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Given a graph and a signal over it

What I will discuss today



4

What I will discuss today

Can we represent it as some  
probability distribution in some metric space ?

Given a graph and a signal over it
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What I will discuss today

Given two graphs and signals over them

Can we find a suitable distance function  
with nice properties ? 

—Optimal Transport !
Fused Gromov Wasserstein



Applications
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What I will discuss today

Given two graphs and signals over them
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Fused Gromov Wasserstein
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ŷi

<latexit sha1_base64="euOTlG/XJAK7zfNOlgSwY0tG2cE="></latexit>

 v

<latexit sha1_base64="fMtauA/v2TnZ5TQRUTLnVTd0mJ8="></latexit>

(Ci,�u(Fi),hi)

<latexit sha1_base64="33mI/TWIjbvM5CmCVhFsCPHuLPY="></latexit>

(CK ,FK ,hK)

<latexit sha1_base64="icEG+7OXYFdUBHK4KStEopr5Gls="></latexit>

...

<latexit sha1_base64="GU+tiJiCE5VUyONg5Z7jrmBQoPc="></latexit>

(C1,F1,h1)

<latexit sha1_base64="fQfEnL9/toqGNpEBg82nAgWovUk="></latexit>

(C2,F2,h2)

<latexit sha1_base64="idsXkJbLGaZc5sY9iADI5Avvhng="></latexit>

FGW↵

<latexit sha1_base64="dV+a/5oLylDEuCfIyW4ISp1A2l4="></latexit>

FGW↵

<latexit sha1_base64="dV+a/5oLylDEuCfIyW4ISp1A2l4="></latexit>

FGW↵

<latexit sha1_base64="dV+a/5oLylDEuCfIyW4ISp1A2l4="></latexit>

TFGW layer

<latexit sha1_base64="lZ8heF8apKXgt/ChZ8VBiYIPhvM="></latexit>

Templates

<latexit sha1_base64="ZuOM7uDgCdxAlkj06gPKfuvPzIc="></latexit>

Learnable

<latexit sha1_base64="dKzPsIzrCKaSUbj7z90FzeyApjs="></latexit>

Graphs averages

fMRI registrations

New global pooling layers for GNNs



7

Part I: Optimal Transport
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Part II: Optimal Transport for 
structured data

Part III: Functional Brain Registration Part IV: A new Pooling Layer in GNN
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Linear to Quadratic Optimal transport
From Wasserstein to Gromov Wasserstein distance

Part I: Optimal Transport

μ ν



From linear Optimal Transport…
What is it?
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Input:
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µ 2 P(X ), ⌫ 2 P(Y)

Two probability distributions



From linear Optimal Transport…
What is it?
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Output:
Geometric notion of distance between these distributions

Find correspondences/relations between the samples

Input:
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µ 2 P(X ), ⌫ 2 P(Y)

Two probability distributions



Why do we care about probability distributions?
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Measure and probability distributions are at the core of Machine learning

From linear Optimal Transport…



Why do we care about probability distributions?
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Measure and probability distributions are at the core of Machine learning

A point of view on the data
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(xi)iœ[[n]] ; xi œ RdData: A probability distribution describing the data

From linear Optimal Transport…
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Pn

i=1 ai = 1
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Measure and probability distributions are at the core of Machine learning

A point of view on the data
<latexit sha1_base64="R6XwixBcqdp63Oe+5mIMTGtsBCg="></latexit>

(xi)iœ[[n]] ; xi œ RdData: A probability distribution describing the data
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”xi(x) = 1 if x = xi else 0
(point clouds)

Why do we care about probability distributions?
From linear Optimal Transport…
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Probability simplex
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Measure and probability distributions are at the core of Machine learning
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(histograms)
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From linear Optimal Transport…
Formulation
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Two probability distributions
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c(x, y) : X ⇥ Y ! R
A cost function
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Optimal Transport



From linear Optimal Transport…
Kantorovitch Formulation
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Optimal Transport

by a transport plan is transported to 
All the mass of 
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From linear Optimal Transport…
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Optimal Transport

We want to find the plan that minimizes the overall cost of moving all the points

by a transport plan is transported to 
All the mass of 
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Kantorovitch Formulation



From linear Optimal Transport…
Kantorovitch Formulation: an example

Two probability distributions
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A cost function
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Kantorovitch formulation

From linear Optimal Transport…
Kantorovitch Formulation: an example

Two probability distributions
<latexit sha1_base64="Pv5fam5fOGeQahfJUkFNu4hf1/U="></latexit>
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A cost function
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Kantorovitch formulation

From linear Optimal Transport…
Kantorovitch Formulation: an example

Two probability distributions
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Set of couplings/
transport plans
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From linear Optimal Transport…
Kantorovitch Formulation: an example

Two probability distributions
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c(x, y) : X ⇥ Y ! R
A cost function
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From linear Optimal Transport…
Kantorovitch Formulation: an example

Two probability distributions
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From linear Optimal Transport…
Kantorovitch Formulation: an example

Two probability distributions
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From linear Optimal Transport…
Kantorovitch Formulation: an example

Two probability distributions
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From linear Optimal Transport…
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Two probability distributions

xi yj

Kantorovitch Formulation: an example
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Two probability distributions

Kantorovitch formulation

xi yj

Kantorovitch Formulation: an example
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Two probability distributions

Kantorovitch formulation

xi yj

Kantorovitch Formulation: an example
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Kantorovitch formulation

From linear Optimal Transport…
Kantorovitch Formulation: general case
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Wasserstein distance

From linear Optimal Transport…
Wasserstein distance

Two probability distributions A distance
<latexit sha1_base64="Z92w9jQhGLqPoDniCVHTN52vlo0="></latexit>

µ 2 P(⌦), ⌫ 2 P(⌦)
<latexit sha1_base64="7r0uPI4bxEbddquPYYKUoZY3R60="></latexit>

d : ⌦⇥ ⌦ ! R+

<latexit sha1_base64="Y7UP6S9D538o74oHE8kESMP/xCU="></latexit>

W p
p (µ, ⌫) = inf

⇡2⇧(µ,⌫)

R
⌦⇥⌦ dp(x, y)d⇡(x, y)

Example: 
<latexit sha1_base64="2AWSmtkRE61cP6WkY9fCMtkLNNA="></latexit>

⌦ = Rd

29

<latexit sha1_base64="7nkAo7NWCaosn14xr2lEqo/UXrg="></latexit>

P(�) is a metric space
<latexit sha1_base64="1tqtYq61pnXk2hiE24cXWMikjOQ="></latexit>

Wp(µ, ‹) = 0 ≈∆ µ = ‹



Wasserstein distance

From linear Optimal Transport…
Wasserstein distance

Two probability distributions A distance
<latexit sha1_base64="Z92w9jQhGLqPoDniCVHTN52vlo0="></latexit>

µ 2 P(⌦), ⌫ 2 P(⌦)
<latexit sha1_base64="7r0uPI4bxEbddquPYYKUoZY3R60="></latexit>

d : ⌦⇥ ⌦ ! R+

<latexit sha1_base64="Y7UP6S9D538o74oHE8kESMP/xCU="></latexit>

W p
p (µ, ⌫) = inf

⇡2⇧(µ,⌫)

R
⌦⇥⌦ dp(x, y)d⇡(x, y)

Example: 
<latexit sha1_base64="2AWSmtkRE61cP6WkY9fCMtkLNNA="></latexit>

⌦ = Rd

30

Powerful tool for comparing 
probability distributions on the 

same space

<latexit sha1_base64="7nkAo7NWCaosn14xr2lEqo/UXrg="></latexit>

P(�) is a metric space
<latexit sha1_base64="1tqtYq61pnXk2hiE24cXWMikjOQ="></latexit>

Wp(µ, ‹) = 0 ≈∆ µ = ‹



…to Gromov-Wasserstein
What if ?

31

Two probability distributions
<latexit sha1_base64="9LYLGwYkp0TyYTGU7zx4QJhYLd0="></latexit>

µ 2 P(X ), ⌫ 2 P(Y) with X ,Y * ⌦
<latexit sha1_base64="Pv5fam5fOGeQahfJUkFNu4hf1/U="></latexit>

c(x, y) : X ⇥ Y ! R
A cost function ?????

Not straightforward to find a suitable cost (e.g. no distance available)

Data are in Incomparable spaces



…to Gromov-Wasserstein
What if ?

32

Samples = nodes of different graphsDifferent Euclidean spaces

Two probability distributions
<latexit sha1_base64="9LYLGwYkp0TyYTGU7zx4QJhYLd0="></latexit>

µ 2 P(X ), ⌫ 2 P(Y) with X ,Y * ⌦
<latexit sha1_base64="Pv5fam5fOGeQahfJUkFNu4hf1/U="></latexit>

c(x, y) : X ⇥ Y ! R
A cost function ?????

Not straightforward to find a suitable cost (e.g. no distance available)

Example:

Data are in Incomparable spaces

<latexit sha1_base64="5J0FqFA8FarqHPthjFQzIBUhc0Y="></latexit>

d(x, y)

<latexit sha1_base64="Ef6LpEEvXAw8sb+DokgAV6l7yfQ="></latexit>

X = R28ú28, Y = R16ú16

<latexit sha1_base64="sUIpygZ2PIcrmmnXtx+OTlqyvAc="></latexit>

X = Graph 1, Y = Graph 2Example:



…to Gromov-Wasserstein

Two probability distributions
<latexit sha1_base64="QknYN9ipSq6s3pBtVWrxVJJXiDk="></latexit>

µ 2 P(X ), ⌫ 2 P(Y)

Gromov-Wasserstein distance

Two « intra-domain » costs
<latexit sha1_base64="B8s7oeSR0+sCcevjXGHV9xxjYK4="></latexit>

cX : X ⇥ X ! R
<latexit sha1_base64="UIh2VbQskoKdC+2Byqedbszp8XM="></latexit>

cY : Y ⇥ Y ! R

<latexit sha1_base64="RoIJtuyVUioHNHQjj7F4CglK8A8="></latexit>

GW p
p (cX , cY , µ, ⌫) = inf

⇡2⇧(µ,⌫)

R
X⇥Y

R
X⇥Y

��cX (x, x0)�cY(y, y0)
��pd⇡(x, y)d⇡(x0, y0))

Gromov-Wasserstein distance

33



…to Gromov-Wasserstein

Two probability distributions
<latexit sha1_base64="QknYN9ipSq6s3pBtVWrxVJJXiDk="></latexit>

µ 2 P(X ), ⌫ 2 P(Y)

Gromov-Wasserstein distance

Two « intra-domain » costs
<latexit sha1_base64="B8s7oeSR0+sCcevjXGHV9xxjYK4="></latexit>

cX : X ⇥ X ! R
<latexit sha1_base64="UIh2VbQskoKdC+2Byqedbszp8XM="></latexit>

cY : Y ⇥ Y ! R

Gromov-Wasserstein distance
<latexit sha1_base64="RoIJtuyVUioHNHQjj7F4CglK8A8="></latexit>

GW p
p (cX , cY , µ, ⌫) = inf

⇡2⇧(µ,⌫)

R
X⇥Y

R
X⇥Y

��cX (x, x0)�cY(y, y0)
��pd⇡(x, y)d⇡(x0, y0))

Measure the costs distorsion 
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…to Gromov-Wasserstein

Two probability distributions
<latexit sha1_base64="QknYN9ipSq6s3pBtVWrxVJJXiDk="></latexit>

µ 2 P(X ), ⌫ 2 P(Y)

Gromov-Wasserstein distance

Two « intra-domain » costs
<latexit sha1_base64="B8s7oeSR0+sCcevjXGHV9xxjYK4="></latexit>

cX : X ⇥ X ! R
<latexit sha1_base64="UIh2VbQskoKdC+2Byqedbszp8XM="></latexit>

cY : Y ⇥ Y ! R

Gromov-Wasserstein distance
<latexit sha1_base64="RoIJtuyVUioHNHQjj7F4CglK8A8="></latexit>

GW p
p (cX , cY , µ, ⌫) = inf

⇡2⇧(µ,⌫)

R
X⇥Y

R
X⇥Y

��cX (x, x0)�cY(y, y0)
��pd⇡(x, y)d⇡(x0, y0))

The transportation problem is not linear anymore but quadratic

35

Associate pair of points with similar costs in each space



…to Gromov-Wasserstein
Gromov-Wasserstein distance

Gromov-Wasserstein distance
<latexit sha1_base64="RoIJtuyVUioHNHQjj7F4CglK8A8="></latexit>

GW p
p (cX , cY , µ, ⌫) = inf

⇡2⇧(µ,⌫)

R
X⇥Y

R
X⇥Y

��cX (x, x0)�cY(y, y0)
��pd⇡(x, y)d⇡(x0, y0))

A distance w.r.t isomorphism

36

<latexit sha1_base64="yjWwxDIIphetxyE1F9Vl47rzx98="></latexit>

� is a isometry dX (x, x0) = dY(�(x),�(x0))

Isometry: permutations, rotations, 
translations,…

<latexit sha1_base64="6pv8nrpzTKRMP1QGTSfWyGQFDUs="></latexit>

X = {(X , dX , µ œ P(X )); dX metric } (mm-spaces)

<latexit sha1_base64="WTPFq/XaHWe7gZVnhesyvzBK6Ls="></latexit>

GW is a distance on the "space of all spaces":

<latexit sha1_base64="eIIa9m7ei44jDa1qwL2OxZ5Xvs8="></latexit>

• GWp(dX , dY , µ, ‹) = 0 i� ÷„ : X æ Y



…to Gromov-Wasserstein
Gromov-Wasserstein distance

Gromov-Wasserstein distance
<latexit sha1_base64="RoIJtuyVUioHNHQjj7F4CglK8A8="></latexit>

GW p
p (cX , cY , µ, ⌫) = inf

⇡2⇧(µ,⌫)

R
X⇥Y

R
X⇥Y

��cX (x, x0)�cY(y, y0)
��pd⇡(x, y)d⇡(x0, y0))

37

A distance w.r.t isomorphism

<latexit sha1_base64="yjWwxDIIphetxyE1F9Vl47rzx98="></latexit>

� is a isometry dX (x, x0) = dY(�(x),�(x0))

<latexit sha1_base64="6pv8nrpzTKRMP1QGTSfWyGQFDUs="></latexit>

X = {(X , dX , µ œ P(X )); dX metric } (mm-spaces)

<latexit sha1_base64="WTPFq/XaHWe7gZVnhesyvzBK6Ls="></latexit>

GW is a distance on the "space of all spaces":
<latexit sha1_base64="lgcdmHVxyCoEQUYKUvSOeTTojcc="></latexit>

µ =
qn

i=1 ai”xi æ
„#µ

qn
i=1 ai”„(xi)

<latexit sha1_base64="hkHdqErlHum+PKUniBqVzIML9kY="></latexit>

„#µPush-forward

<latexit sha1_base64="u4RHDQIqsNFzb5GIUkeMk8Gz7y8=">  </latexit>

„ is measure-preserving: „#µ = ‹

<latexit sha1_base64="eIIa9m7ei44jDa1qwL2OxZ5Xvs8="></latexit>

• GWp(dX , dY , µ, ‹) = 0 i� ÷„ : X æ Y



…to Gromov-Wasserstein
Gromov-Wasserstein distance

Gromov-Wasserstein distance
<latexit sha1_base64="RoIJtuyVUioHNHQjj7F4CglK8A8="></latexit>

GW p
p (cX , cY , µ, ⌫) = inf

⇡2⇧(µ,⌫)

R
X⇥Y

R
X⇥Y

��cX (x, x0)�cY(y, y0)
��pd⇡(x, y)d⇡(x0, y0))

38

A distance w.r.t isomorphism

<latexit sha1_base64="yjWwxDIIphetxyE1F9Vl47rzx98="></latexit>

� is a isometry dX (x, x0) = dY(�(x),�(x0))

<latexit sha1_base64="6pv8nrpzTKRMP1QGTSfWyGQFDUs="></latexit>

X = {(X , dX , µ œ P(X )); dX metric } (mm-spaces)

<latexit sha1_base64="WTPFq/XaHWe7gZVnhesyvzBK6Ls="></latexit>

GW is a distance on the "space of all spaces":

Compatible

1

1
2

1
2

ϕ

(Weights are compatible)

<latexit sha1_base64="lgcdmHVxyCoEQUYKUvSOeTTojcc="></latexit>

µ =
qn

i=1 ai”xi æ
„#µ

qn
i=1 ai”„(xi)

<latexit sha1_base64="hkHdqErlHum+PKUniBqVzIML9kY="></latexit>

„#µPush-forward

1
2

+
1
2

→ 1

<latexit sha1_base64="u4RHDQIqsNFzb5GIUkeMk8Gz7y8=">  </latexit>

„ is measure-preserving: „#µ = ‹

<latexit sha1_base64="eIIa9m7ei44jDa1qwL2OxZ5Xvs8="></latexit>

• GWp(dX , dY , µ, ‹) = 0 i� ÷„ : X æ Y



…to Gromov-Wasserstein
Gromov-Wasserstein distance

Gromov-Wasserstein distance
<latexit sha1_base64="RoIJtuyVUioHNHQjj7F4CglK8A8="></latexit>

GW p
p (cX , cY , µ, ⌫) = inf

⇡2⇧(µ,⌫)

R
X⇥Y

R
X⇥Y

��cX (x, x0)�cY(y, y0)
��pd⇡(x, y)d⇡(x0, y0))
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A distance w.r.t isomorphism

<latexit sha1_base64="yjWwxDIIphetxyE1F9Vl47rzx98="></latexit>

� is a isometry dX (x, x0) = dY(�(x),�(x0))

<latexit sha1_base64="6pv8nrpzTKRMP1QGTSfWyGQFDUs="></latexit>

X = {(X , dX , µ œ P(X )); dX metric } (mm-spaces)

<latexit sha1_base64="WTPFq/XaHWe7gZVnhesyvzBK6Ls="></latexit>

GW is a distance on the "space of all spaces":
<latexit sha1_base64="lgcdmHVxyCoEQUYKUvSOeTTojcc="></latexit>

µ =
qn

i=1 ai”xi æ
„#µ

qn
i=1 ai”„(xi)

<latexit sha1_base64="hkHdqErlHum+PKUniBqVzIML9kY="></latexit>

„#µPush-forward

(Weights are compatible)

Not compatible

1 1
2

1
2

1 ↛ (
1
2

,
1
2

)

<latexit sha1_base64="u4RHDQIqsNFzb5GIUkeMk8Gz7y8=">  </latexit>

„ is measure-preserving: „#µ = ‹

<latexit sha1_base64="eIIa9m7ei44jDa1qwL2OxZ5Xvs8="></latexit>

• GWp(dX , dY , µ, ‹) = 0 i� ÷„ : X æ Y



…to Gromov-Wasserstein
Gromov-Wasserstein distance

Applications for geometric data 

Shape comparison [Mémoli 2011, Solomon 
2016]

Graphs [Titouan 2019 lol, Xu 2019, Fey 
2020], biology [Demetci 2020], generative 
modeling [Bunne 2019]

40

Barycenter of relational data [Peyré 2016], 
Point clouds/meshes [Ezuz 2017]

Gromov-Wasserstein = a bending invariant distance

ϕ
[Solomon 2016]

<latexit sha1_base64="yjWwxDIIphetxyE1F9Vl47rzx98="></latexit>

� is a isometry dX (x, x0) = dY(�(x),�(x0))
<latexit sha1_base64="jEEj3K8mdy0mcrkTU+sS7kFMi0o="></latexit>

� is measure-preserving �#µ = ⌫

<latexit sha1_base64="GF6rcOlq2rdwuUwuVu3pf08L/XA="></latexit>

• GW is � 0 and satisfies the triangle inequality

Let X = {(X , dX , µ 2 P(X )); dX metric } (mm-spaces)

• GWp(dX , dY , µ, ⌫) = 0 i↵ 9� : X ! Y



Optimal transport for structured data 
Fused Gromov Wasserstein

<latexit sha1_base64="5J0FqFA8FarqHPthjFQzIBUhc0Y="></latexit>

d(x, y)

Part II: Optimal Transport for 
structured data

}
}
}

ICML 2019



Optimal Transport for structured data
Structured data as probability distribution

}
}
}

Discrete case
Structured data can be seen as a labeled graph
Combines a feature and a structure information

42



Optimal Transport for structured data
Structured data as probability distribution

}
}
}

Discrete case
Structured data can be seen as a labeled graph
Combines a feature and a structure information

Features
<latexit sha1_base64="OW5HfmUVsyqukRZLTJjotmPQUYY="></latexit>

2 ⌦
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Optimal Transport for structured data
Structured data as probability distribution

}
}
}

Discrete case
Structured data can be seen as a labeled graph
Combines a feature and a structure information

Features

Structure: nodes in the 
metric space of the graph

<latexit sha1_base64="OW5HfmUVsyqukRZLTJjotmPQUYY="></latexit>

2 ⌦
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Optimal Transport for structured data
Structured data as probability distribution

}
}
}

Discrete case
Structured data can be seen as a labeled graph
Combines a feature and a structure information

Features

Structure: nodes in the 
metric space of the graph

Weights

<latexit sha1_base64="OW5HfmUVsyqukRZLTJjotmPQUYY="></latexit>

2 ⌦

45

Add weights that encodes the relative importance of the nodes 



Optimal Transport for structured data
Structured data as probability distribution

}
}
}

Discrete case
Structured data can be seen as a labeled graph
Combines a feature and a structure information
Add weights that encodes the relative importance of the nodes 

Form a probability measure 

46



Optimal Transport for structured data
Fused Gromov-Wasserstein distance

Two structured data

<latexit sha1_base64="fZwTnLT3qKmMvkUFrriObTAvf00="> f2WoN/K6fdykYUxulcQVc9T7RXj8HmB9ZrUeq3A+rDQ8rAwSkeUIWUjO5TmmX2I+KytT9ll1nJA </latexit>

µ =
P

i hi�(xi,ai), ⌫ =
P

j gj�(yj ,bj)

Two matrices describing 
structures

<latexit sha1_base64="fgggvIH2G5+4LAa0hjf61fzpkOg="></latexit>

C1,C2

A distance between labels

<latexit sha1_base64="7r0uPI4bxEbddquPYYKUoZY3R60="></latexit>

d : ⌦⇥ ⌦ ! R+

Fused Gromov-Wasserstein distance
<latexit sha1_base64="bL3NRX1SwChamTNbUQPxeEJCaYc="></latexit>

FGW (MAB,C1,C2,h,g) = min
⇡2⇧(h,g)

P
i,j,k,l(1�↵)d(ai, bj)

q+↵|C1(i, k)�C2(j, l)|q⇡i,j⇡k,l
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Optimal Transport for structured data
Fused Gromov-Wasserstein distance

Two structured data

<latexit sha1_base64="fZwTnLT3qKmMvkUFrriObTAvf00="> f2WoN/K6fdykYUxulcQVc9T7RXj8HmB9ZrUeq3A+rDQ8rAwSkeUIWUjO5TmmX2I+KytT9ll1nJA </latexit>

µ =
P

i hi�(xi,ai), ⌫ =
P

j gj�(yj ,bj)

Two matrices describing 
structures

<latexit sha1_base64="fgggvIH2G5+4LAa0hjf61fzpkOg="></latexit>

C1,C2

A distance between labels

<latexit sha1_base64="7r0uPI4bxEbddquPYYKUoZY3R60="></latexit>

d : ⌦⇥ ⌦ ! R+

Fused Gromov-Wasserstein distance

<latexit sha1_base64="PYIWwBTjaqPWnLqmV4BlzXbyXuk="></latexit>

d(ai, bj)

<latexit sha1_base64="YEloAC0VSXI/b+hxmLONIYYO42o="></latexit>

FGW (MAB,C1,C2,h,g) = min
⇡2⇧(h,g)

P
i,j,k,l(1�↵)d(ai, bj)

q+↵|C1(i, k)�C2(j, l)|q⇡i,j⇡k,l
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Optimal Transport for structured data
Fused Gromov-Wasserstein distance

Two structured data

<latexit sha1_base64="fZwTnLT3qKmMvkUFrriObTAvf00="> f2WoN/K6fdykYUxulcQVc9T7RXj8HmB9ZrUeq3A+rDQ8rAwSkeUIWUjO5TmmX2I+KytT9ll1nJA </latexit>

µ =
P

i hi�(xi,ai), ⌫ =
P

j gj�(yj ,bj)

Two matrices describing 
structures

<latexit sha1_base64="fgggvIH2G5+4LAa0hjf61fzpkOg="></latexit>

C1,C2

A distance between labels

<latexit sha1_base64="7r0uPI4bxEbddquPYYKUoZY3R60="></latexit>

d : ⌦⇥ ⌦ ! R+

<latexit sha1_base64="0jJpa7X3MUpEdmzl4jcy6X0+6Jw="></latexit>

|C1(i, k)� C2(j, l)|

<latexit sha1_base64="Ri0/hnUJasQVUFwk1NZ4aWHxeGM="> eGBzMTZkx1lG20G7L47GeMmlug9qoKRObfppuuYPI+N26/hWe2SPP2gOqnuKatVtkJ7uTnoQSnEvZX3pI+/heTPlrE0quVTunv0MP8IUJ5kuy9qZCCddHz/X56Y7Fr9NPfZY/t2E9abJuHvROWrT5x9zGeomvmNJ0z1SrqiVO+q1N7E7EfEmLWpx6oDdoweFnHOLeoxjtI4q2Llreoxu3gKctlvayJm3irLvNhdWmnlf+srFs4211s/rW+83Fx5vs1+B7xPviM/QObWIj+T5+Q3iKRTYiw8WzAW7IXh8q/L2vLV8nVsem+BYb4l3GfZ/w/2y/pH</latexit>

FGW (MAB,C1,C2,h,g) = min
⇡2⇧(h,g)

P
i,j,k,l(1�↵)d(ai, bj)

q+↵|C1(i, k)� C2(j, l)|q⇡i,j⇡k,l
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Optimal Transport for structured data
Fused Gromov-Wasserstein distance

Two structured data

<latexit sha1_base64="fZwTnLT3qKmMvkUFrriObTAvf00="> f2WoN/K6fdykYUxulcQVc9T7RXj8HmB9ZrUeq3A+rDQ8rAwSkeUIWUjO5TmmX2I+KytT9ll1nJA </latexit>

µ =
P

i hi�(xi,ai), ⌫ =
P

j gj�(yj ,bj)

Two matrices describing 
structures

<latexit sha1_base64="fgggvIH2G5+4LAa0hjf61fzpkOg="></latexit>

C1,C2

A distance between labels

<latexit sha1_base64="7r0uPI4bxEbddquPYYKUoZY3R60="></latexit>

d : ⌦⇥ ⌦ ! R+

Fused Gromov-Wasserstein distance
<latexit sha1_base64="bL3NRX1SwChamTNbUQPxeEJCaYc="></latexit>

FGW (MAB,C1,C2,h,g) = min
⇡2⇧(h,g)

P
i,j,k,l(1�↵)d(ai, bj)

q+↵|C1(i, k)�C2(j, l)|q⇡i,j⇡k,l
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<latexit sha1_base64="tCxG7Let9C26it/m/fi7sXU6DLI="></latexit>⇡ provides a soft assignment of the nodes



Optimal Transport for structured data
Fused Gromov-Wasserstein distance: example

51

Consider two trees



Optimal Transport for structured data
Fused Gromov-Wasserstein distance: example

52

Consider two trees

We want to compare the leaves of the trees



Optimal Transport for structured data
Fused Gromov-Wasserstein distance: example

53

Consider two trees

We want to compare the leaves of the trees

Features: blue or red

Structures : shortest path between the leaves

2
4



Optimal Transport for structured data
Fused Gromov-Wasserstein distance: example

54

Consider two trees

We want to compare the leaves of the trees

Features: blue or red

Structures : shortest path between the leaves

Taking both the structures and the features into account 
with FGW

2
4



Optimal Transport for structured data
Fused Gromov-Wasserstein distance: example

55

Wasserstein distance  
(features only)

Gromov-Wasserstein distance  
(structures only)FGW



Optimal Transport for structured data
Fused Gromov-Wasserstein distance: example
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Wasserstein distance  
(features only)

Gromov-Wasserstein distance  
(structures only)FGW



Optimal Transport for structured data
Fused Gromov-Wasserstein distance: example

57

Wasserstein distance  
(features only) FGW Gromov-Wasserstein distance  

(structures only)



Optimal Transport for structured data
Computing FGW (and GW!)

<latexit sha1_base64="mi/Gd5LO/ls1TUpeJr+eXZLq9Sk="></latexit>

Algorithm 1 Conditional Gradient (CG) for FGW

1: ⇡(0)  hg>

2: for i = 1, . . . , do
3: G Gradient from GW loss w.r.t. ⇡(i�1)

4: ⇡̃(i)  Solve OT with ground loss G
5: ⌧ (i)  Line-search for GW loss with ⌧ 2 (0, 1) (closed-form)

6: ⇡(i)  (1� ⌧ (i))⇡(i�1)
+ ⌧ (i)⇡̃(i)

7: end for

Quadratic function over polytope -> Conditional Gradient algorithm (a.k.a Frank-Wolfe)

Non convex but converges to a local optimal solution [Lacoste-Julien 2016]

Find a sparse solution. FW gap = 

Complexity
<latexit sha1_base64="DTkQjqh7KQpsa5IHVv/lzAM20qw="></latexit>

O(niter n
3)

58

Solving FGW: a non convex QP
<latexit sha1_base64="bL3NRX1SwChamTNbUQPxeEJCaYc="></latexit>

FGW (MAB,C1,C2,h,g) = min
⇡2⇧(h,g)

P
i,j,k,l(1�↵)d(ai, bj)

q+↵|C1(i, k)�C2(j, l)|q⇡i,j⇡k,l

<latexit sha1_base64="WqzC29zoxUcZOOEGSAxlIWDteu4="></latexit>

O( 1Ô
niter

)



Optimal Transport for structured data
Fused Gromov-Wasserstein distance

A distance w.r.t strong isomorphism

<latexit sha1_base64="0F2R+rUTSbCdqRW2yKsiNVS9AgE="></latexit>

(conservation of the weights) hi = g�(i)
<latexit sha1_base64="Dqu+9oDGI0+DsGmorXT5PSMRHyI="></latexit>

(conservation of the features) ai = b�(i)
<latexit sha1_base64="Mn5L0+EFko2PAapisrG/zkFgZ9A="></latexit>

(conservation of the structures) C1(i, k) = C2(�(i),�(k))

<latexit sha1_base64="nrr3/mpxUdl6UygdehLTrFNTSUw="></latexit>

• FGW � 0 and satisfies the triangle inequality

• C1,C2 distances. FGW = 0 i↵ 9� permutations of the nodes
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Optimal Transport for structured data
Fused Gromov-Wasserstein distance

A distance w.r.t strong isomorphism

<latexit sha1_base64="0F2R+rUTSbCdqRW2yKsiNVS9AgE="></latexit>

(conservation of the weights) hi = g�(i)
<latexit sha1_base64="Dqu+9oDGI0+DsGmorXT5PSMRHyI="></latexit>

(conservation of the features) ai = b�(i)
<latexit sha1_base64="Mn5L0+EFko2PAapisrG/zkFgZ9A="></latexit>

(conservation of the structures) C1(i, k) = C2(�(i),�(k))

<latexit sha1_base64="nrr3/mpxUdl6UygdehLTrFNTSUw="></latexit>

• FGW � 0 and satisfies the triangle inequality

• C1,C2 distances. FGW = 0 i↵ 9� permutations of the nodes

60

Isometric + same features but not strongly isomorphic

Same weights, same labels at the same 
place up to a permutation

<latexit sha1_base64="nywfMgoys/yqSb2b4x3d8u/DiSM="></latexit>

(x2, a2) (x3, a3)

(x4, a4)(x1, a1)

(y2, b2) (y3, b3)

(y1, b1)
(y4, b4)



Optimal Transport for structured data
Fused Gromov-Wasserstein distance

A distance w.r.t strong isomorphism

<latexit sha1_base64="0F2R+rUTSbCdqRW2yKsiNVS9AgE="></latexit>

(conservation of the weights) hi = g�(i)
<latexit sha1_base64="Dqu+9oDGI0+DsGmorXT5PSMRHyI="></latexit>

(conservation of the features) ai = b�(i)
<latexit sha1_base64="Mn5L0+EFko2PAapisrG/zkFgZ9A="></latexit>

(conservation of the structures) C1(i, k) = C2(�(i),�(k))

<latexit sha1_base64="nrr3/mpxUdl6UygdehLTrFNTSUw="></latexit>

• FGW � 0 and satisfies the triangle inequality

• C1,C2 distances. FGW = 0 i↵ 9� permutations of the nodes

61

Other properties

Interpolates GW between the structures and W between the features

Extends to the continuous setting: geodesic properties + sample complexity



FGW in action

62



Optimal Transport for structured data
FGW in action

Graph classification

Linear classifier: SVM on the indefinite kernel
<latexit sha1_base64="Brf1pDAXS8psZOho9sjFPZqayEY="></latexit>

e�
1
�FGW (Gi,Gj)

A set of labeled graphs 
<latexit sha1_base64="kF6CaG358cOe89JNmbLOJXROWxg="></latexit>

(Gi, yi) . Structure matrices shortest path

Compare with graph kernel approaches + GCN on benchmark datasets
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Optimal Transport for structured data
FGW barycenter

=+1
2 ( )Making sense of: 

64



<latexit sha1_base64="am+L5vDICHeO5dNefPTTxOK+pP8="></latexit>

inf
x2Rd

Pn
i=1 �ikx� xik22

Euclidean Barycenter:
<latexit sha1_base64="/w7RzozU9ciNxjjjnCH7L3orIQo="></latexit>

(Rd, k.k2)Euclidean Barycenter:

<latexit sha1_base64="OETzCZhVN56JinJ1Bkw+aRIjFaA="></latexit>x1
<latexit sha1_base64="hOMVM3hdA92NOrrhKDrsDmw4ItM="></latexit>x2

<latexit sha1_base64="iJCzIATmmkrxcDnklCNbL43Kaoo="></latexit>x3

<latexit sha1_base64="wF5q8mTraBDvHtacQAVhJpjHhTs="></latexit>

x̂
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Optimal Transport for structured data
FGW barycenter

=+1
2 ( )Making sense of: 



Fréchet Barycenter:
<latexit sha1_base64="RpQEWdN/MzHbCW14saR1HWCZrQY="></latexit>

inf
x2X

Pn
i=1 �id(x, xi)p

<latexit sha1_base64="krSXWtWncboOAqS1gfu7B/rkRLg="></latexit>

(X , d) metric space

<latexit sha1_base64="OETzCZhVN56JinJ1Bkw+aRIjFaA="></latexit>x1
<latexit sha1_base64="hOMVM3hdA92NOrrhKDrsDmw4ItM="></latexit>x2

<latexit sha1_base64="iJCzIATmmkrxcDnklCNbL43Kaoo="></latexit>x3

<latexit sha1_base64="wF5q8mTraBDvHtacQAVhJpjHhTs="></latexit>

x̂

<latexit sha1_base64="0GecFhA4m44vUWkWJ402p05URlg="></latexit>

(X , d)

66

Optimal Transport for structured data
FGW barycenter

<latexit sha1_base64="am+L5vDICHeO5dNefPTTxOK+pP8="></latexit>

inf
x2Rd

Pn
i=1 �ikx� xik22

Euclidean Barycenter:
<latexit sha1_base64="/w7RzozU9ciNxjjjnCH7L3orIQo="></latexit>

(Rd, k.k2)Euclidean Barycenter:

<latexit sha1_base64="OETzCZhVN56JinJ1Bkw+aRIjFaA="></latexit>x1
<latexit sha1_base64="hOMVM3hdA92NOrrhKDrsDmw4ItM="></latexit>x2

<latexit sha1_base64="iJCzIATmmkrxcDnklCNbL43Kaoo="></latexit>x3

<latexit sha1_base64="wF5q8mTraBDvHtacQAVhJpjHhTs="></latexit>

x̂

=+1
2 ( )Making sense of: 



Fréchet Barycenter:
<latexit sha1_base64="RpQEWdN/MzHbCW14saR1HWCZrQY="></latexit>

inf
x2X

Pn
i=1 �id(x, xi)p

<latexit sha1_base64="krSXWtWncboOAqS1gfu7B/rkRLg="></latexit>

(X , d) metric space

<latexit sha1_base64="OETzCZhVN56JinJ1Bkw+aRIjFaA="></latexit>x1
<latexit sha1_base64="hOMVM3hdA92NOrrhKDrsDmw4ItM="></latexit>x2

<latexit sha1_base64="iJCzIATmmkrxcDnklCNbL43Kaoo="></latexit>x3

<latexit sha1_base64="wF5q8mTraBDvHtacQAVhJpjHhTs="></latexit>

x̂

<latexit sha1_base64="0GecFhA4m44vUWkWJ402p05URlg="></latexit>

(X , d)

67

Optimal Transport for structured data
FGW barycenter

<latexit sha1_base64="am+L5vDICHeO5dNefPTTxOK+pP8="></latexit>

inf
x2Rd

Pn
i=1 �ikx� xik22

Euclidean Barycenter:
<latexit sha1_base64="/w7RzozU9ciNxjjjnCH7L3orIQo="></latexit>

(Rd, k.k2)Euclidean Barycenter:

<latexit sha1_base64="OETzCZhVN56JinJ1Bkw+aRIjFaA="></latexit>x1
<latexit sha1_base64="hOMVM3hdA92NOrrhKDrsDmw4ItM="></latexit>x2

<latexit sha1_base64="iJCzIATmmkrxcDnklCNbL43Kaoo="></latexit>x3

<latexit sha1_base64="wF5q8mTraBDvHtacQAVhJpjHhTs="></latexit>

x̂

=+1
2 ( )Making sense of: 

FGW barycenter

Barycenter of labeled graphs, relational data with attributes

Consider feature space

<latexit sha1_base64="Z1gOONQSMscPap6tHeKUrOOqFaY="></latexit>

min
µ

PK
k=1 �kFGW q,↵(µ, µk)

<latexit sha1_base64="L2iCGblpbLrCIBFJWcDoC/EIKCg="></latexit>

⌦ = (Rd, k.k22) structured data
<latexit sha1_base64="5ALaIhZpD6X8Mc76Q9oZSabMU5k="></latexit>

(Ck,Bk,hk)Kk=1



Optimal Transport for structured data
FGW barycenter

=+1
2 ( )Making sense of: 

FGW barycenter
<latexit sha1_base64="Z1gOONQSMscPap6tHeKUrOOqFaY="></latexit>

min
µ

PK
k=1 �kFGW q,↵(µ, µk)

Barycenter of labeled graphs, relational data with attributes

Consider feature space
<latexit sha1_base64="5ALaIhZpD6X8Mc76Q9oZSabMU5k="></latexit>

(Ck,Bk,hk)Kk=1

<latexit sha1_base64="L2iCGblpbLrCIBFJWcDoC/EIKCg="></latexit>

⌦ = (Rd, k.k22) structured data

<latexit sha1_base64="MX/Cz5WaXjADAUrmpXJfB4YedZQ="></latexit>

Algorithm 1 FGW barycenter

1: Initialize C C0,A A0.
2: while not converged do
3: for k = 1 . . .K do
4: ⇡k  FGW (MABk ,C,Ck,h,hk)
5: end for
6: C 1

hhT

PK
k=1 �k⇡T

kCk⇡k

7: A 
PK

k=1 �kBk⇡T
k diag(

1
h )

8: end while
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Optimal Transport for structured data
Summarization of graph 

FGW coarsening

Given a labeled graph we look for the closest graph w.r.t FGW with fewer nodes 

Projection w.r.t FGW -> barycenter problem with 

<latexit sha1_base64="oyZeyfgr3bmIaIPIGlc++ew8NKs="></latexit>

min
µ

FGW (µ, ⌫) = min
A,C1

FGW (MAB,C1,C2,h,g)

<latexit sha1_base64="FugXyh1Y2i2nyciyJhFEK6+CN50="></latexit>

K = 1
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Functional Brain Registration
Fused Unbalanced Gromov Wasserstein

Part III: Functional Brain Registration

Neurips 2022



High inter-subject anatomical and functional variability


Matching cortical surfaces using fMRI data
Motivation

Math-nonmath contrast map from the Mathlang protocol for 3 IBC subjects,

on their individual anatomies (top row) or projected on fsaverage5 (bottom row)




Matching cortical surfaces using fMRI data
Motivation

Need to align locations on cortical surfaces




Fused Unbalanced Gromov-Wasserstein
Problem formulation and neuroscientific interpretation

Need to align locations on cortical surfaces




Fused Unbalanced Gromov-Wasserstein
Problem formulation and neuroscientific interpretation

Need to align locations on cortical surfaces




Fused Unbalanced Gromov-Wasserstein
Problem formulation and neuroscientific interpretation

Need to align locations on cortical surfaces




Fused Unbalanced Gromov-Wasserstein
Problem formulation and neuroscientific interpretation

Need to align locations on cortical surfaces




Fused Unbalanced Gromov-Wasserstein
Why Unbalanced ?



Fused Unbalanced Gromov-Wasserstein
Impact of the  parameterα



Fused Unbalanced Gromov-Wasserstein
Projecting contrast maps using computed alignments

Contrast map from MathLang (math-nonmath) for each individual (top row)

and after they have been projected onto a reference individual (bottom row)




Fused Unbalanced Gromov-Wasserstein
Aligning pairs of individuals with FUGW significantly 
increases correlation



Fused Unbalanced Gromov-Wasserstein
Aligning individuals to a functional barycenter significantly 
increases statistical power of group averages



Application to GNNs
Template Fused Gromov Wasserstein

Part IV: A new Pooling Layer in GNN

GNN

<latexit sha1_base64="52xJwVv49drYaRMLlWfC9IBsAFM="></latexit>

L

<latexit sha1_base64="IjXFH7acAxKprw0BVv+clrYx01I="></latexit>

0

BBB@

0.2
0.2
...
0.1

1

CCCA

<latexit sha1_base64="YSz8nRG5S4UwQpbWl8E8zQevEOI="></latexit>

Ci

<latexit sha1_base64="OrSMsMRrgHUPt/ZL1U4UtrGUmv0="></latexit>

Fi

<latexit sha1_base64="52qryXZ9OghUodYk+eRsHmqRIww="></latexit>

hi

<latexit sha1_base64="RknzooFXxck0ORZ4t/7xvKulIdA="></latexit>

�u

<latexit sha1_base64="rYFUUt5LlnvCPqGI2EDkWrhL61g="></latexit>

...

<latexit sha1_base64="GU+tiJiCE5VUyONg5Z7jrmBQoPc="></latexit>

RK

<latexit sha1_base64="0Ie7h7Q8L/CPqIfLYzL2JCgwdac="></latexit>

MLP

<latexit sha1_base64="aG5qbHFsPyn7xKdSoxT8SDbwWDE="></latexit>

ŷi

<latexit sha1_base64="euOTlG/XJAK7zfNOlgSwY0tG2cE="></latexit>

 v

<latexit sha1_base64="fMtauA/v2TnZ5TQRUTLnVTd0mJ8="></latexit>

(Ci,�u(Fi),hi)

<latexit sha1_base64="33mI/TWIjbvM5CmCVhFsCPHuLPY="></latexit>

(CK ,FK ,hK)

<latexit sha1_base64="icEG+7OXYFdUBHK4KStEopr5Gls="></latexit>

...

<latexit sha1_base64="GU+tiJiCE5VUyONg5Z7jrmBQoPc="></latexit>

(C1,F1,h1)

<latexit sha1_base64="fQfEnL9/toqGNpEBg82nAgWovUk="></latexit>

(C2,F2,h2)

<latexit sha1_base64="idsXkJbLGaZc5sY9iADI5Avvhng="></latexit>

FGW↵

<latexit sha1_base64="dV+a/5oLylDEuCfIyW4ISp1A2l4="></latexit>

FGW↵

<latexit sha1_base64="dV+a/5oLylDEuCfIyW4ISp1A2l4="></latexit>

FGW↵

<latexit sha1_base64="dV+a/5oLylDEuCfIyW4ISp1A2l4="></latexit>

TFGW layer

<latexit sha1_base64="lZ8heF8apKXgt/ChZ8VBiYIPhvM="></latexit>

Templates

<latexit sha1_base64="ZuOM7uDgCdxAlkj06gPKfuvPzIc="></latexit>

Learnable

<latexit sha1_base64="dKzPsIzrCKaSUbj7z90FzeyApjs="></latexit>

Neurips 2022 (oral)



Graph Neural Networks
SOTA on many graph learning problems

[Image extracted from] M. M. Bronstein, J. Bruna, T. Cohen, P. Velickovic, Geometric Deep Learning: Grids, Groups, Graphs, Geodesics, and Gauges (2021)

Most of graph neural networks are built on variants of the message-passing principle

Followed by a global aggregation or pooling: 

- to produce a finite and dimensionally constant representation of the graph 

- Which is usually produced by a min, sum or max operator 

https://arxiv.org/abs/2104.13478


Graph Neural Networks
A relevant baseline: GIN

[Image extracted from] https://towardsdatascience.com/how-to-design-the-most-powerful-graph-neural-network-3d18b07a6e66 (2021)

Based on the idea of the Weisfeiler-Lehman isomorphism test

Combine node information and neighbors

https://towardsdatascience.com/how-to-design-the-most-powerful-graph-neural-network-3d18b07a6e66


Graph Neural Networks
A relevant baseline: GIN

[Image extracted from] https://towardsdatascience.com/how-to-design-the-most-powerful-graph-neural-network-3d18b07a6e66 (2021)

Based on the idea of the Weisfeiler-Lehman isomorphism test

Combine node information and neighbors

Global Pooling

https://towardsdatascience.com/how-to-design-the-most-powerful-graph-neural-network-3d18b07a6e66


Graph Neural Networks
A new pooling layer based on FGW

We propose a new pooling layer based on computing distances to prototypes graphs

GNN

<latexit sha1_base64="52xJwVv49drYaRMLlWfC9IBsAFM="></latexit>

L

<latexit sha1_base64="IjXFH7acAxKprw0BVv+clrYx01I="></latexit>

0

BBB@

0.2
0.2
...
0.1

1

CCCA

<latexit sha1_base64="YSz8nRG5S4UwQpbWl8E8zQevEOI="></latexit>

Ci

<latexit sha1_base64="OrSMsMRrgHUPt/ZL1U4UtrGUmv0="></latexit>

Fi

<latexit sha1_base64="52qryXZ9OghUodYk+eRsHmqRIww="></latexit>

hi

<latexit sha1_base64="RknzooFXxck0ORZ4t/7xvKulIdA="></latexit>

�u

<latexit sha1_base64="rYFUUt5LlnvCPqGI2EDkWrhL61g="></latexit>

...

<latexit sha1_base64="GU+tiJiCE5VUyONg5Z7jrmBQoPc="></latexit>

RK

<latexit sha1_base64="0Ie7h7Q8L/CPqIfLYzL2JCgwdac="></latexit>

MLP

<latexit sha1_base64="aG5qbHFsPyn7xKdSoxT8SDbwWDE="></latexit>

ŷi

<latexit sha1_base64="euOTlG/XJAK7zfNOlgSwY0tG2cE="></latexit>

 v

<latexit sha1_base64="fMtauA/v2TnZ5TQRUTLnVTd0mJ8="></latexit>

(Ci,�u(Fi),hi)

<latexit sha1_base64="33mI/TWIjbvM5CmCVhFsCPHuLPY="></latexit>

(CK ,FK ,hK)

<latexit sha1_base64="icEG+7OXYFdUBHK4KStEopr5Gls="></latexit>

...

<latexit sha1_base64="GU+tiJiCE5VUyONg5Z7jrmBQoPc="></latexit>

(C1,F1,h1)

<latexit sha1_base64="fQfEnL9/toqGNpEBg82nAgWovUk="></latexit>

(C2,F2,h2)

<latexit sha1_base64="idsXkJbLGaZc5sY9iADI5Avvhng="></latexit>

FGW↵

<latexit sha1_base64="dV+a/5oLylDEuCfIyW4ISp1A2l4="></latexit>

FGW↵

<latexit sha1_base64="dV+a/5oLylDEuCfIyW4ISp1A2l4="></latexit>

FGW↵

<latexit sha1_base64="dV+a/5oLylDEuCfIyW4ISp1A2l4="></latexit>

TFGW layer

<latexit sha1_base64="lZ8heF8apKXgt/ChZ8VBiYIPhvM="></latexit>

Templates

<latexit sha1_base64="ZuOM7uDgCdxAlkj06gPKfuvPzIc="></latexit>

Learnable

<latexit sha1_base64="dKzPsIzrCKaSUbj7z90FzeyApjs="></latexit>



Graph Neural Networks
A new pooling layer based on FGW

We propose a new pooling layer based on computing distances to prototypes graphs

GNN

<latexit sha1_base64="52xJwVv49drYaRMLlWfC9IBsAFM="></latexit>

L

<latexit sha1_base64="IjXFH7acAxKprw0BVv+clrYx01I="></latexit>

0

BBB@

0.2
0.2
...
0.1

1

CCCA

<latexit sha1_base64="YSz8nRG5S4UwQpbWl8E8zQevEOI="></latexit>

Ci

<latexit sha1_base64="OrSMsMRrgHUPt/ZL1U4UtrGUmv0="></latexit>

Fi

<latexit sha1_base64="52qryXZ9OghUodYk+eRsHmqRIww="></latexit>

hi

<latexit sha1_base64="RknzooFXxck0ORZ4t/7xvKulIdA="></latexit>

�u

<latexit sha1_base64="rYFUUt5LlnvCPqGI2EDkWrhL61g="></latexit>

...

<latexit sha1_base64="GU+tiJiCE5VUyONg5Z7jrmBQoPc="></latexit>

RK

<latexit sha1_base64="0Ie7h7Q8L/CPqIfLYzL2JCgwdac="></latexit>

MLP

<latexit sha1_base64="aG5qbHFsPyn7xKdSoxT8SDbwWDE="></latexit>

ŷi

<latexit sha1_base64="euOTlG/XJAK7zfNOlgSwY0tG2cE="></latexit>

 v

<latexit sha1_base64="fMtauA/v2TnZ5TQRUTLnVTd0mJ8="></latexit>

(Ci,�u(Fi),hi)

<latexit sha1_base64="33mI/TWIjbvM5CmCVhFsCPHuLPY="></latexit>

(CK ,FK ,hK)

<latexit sha1_base64="icEG+7OXYFdUBHK4KStEopr5Gls="></latexit>

...

<latexit sha1_base64="GU+tiJiCE5VUyONg5Z7jrmBQoPc="></latexit>

(C1,F1,h1)

<latexit sha1_base64="fQfEnL9/toqGNpEBg82nAgWovUk="></latexit>

(C2,F2,h2)

<latexit sha1_base64="idsXkJbLGaZc5sY9iADI5Avvhng="></latexit>

FGW↵

<latexit sha1_base64="dV+a/5oLylDEuCfIyW4ISp1A2l4="></latexit>

FGW↵

<latexit sha1_base64="dV+a/5oLylDEuCfIyW4ISp1A2l4="></latexit>

FGW↵

<latexit sha1_base64="dV+a/5oLylDEuCfIyW4ISp1A2l4="></latexit>

TFGW layer

<latexit sha1_base64="lZ8heF8apKXgt/ChZ8VBiYIPhvM="></latexit>

Templates

<latexit sha1_base64="ZuOM7uDgCdxAlkj06gPKfuvPzIc="></latexit>

Learnable

<latexit sha1_base64="dKzPsIzrCKaSUbj7z90FzeyApjs="></latexit>

Compute more discriminant features



Graph Neural Networks
A new pooling layer based on FGW

We propose a new pooling layer based on computing distances to prototypes graphs

GNN

<latexit sha1_base64="52xJwVv49drYaRMLlWfC9IBsAFM="></latexit>

L

<latexit sha1_base64="IjXFH7acAxKprw0BVv+clrYx01I="></latexit>

0

BBB@

0.2
0.2
...
0.1

1

CCCA

<latexit sha1_base64="YSz8nRG5S4UwQpbWl8E8zQevEOI="></latexit>

Ci

<latexit sha1_base64="OrSMsMRrgHUPt/ZL1U4UtrGUmv0="></latexit>

Fi

<latexit sha1_base64="52qryXZ9OghUodYk+eRsHmqRIww="></latexit>

hi

<latexit sha1_base64="RknzooFXxck0ORZ4t/7xvKulIdA="></latexit>

�u

<latexit sha1_base64="rYFUUt5LlnvCPqGI2EDkWrhL61g="></latexit>

...

<latexit sha1_base64="GU+tiJiCE5VUyONg5Z7jrmBQoPc="></latexit>

RK

<latexit sha1_base64="0Ie7h7Q8L/CPqIfLYzL2JCgwdac="></latexit>

MLP

<latexit sha1_base64="aG5qbHFsPyn7xKdSoxT8SDbwWDE="></latexit>

ŷi

<latexit sha1_base64="euOTlG/XJAK7zfNOlgSwY0tG2cE="></latexit>

 v

<latexit sha1_base64="fMtauA/v2TnZ5TQRUTLnVTd0mJ8="></latexit>

(Ci,�u(Fi),hi)

<latexit sha1_base64="33mI/TWIjbvM5CmCVhFsCPHuLPY="></latexit>

(CK ,FK ,hK)

<latexit sha1_base64="icEG+7OXYFdUBHK4KStEopr5Gls="></latexit>

...

<latexit sha1_base64="GU+tiJiCE5VUyONg5Z7jrmBQoPc="></latexit>

(C1,F1,h1)

<latexit sha1_base64="fQfEnL9/toqGNpEBg82nAgWovUk="></latexit>

(C2,F2,h2)

<latexit sha1_base64="idsXkJbLGaZc5sY9iADI5Avvhng="></latexit>

FGW↵

<latexit sha1_base64="dV+a/5oLylDEuCfIyW4ISp1A2l4="></latexit>

FGW↵

<latexit sha1_base64="dV+a/5oLylDEuCfIyW4ISp1A2l4="></latexit>

FGW↵

<latexit sha1_base64="dV+a/5oLylDEuCfIyW4ISp1A2l4="></latexit>

TFGW layer

<latexit sha1_base64="lZ8heF8apKXgt/ChZ8VBiYIPhvM="></latexit>

Templates

<latexit sha1_base64="ZuOM7uDgCdxAlkj06gPKfuvPzIc="></latexit>

Learnable

<latexit sha1_base64="dKzPsIzrCKaSUbj7z90FzeyApjs="></latexit>

FGW distances to K template graphs
(Note that the  parameter can be learnt)α



Graph Neural Networks
A new pooling layer based on FGW

We propose a new pooling layer based on computing distances to prototypes graphs

GNN

<latexit sha1_base64="52xJwVv49drYaRMLlWfC9IBsAFM="></latexit>

L

<latexit sha1_base64="IjXFH7acAxKprw0BVv+clrYx01I="></latexit>

0

BBB@

0.2
0.2
...
0.1

1

CCCA

<latexit sha1_base64="YSz8nRG5S4UwQpbWl8E8zQevEOI="></latexit>

Ci

<latexit sha1_base64="OrSMsMRrgHUPt/ZL1U4UtrGUmv0="></latexit>

Fi

<latexit sha1_base64="52qryXZ9OghUodYk+eRsHmqRIww="></latexit>

hi

<latexit sha1_base64="RknzooFXxck0ORZ4t/7xvKulIdA="></latexit>

�u

<latexit sha1_base64="rYFUUt5LlnvCPqGI2EDkWrhL61g="></latexit>

...

<latexit sha1_base64="GU+tiJiCE5VUyONg5Z7jrmBQoPc="></latexit>

RK

<latexit sha1_base64="0Ie7h7Q8L/CPqIfLYzL2JCgwdac="></latexit>

MLP

<latexit sha1_base64="aG5qbHFsPyn7xKdSoxT8SDbwWDE="></latexit>

ŷi

<latexit sha1_base64="euOTlG/XJAK7zfNOlgSwY0tG2cE="></latexit>

 v

<latexit sha1_base64="fMtauA/v2TnZ5TQRUTLnVTd0mJ8="></latexit>

(Ci,�u(Fi),hi)

<latexit sha1_base64="33mI/TWIjbvM5CmCVhFsCPHuLPY="></latexit>

(CK ,FK ,hK)

<latexit sha1_base64="icEG+7OXYFdUBHK4KStEopr5Gls="></latexit>

...

<latexit sha1_base64="GU+tiJiCE5VUyONg5Z7jrmBQoPc="></latexit>

(C1,F1,h1)

<latexit sha1_base64="fQfEnL9/toqGNpEBg82nAgWovUk="></latexit>

(C2,F2,h2)

<latexit sha1_base64="idsXkJbLGaZc5sY9iADI5Avvhng="></latexit>

FGW↵

<latexit sha1_base64="dV+a/5oLylDEuCfIyW4ISp1A2l4="></latexit>

FGW↵

<latexit sha1_base64="dV+a/5oLylDEuCfIyW4ISp1A2l4="></latexit>

FGW↵

<latexit sha1_base64="dV+a/5oLylDEuCfIyW4ISp1A2l4="></latexit>

TFGW layer

<latexit sha1_base64="lZ8heF8apKXgt/ChZ8VBiYIPhvM="></latexit>

Templates

<latexit sha1_base64="ZuOM7uDgCdxAlkj06gPKfuvPzIc="></latexit>

Learnable

<latexit sha1_base64="dKzPsIzrCKaSUbj7z90FzeyApjs="></latexit>

Final classification 

layer



Graph Neural Networks
A new pooling layer based on FGW

TFGW is SOTA on graph classification

TFGW can be plugged with any GNNs that work on features



Graph Neural Networks
A new pooling layer based on FGW

Balance between structure and features: we need a mix of the two !

Are the templates interpretable ? Unfortunately not ….. 



Optimal Transport for Graph-signal processing 
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Conclusion



Conclusion

• Optimal transport is a powerful, geometric tool for 
comparing probability distributions
• But computationally expensive

• Fused Gromov-Wasserstein tools and its variants allow 
to consider at the same time the geometry and the 
signal 
• Can we find something else than an additive/separable distances ?

• What I did not discuss today (and hesitated)
• Optimal Transport on Hyperbolic spaces !
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POT (PYTHON OPTIMAL TRANSPORT TOOLBOX) 
https://pythonot.github.io/ 


