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I
What is common to . . .

Social networks
Protein-protein interactions

Freight transport between cities

Spread of the virus in a population

?

All these datasets have a graph structure.
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I
What can be tackled from graph data?

I Security issues

−→ Graph alignment

Is the user privacy preserved?

I Prediction tasks

−→ Link prediction

What is the probability for two new users to be connected?

I Estimation tasks

−→ Community detection

Can we learn the preference of each user?
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I
Outline of the presentation

Random Graphs

Need to model temporal growth of networks

Growth Models

Modeling networks with an underly-
ing spatial or community structure

MRGGs

Probabilistic tool for the theoretical analysis

Concentration inequality for
U-statistics for Markov chains

1 2
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I
I. Markov Random Geometric Graphs (MRGGs)

I.1 Random Geometric Graphs: the problem of geometry
detection
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I
Random Geometric Graphs (RGGs)

Presentation of the Random Geometric Graph (RGG)

1 Choose a latent space.
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I
Random Geometric Graphs (RGGs)

Presentation of the Random Geometric Graph (RGG)

2 Sample points.

6



I
Random Geometric Graphs (RGGs)

Presentation of the Random Geometric Graph (RGG)

3 Draw edges.
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I
RGGs: The high-dimensional regime

I Hard RGGs on Sd−1:
Xi

i.i.d.∼ U(Sd−1)

i ∼ j ⇔ ⟨Xi ,Xj⟩ ≥ t∗

I Studying the behaviour of Hard RGGs in the high-dimensional setting (i.e.
when d = d(n) goes to +∞ as n → +∞):

Given some graph G with n points, the geometry detection problem reads
as

H0 : ”G ∼ G(n, p)” VS H1 : ”G ∼ RGG(n, p, d)”,

where G(n, p) is the Erdös-Renyi distribution and RGG(n, p, d) is the
distribution of Hard-RGGs on Sd−1 with matching expected degree.

Y.D.C. & Quentin Duchemin. Random Geometric Graph: Some recent developments and
perspectives. High Dimensional Probability IX, Progress in Probability series, 2022.
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I
Mathematical Tools to study RGGs in high dimensions
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I
Phase diagram for the problem of geometry detection

Y.D.C. & Quentin Duchemin. Random Geometric Graph: Some recent developments and
perspectives. High Dimensional Probability IX, Progress in Probability series, 2022. 9



I
Literature in RGGs

I First motivated to model wireless communication systems.

I An active line of research is studying the behaviour of RGGs in the
high-dimensional setting (i.e. when d = d(n) goes to +∞ as n → +∞).

In this work, we adopt another point of view and we focus on
non-parametric estimation in a new growth model for RGGs.
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I
I. Markov Random Geometric Graphs (MRGGs)

I.2 Non-parametric estimation in RGGs
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I
Non-parametric estimation in RGGs (1/2)

We work with the Euclidean d-dimensional sphere
S
d−1 := {x ∈ Rd : ∥x∥ = 1}.

The graph is built by

I sampling n points X1, . . . ,Xn on Sd−1.

I setting an edge between nodes i and j with i ̸= j with probability
p(⟨Xi ,Xj⟩) where p : [−1, 1] → [0, 1] is called the envelope function.

The adjacency matrix A is such that

∀i , j ∈ [n],

{
Ai,j = 0 if i = j

Ai,j ∼ Ber(p(⟨Xi ,Xj⟩)) if i ̸= j
.

This RGG corresponds to a graphon-type model where the graphon W is
∀x , y ∈ Sd−1, W (x , y) := p(⟨x , y⟩).

Typical example: p : t 7→ 1t≥t∗ , t∗ ∈ (−1, 1).
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I
Non-parametric estimation in RGGs (2/2)

Can we recover p from the observation of the graph (i.e. A)?

Previous work In some work1, the authors address the non-parametric
estimation of the envelope function p in the independent setting.

Goal

I Extend the previous work to a dependent framework.
⇝ We sample the latent space using a Markovian dynamic.

I Estimate the Markov transition kernel.
⇝ We propose a heuristic to solve link prediction problems.

1Y.D.C., C. Lacour and T.M Pham Ngoc, Adaptive Estimation of Nonparametric Geometric
Graphs. Mathematical Statistics and Learning, 2020.
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I
I. Markov Random Geometric Graphs (MRGGs)

I.3 The Markovian dynamic
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I
Latent Markovian dynamic: Isotropic sampling
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I
Markov Random Geometric Graphs (MRGG)

Sampling procedure: Isotropic Markovian dynamic

I X1 ∼ U(Sd−1)

I ∀i ∈ {2, . . . , n},
I Yi ∼ U(Sd−1) | Yi ⊥ Xi−1.
I ri ∼ fL : [−1, 1] → [0, 1].

fL is called the latitude function.

Then Xi is defined by

Xi = ri × Xi−1 +
√

1 − r2
i × Yi .

Construction of the graph

i ↔ j (i.e. Ai,j = 1) with proba. W (Xi ,Xj) := p(⟨Xi ,Xj⟩).
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I
I. Markov Random Geometric Graphs (MRGGs)

I.3 Graphon estimation via Harmonic decomposition and
Matrix concentration
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I
Estimation of p: A plug-in approach

I W can be viewed as a translation-invariant integral operator.

TW : f ∈ L2(Sd−1) 7→
∫
Sd−1

p(⟨x , ·⟩)f (x)σ(dx) ∈ L2(Sd−1).

I TW is Hilbert-Schmidt.
◦ Spectrum of TW : λ∗ = {p∗

0 , p
∗
1 , . . . , p

∗
1 , . . . , p

∗
l , . . . , p

∗
l , . . . }, with

known multiplicities that depend only on the dimension of the sphere.

◦ Decomposition of p: p(t) =
∑
k≥0

p∗
kϕk(t) where (ϕk)k do not depend on

the graphon W , they are the Gegenbauer polynomials.

◦ k = 1 corresponds to linear kernel: p(⟨x , y⟩) = c0p
∗
0 + c1p

∗
1 ⟨x , y⟩+ . . .

(with ck explicit constants) and p∗
1 has multiplicity d in λ∗.

I Goal:
Show that λ(Tn) → λ∗ where Tn =

1
n
((1 − δi,j)p (⟨Xi ,Xj⟩))1≤i,j≤n .

Show that λ(T̂n) → λ(Tn) where T̂n = 1
n
A.
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I
Estimation of p: Main result

Definition (Distance between spectra)

Given two sequences x , y of reals such that
∑

i x
2
i + y2

i < ∞, we define
δ2
2(x , y) := inf

p∈S

∑
i

(xi − yp(i))
2 ,

where S is the set of permutations of N.

0

I δ2
2

(
λ(T̂n), λ(Tn)

)
→ 0, ⇝ follows from one nice work2.

I It remains to prove that δ2
2 (λ(Tn), λ

∗) → 0.

Theorem (EJS: 2022)

If I p has regularity s > 0

I ∥fL∥∞ < ∞ and infr∈[−1,1] fL(r) > 0

then for n large enough it holds

E[δ2
2 (λ(Tn), λ

∗) ∨ δ2
2(λ

Ropt (T̂n), λ
∗)] ≲

[
n

log2 n

]− 2s
2s+(d−1)

,

where λRopt (T̂n) = (λ̂sort
1 , . . . , λ̂sort

R̃opt
, 0, . . . ) and Ropt = ⌊

(
n

log2(n)

) 1
2s+d−1 ⌋.

2Bandeira & Van Handel, Sharp nonasymptotic bounds on the norm of random matrices with
independent entries. AoP, 2016.
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I
I. Markov Random Geometric Graphs (MRGGs)

I.4 Finding eigenvalues clusters
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I
Estimation of p: In practice

The previous theorem proves that we can recover (p∗k )k≥1 up to a
permutation! But ...

I ... finding such a permutation is NP-hard.
We develop an algorithm (the SCCHEi) based on a Hierarchical
Agglomerative Clustering of the eigenvalues λ(T̂n) to estimate the true
partition.

I ... the optimal resolution level Ropt is unknown.
We use a data-driven choice of model size R based on the slope heuristic.
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I
I. Markov Random Geometric Graphs (MRGGs)

I.5 Link prediction
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I
The characters of the Gold Linear Harmonic Rush

I Adjacency matrix observed: T̂n = 1
n
A;

I Latent positions (unknown): (Xi )i≥1;

I Latent distances (unknown): G∗ := 1
n
(⟨Xi ,Xj⟩)1≤i,j≤n (has rank d);

I Linear part of the kernel (unknown): p(⟨x , y⟩) = c0p
∗
0 + c1p

∗
1 ⟨x , y⟩+ . . .

(with ck explicit constants) and p∗
1 has multiplicity d in λ∗;

I The empirical eigenvectors corresponding to the linear Harmonic space (to
be found): V̂ ∈ Rn×d ;

I The key remark (our hope): p∗
1 is the ONLY eigenvalue with

multiplicity d . Note that the multiplicities are pairwise disjoints as soon
as d ≥ 3 (otherwise we resort to classical Fourier analysis on the torus);
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I
Adjacency matrix observed: T̂n = 1

n
A

Latent positions unknown: (Xi )i≥1

Spectral decomposition of T̂n

Gives a clustering of λ(T̂n) in Rmax + 1
groups with sizes d0, . . . , dRmax

Finds the bulk of d eigenvalues of T̂n the
most separated from the rest of the spectrum

Cd0 , . . . , CdRmaxd eigenvectors of T̂n: V̂ ∈ Rn×d

p̂∗
k = 1

dk

∑
λ∈Cdk

λ estimate of p∗
kĜ = 1

d
V̂ V̂⊤ estimate of G∗

f̂L: Kernel density estimate from
(
nĜi,i+1

)
i p̂R̂ =

∑R̂
k=0 p̂

∗
kϕk

Link prediction

HEiC Algorithm (NeurIPS 2019) SCCHEi Algorithm (EJS 2022)

Output of the Algorithm Output of the Algorithm

Estimation of the latent distances Estimation of the eigenvalues of TW

Estimation of the latitude function fL Estimation of the envelope function p
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From latent distances to link prediction

Denoting projX⊥
n
(·) the orthogonal projection onto Span(Xn)

⊥, it holds

⟨Xi ,Xn+1⟩ = ⟨Xi ,Xn⟩⟨Xn,Xn+1⟩

+
√

1 − ⟨Xn,Xn+1⟩2
√

1 − ⟨Xi ,Xn⟩2⟨
projX⊥

n
(Xi )

∥projX⊥
n
(Xi )∥2

,Yn+1⟩,

⇝ Latent distances D1:n = (⟨Xi ,Xj⟩)1≤i,j≤n ∈ [−1, 1]n×n are enough for link
prediction.

Indeed, ∀i ∈ [n],

ηi (D1:n) = P (Ai,n+1 = 1 | D1:n)

=

∫
r,u∈(−1,1)

p
(
⟨Xi ,Xn⟩r +

√
1 − r2

√
1 − ⟨Xi ,Xn⟩2u

)
fL(r)dr(1 − u2)

d−4
2

du

bd
,

where Ai,n+1 ∈ {0, 1} is one if and only if node n + 1 is connected to node i .
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Estimation of the latitude function and link prediction

Theorem

Assume that
∆∗ := min

k∈N, k ̸=1
|p∗

1 − p∗
k | > 0.

Then, we can compute Ĝ ∈ Rn×n s.t. with high probability

∥G∗ − Ĝ∥F ≲
(

n

log2(n)

) −s
2s+d−1

,

with G∗ := 1
n
(⟨Xi ,Xj⟩)1≤i,j≤n .

Heuristic from link prediction Denoting r̂ = nĜ ,

I estimate p with p̂ ≡
∑R̂opt

i=1 p̂iϕi .

I let f̂L be a kernel density estimator of fL based on (r̂i,i+1)1≤i≤n−1.

Use the plug-in estimate

η̂i (D1:n) =

∫
r,u∈(−1,1)

p̂
(
r̂i,nr +

√
1 − r2

√
1 − r̂i,n2u

)
f̂L(r)dr

(1 − u2)
d−4

2 du

bd
,
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I
Link prediction: experiments

Figure 1: Link predictions between the future node Xn+1 and the 10 first
nodes X1, . . . ,X10. We work with n = 2 000, d = 3, p(t) = 1t≥ 1

2
and

fL(r) =
1
2 f(5,1)(

r+1
2 ) where f(5,1) is the pdf of the Beta distribution with

parameter (5, 1).
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Estimation results

(a) Envelope function (b) Latitude function

Figure 2: Non-parametric estimation of envelope and latitude functions.
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I. Markov Random Geometric Graphs (MRGGs)

Transition towards the concentration toolbox
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Transition: Proof and use of U-statistic concentration

Theorem
If I p has regularity s > 0,

I ∥fL∥∞ < ∞ and infr∈[−1,1] fL(r) > 0,

then for n large enough it holds

E[δ2
2 (λ(Tn), λ

∗)] ≲

[
n

log2 n

]− 2s
2s+(d−1)

.

We recall that Tn =
1
n
((1 − δi,j)p (⟨Xi ,Xj⟩))1≤i,j≤n and we define

TR,n =
1
n
((1 − δi,j)pR (⟨Xi ,Xj⟩))1≤i,j≤n ,

where

pR(t) :=
R∑

k=0

p∗
kϕk(t), R ≥ 0.

Then
δ2(λ(Tn), λ

∗)2 ≲ δ2(λ(Tn), λ(TR,n))
2 + δ2(λ(TR,n), λ

∗)2.

The first term involves a U-statistic.
δ2 (λ(TR,n), λ(Tn))

2 ≤︸︷︷︸
Hoffman-Wielandt

inequality

∥TR,n − Tn∥2
F =

1
n2

∑
i ̸=j

(p − pR)
2(⟨Xi ,Xj⟩).

Definition (U-statistic of order 2)
A U-statistic of order 2 is a sum of the form∑

1≤i<j≤n

hi,j(Xi ,Xj),

where X1, . . . ,Xn are r.v. taking values in a measurable space (E ,Σ) and
where hi,j : E

2 → R.
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II. Concentration Inequality for U-Statistics of order 2 for Uniformly Ergodic
Markov Chains

Random Graphs

Need to model temporal growth of networks

Growth Models

Modeling networks with an underly-
ing spatial or community structure

MRGGs

Probabilistic tool for the theoretical analysis

Concentration inequality for
U-statistics for Markov chains

1 2
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Review on concentration in the independent framework

I Arcones & Giné 1993 ∥∥hi,j∥∥∞ < ∞ and

∀i , j ∈ [n] , ∀x , EX

[
hi,j (x ,X )

]
= EX

[
hi,j (X , x)

]
= 0 .

I Houdré & Reynaud-Bouret 2002

Improved the constants in the exponential inequality of Arcones & Giné for
U-statistics of order two.

I Giné, Latala & Zinn 2000

Proved that exponential inequality can still be obtained for U-statistics
with sufficiently light tails of arbitrary order.

I Joly & Lugosi in 2016

Working with kernels that have finite p-th moment for some p ∈ (1, 2],
they construct an estimator of the mean of the U-process using the
median-of-means technique.

32



I
Review on concentration in the independent framework

I Arcones & Giné 1993 ∥∥hi,j∥∥∞ < ∞ and

∀i , j ∈ [n] , ∀x , EX

[
hi,j (x ,X )

]
= EX

[
hi,j (X , x)

]
= 0 .

I Houdré & Reynaud-Bouret 2002

Improved the constants in the exponential inequality of Arcones & Giné for
U-statistics of order two.

I Giné, Latala & Zinn 2000

Proved that exponential inequality can still be obtained for U-statistics
with sufficiently light tails of arbitrary order.

I Joly & Lugosi in 2016

Working with kernels that have finite p-th moment for some p ∈ (1, 2],
they construct an estimator of the mean of the U-process using the
median-of-means technique.

32



I
Review on concentration in the independent framework

I Arcones & Giné 1993 ∥∥hi,j∥∥∞ < ∞ and

∀i , j ∈ [n] , ∀x , EX

[
hi,j (x ,X )

]
= EX

[
hi,j (X , x)

]
= 0 .

I Houdré & Reynaud-Bouret 2002

Improved the constants in the exponential inequality of Arcones & Giné for
U-statistics of order two.

I Giné, Latala & Zinn 2000

Proved that exponential inequality can still be obtained for U-statistics
with sufficiently light tails of arbitrary order.

I Joly & Lugosi in 2016

Working with kernels that have finite p-th moment for some p ∈ (1, 2],
they construct an estimator of the mean of the U-process using the
median-of-means technique.

32



I
Review on concentration in the independent framework

I Arcones & Giné 1993 ∥∥hi,j∥∥∞ < ∞ and

∀i , j ∈ [n] , ∀x , EX

[
hi,j (x ,X )

]
= EX

[
hi,j (X , x)

]
= 0 .

I Houdré & Reynaud-Bouret 2002

Improved the constants in the exponential inequality of Arcones & Giné for
U-statistics of order two.

I Giné, Latala & Zinn 2000

Proved that exponential inequality can still be obtained for U-statistics
with sufficiently light tails of arbitrary order.

I Joly & Lugosi in 2016

Working with kernels that have finite p-th moment for some p ∈ (1, 2],
they construct an estimator of the mean of the U-process using the
median-of-means technique.

32



I
Assumptions

Assumption 1 (Uniform ergodicity)
The Markov chain (Xi )i≥1 valued in the measurable space (E ,Σ) is uniformly
ergodic with transition kernel P : E 2 → R+ and with invariant distribution π.

Assumption 2 ("Upper-bounded" transition kernel)

∃δM > 0, ∃ ν proba. meas. on E s.t. ∀x ∈ E , ∀A ∈ Σ, P(x ,A) ≤ δMν(A).

Assumption 3 (Bounded and π-canonical kernels)

∀i , j , hi,j : (E 2,Σ⊗Σ) → (R,B(R)) is measurable, bounded and π-canonical,
i.e.

∀x ∈ E , Eπhi,j(X , x) = Eπhi,j(x ,X ) = 0.
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The Markov chain (Xi )i≥1 valued in the measurable space (E ,Σ) is uniformly
ergodic with transition kernel P : E 2 → R+ and with invariant distribution π.

⇔ ∃ρ ∈ (0, 1) and ∃L > 0 such that
∥Pn(x , ·)− π∥TV ≤ Lρn, ∀n ≥ 0, π−a.e x ∈ E ,
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Assumption 2 ("Upper-bounded" transition kernel)

∃δM > 0, ∃ ν proba. meas. on E s.t. ∀x ∈ E , ∀A ∈ Σ, P(x ,A) ≤ δMν(A).

This holds for

I Aperiodic and irreducible Markov chains on finite state space.

I AR(1) process with mild conditions.

I ARCH process with mild conditions.

Assumption 3 (Bounded and π-canonical kernels)
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Main Result

Theorem (Bernoulli: 2022)

We consider a stationary Markov chain satisfying Assumptions 1, 2 and 3. Then
there exist β, κ > 0 s.t. ∀u > 0, it holds with probability at least 1 − βe−u log n,

Ustat(n) :=
∑

1≤i<j≤n

(hi,j(Xi ,Xj)−E [hi,j(Xi ,Xj)])

≤κ log(n)
( [

Cn + A log(n)
√
n
]√

u +
[
A+ Bn

√
n
]
u +

[
2A

√
n
]
u3/2 + A

[
u2 + log n

] )
.

with for some tn scaling with log n,

A :=2max
i,j

∥hi,j∥∞, C 2
n :=

n∑
j=2

j−1∑
i=1

E
[
EX ′∼ν [h

2
i,j(Xi ,X

′)]
]

≤ A2n2,

B2
n :=max

[
max

0≤k≤tn
max

i
sup
x

n∑
j=i+1

EX ′∼ν

(
EX∼Pk (X ′,·) hi,j(x ,X )

)2
,

max
0≤k≤tn

max
j

sup
y

j−1∑
i=1

EX̃∼π

(
EX∼Pk (y,·)hi,j(X̃ ,X )

)2
]

≤ A2n.
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Discussion

I "Constants look pretty ugly" ✗

In the specific case where ν = π (which includes the independent setting),
we get that

C 2
n =

∑
i<j

E
{

VarX̃∼π

[
hi,j(Xi , X̃ )|Xi

]}
,

and using Jensen inequality that

B2
n ≤ max

[
sup
x,i

n∑
j=i+1

VarX̃∼π[hi,j(x , X̃ )] , sup
y,j

j−1∑
i=1

VarX̃∼π[hi,j(X̃ , y)]
]
.

I "Not too bad but stationarity is restrictive" ✓

Theorem (Bernoulli: 2022)

Suppose Assumptions 1, 2 and 3. Assume further that

I either hi,j ≡ h1,j , ∀i , j .

I or a mild condition on the initial distribution of the chain.

Then there exist β, κ > 0 s.t. ∀u > 0, it holds w.p. ≥ 1− βe−u log n,

2
n(n − 1)

Ustat(n) ≤ κmax
i,j

∥hi,j∥∞ log n

{
u

n
+

[u
n

]2
}
.
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Main proof arguments

Telescopic decomposition of Ustat(n).
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I
Perspectives

RGGs

I Extension of the MRGG to more general Markovian sampling schemes.

I Study of the robustness of the estimation methods in MRGGs.

I A large set of open questions related to geometry detection in high
dimensional RGGs.

Concentration for U-statistics in a dependent framework and applications

I Extension to U-statistics of higher order (m > 2).

I Replacing the Markovian assumption with a mixing condition.
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Thanks for your attention!
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