)é/z.

]E|Zp,,(X,,X )|
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RGGs

* Extension of the MRGG to more general Markovian sampling schemes.
* Study of the robustness of the estimation methods in MRGGs.

* A large set of open questions related to geometry detection in high
dimensional RGGs.

Concentration for U-statistics in a dependent framework and applications

# Extension to U-statistics of higher order (m > 2).

* Replacing the Markovian assumption with a mixing condition.
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Thanks for your attention!
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