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GOAL

Generate graphs with categorical node and edge attributes that

look like graphs in a training set

SBM Planar Guacamol Moses QM9
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| Denoising diffusion models



01 DENOISING DIFFUSION MODELS

+ 3d point clouds, text, audio...
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Stable diffusion

2 equivalent perspectives: score-matching and denoising diffusion




01 DENOISING DIFFUSION MODELS: THE NAIVE MODEL

I
42210 = gz |0 | | a1z
=2

Noise model Denoising network

Generate diffusion trajectories by recursively adding Train a network to predict the inverse diffusion iterations.

noise to a data point.



01 DENOISING DIFFUSION MODELS: SAMPLING

Iterate

2. Apply the /\ 3. Sample from

this new
distribution

1. Sample noise

denoising

from a prior

distribution network

to predict the distribution

at previous step.

(Sohl-Dickstein et al. 15)

LDSM (Ho et al. 20) o -

What is missing?

Sohl-Dickstein et al. 15, Deep Unsupervised Learning using Nonequilibrium Thermodynamics
Ho et al. 20, Denoising diffusion probabilistic models



01 DENOISING DIFFUSION MODELS: MODERN MODELS

Algorithm : Training

Input: Data point x
Sample t ~ U(1,...,T)
Sample z; ~ noise(z, t)

ﬁx — f9(zta t)
optimizer. step(loss(z, p;))

Algorithm : Sampling

Sample z; from a prior distribution
fort=Tto/do

ﬁ:z: — f@ (Zta t)

Pr—1 f,,,. q(zt—1|2¢, T)dp,
241~ Pr_1

end
return zg

Differences with the naive model

- The model is not trained on trajectories

+p._ is deduced from p,_or p,



01 DENOISING DIFFUSION MODELS: MODERN MODELS

r—1 (

. 7'77 (= the target of early ditfusion models) is very noisy

Algorithm : Training
Input: Data point x « There are two sources of noise:
Sample t ~ U(1,...,T)
Sample z; ~ noise(x, t)

Pz < fo(zt,1) - The trajectory sampled from x

~

optimizer. step(loss(z, pz))

- The data sample x ~ p 4454

. |f we can predict x directly we remove some stochasticity

Differences with the naive model

- The model is not trained on trajectories

+p._ is deduced from p,_or p,



01 DENOISING DIFFUSION MODELS: THE PRICE OF EFFICIENCY

Property 1 Property 2 Property 3
[
—1| 1 A :
q(z'| x) should have q(z" " |Z',x) dp, lim g(z'|x) should
a closed-form o0
formula should be not depend on x
tractable
Avoid adding noise recursively during Use x as the target of the neural Prior distribution =
training to generate trajectories. network instead of z/~ 1. Limit noise distribution

2 main frameworks: Gaussian noise (95% of the papers) and discrete diffusion
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01 DENOISING DIFFUSION MODELS: DISCRETE DIFFUSION

0.7 0.7
Cray. P,
* Noise model = Markov process over a discrete state-space 0.1
0.2 0.2
Defined by transition matrices (Q, ..., O7): O.;\ ‘//(').2

Q(Zt‘Zt_l) — Zt—th @

. Multiple steps: g(Z'|x) =x Q' for Q'=0Q'...0! Property 1 o7
+  Bayes rule: g(z" !z, x) x Z/(Q) © x 0! Property 2
Applications:
Text, image, audio...
«  Most common model: Uniform transitions Property 3
0.8 0.1 0.1 : :
01 os o1l Q'=al+p1,1/d 1limQ'x=1,/d
0.1 0.1 0.8 [=00

Austin et al. 21, Structured Denoising Diffusion Models in Discrete State-Spaces
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[l DiGress:
Discrete Graph Denoising Ditfusion



02 DIGRESS: CHALLENGES

Challenges of
learning on graphs

- Varying graph sizes

- Limited representation power

Challenges of
graph generation

- Unsupervised learning task that might

require graph matching

 Sparsity

« Evaluation

13



02 DIGRESS: EXISTING DIFFUSION MODELS FOR GRAPHS

] 0 0 //
Score-based Generative 7 o |
//<N/®/(/N/ ©/ \/LO/\/A%o N

Modeling of Graphs via
the System of SDEs

Jo etal. 2022

- Scales significantly better than previous work

- Add Gaussian noise to a graph

adiacency matrix, and the node and - Does not respect the discrete nature of graphs
edge features . . .
| | - The noisy graphs are complete: structural information
- Use a graph attention network to denoise
this process (connectivity, cycles) is not defined

14



02 DIGRESS: METHOD (TRAINING)

Qt

t — Gt—l

G
O
)’ o «— @ f o . © O
® ® 1 Cross-entropy
N O i A

) A B C
¢0(Gt) pe(GIGt)

GT

OO' Do

Corrupt independently on each node and edge Algorithm : Training DiGress
Input: A graph G = (X, E)

- Sample £ ~ U(1,..., T

Absence of edge = a particular edge type Sample G* NEX-Q& X)EQtE
ﬁXaﬁE — ‘;/)9 (Gt> t)

A . space of node types loss + lep (¥, X) + Mep(p®, E)

optimizer. step(loss)

&: space of edge types

Graph generation = sequence of node and edge classification tasks
15



02 DIGRESS: METHOD (SAMPLING)

GT Gt Gt—l &
f/o o’ o «— @ f o .. @ O
o — / O

t ) o ‘
Pol) po(GIGY)

Model:

pg(Gt_l | Gt) — Hpg(xt : | Gt) Hpg(e - | Gt) Algorithm : Sampling from DiGress

Sample n from the training data distribution
Sample GT ~ gx(n) x gp(n)
fort=Tto ]/ do

A N R X (ER)
p@(-xt 1|Gt) — J p@('xt 1|xp Gt) dpe(x |Gt) — Z Q(xt 1|X = X, xt) pX(-x) Sample Gt‘_f ~ Hipg(xf_lth) % Hijp (

Xi xed end

return (G°

¢ e»fj_lth')

Graph generation = sequence of node and edge classification tasks

16



02 DIGRESS: DENOISING NETWORK
Self-attention layer

/ ! /
X E Clean graph E X y
X: node features (n, a) T T 1 f f
Lin Lin Lin
E: edge features (n,n, b) Node/Edge-wise $ § $
y: graph-level features (c¢) MLP Fil M FiLM >
t o1 Pt 1 1 T 1 1
Y Flatten Y Flatten PNA i
Graph Transformer heads heads _—— i
Layer A A T $ I,
Motivation for graph transformers: . Z Ry X E
- Compute embeddings for the pairs for T T T (7] 0 0
edge prediction Graph Transformer Softmax Lin
- Make the attention mechanism stable Layer . i )T( FILM(A,B) = A+ A © (BW,) + BW,
T T T Y — 0 TFILM PNA(X) = (mean, min, max, std)(X)
Node/Edge-wise E T
MLP Outer procduct
+ scaling
1 r 1
X E Noisygraph Lin Lin
T T X Mheads
Extends X X

17
Dwivedi & Bresson 20, A Generalization of Transtormer Networks to Graphs



02 DIGRESS: PROPERTIES

DiGress is lts loss is The model is
permutation permutation exchangeable
equlivariant Invariant

It is made of permutation l(ﬁG, G) = ZCE(xiaﬁzX)'l' ZCE(%‘»ﬁg All permutations of a generated

equivariant blocks if graph are equally likely
\ / Needed for likelihood computation

Do not depend on i, j



02 DIGRESS

First results

ML/ ))‘\.‘\':‘.\: Q:" \

Frame O

AR N, \

Have we addressed the specificities of learning on
graphs?

*Varying sizes .=

eEqQuivariance properties &

Sparsity &

-Limited expressive power &

19



Il Improving DiGress with marginal
transitions and structural features



03 IMPROVING DIGRESS

|. Choice of the
noise model

Uniform
CH, _ / ——H H/ \/x H_,N\ N, ,F;ﬁ/ I\»,,n_\ H\”:ZZ/ B},-N H \7 "ﬁ,,-N/
Marginal wo &/ 4 —+—> o W o= [ e o [ N o ) M
Rather than uniform transitions over node U M\, =\, = Y
NH, ! CH, F H |
and edge classes, choose a noise model that P 37T/ 4 T/2 T/ P

preserves the marginal distribution of

node and edge types.

QL = a'l+ ' 1,m 0.8 0.1 0.1
QT — atl__ ﬂl‘ . m, 0.2 0.7 0.1
E ™ LM 02 0.1 0.7




03 IMPROVING DIGRESS

. Structural ana
spectral features

Message-passing neural networks have a limited representation power and cannot

detect substructures such as cycles.

Solution 1: use a more expressive network Very costly in practice
Solution 2: add features that the network cannot compute by itself

e (Cycle counts

e Spectral features (# 0 eigenvalues, first non zero eigenvalues, first eigenvectors)

Xu et al. 18, How powerful are graph neural networks?
Bouritsas et al. 22, Improving graph neural network expressivity via subgraph isomorphism counting

Beaini et al. 21, Directional graph networks

X E
t ¢

Node/Edge-wise
MLP

T 1

Graph Transformer
Layer

T 1

Graph Transformer
Layer

ot oty

Node/Edge-wise
MLP

TT A A A

X E (X" E",y)

Structural +
Spectral features

t1
X E
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03 IMPROVING DIGRESS

Algorithms

Algorithm 1: Training DiGress

Input: A graph G = (X, F)
Sample t ~ U(1,...,T)

Sample G ~ X Q% x EQ%; > Add noise
z + f(G',t) > Structural and spectral features
px, pE < (G, 2) > Forward pass

loss < lce(p*, X) + Xlce (P, E)
optimizer. step(loss)

Algorithm 2: Sampling from DiGress

Sample n from the training data distribution

Sample GT ~ gx(n) x qg(n) > Random graph
fort=Tto I do
z + f(G',t) > Structural and spectral features
P, pE «— do(GY, 2) > Forward pass
Sample G*~! ~ [, po(xi~|G?) x [1:; po(e;; |G > Reverse process
end
return G°

23



Results

Planar
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Moses
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04 RESULTS

H? H?
N
Qm9 A
. . N /O\
Implicit hydrogens /=y W

O

Method NLL Valid Unique  Training time (h) \N 0

Dataset — 99.3 100 —

Set2GraphVAE — 29.9 93.8 —

SPECTRE — 87.3 35.7 —

GraphNVP - 83.1 99.2 -

GDSS — 95.7 98.5 —

ConGress (ours) — 08.9+.1 96.8+.2 7.2

DiGress (ours) 23.2+0 99.0+1 96.2+.1 1.0

Explicit hydrogens

Model Valid? UniqueT  Atom stableT Mol stable?
Dataset 97.8 100 08.5 87.0
ConGress 86.7+1.8  98.4+101 97.2+0.2 69.5+1.6
DiGress (uniform) 89.841.2 97.840.2 97.340.1 70.54+2.1
DiGress (marginal) 92.3+25  97.9x0.2 97.3+0.8 66.8+11.8

DiGress (marg. + additional features) 95.4+1.1 97.6+0.4 98.1+0.3 79.8+5.6




04 RESULTS

MOSES

1.9M molecules filtered from Zinc Clean
Leads

Results are reported on a test set of

separate scaffolds

Oy 0 O e ar

OH

> Cl
C H}f\@ ?‘n _,.../ C-——<: :}—\\
: }.—\_§‘ | N~ % N\/<
A N 0
B\ Vg j%’
0=
\_ A ),
Model Class Val1T Uniquet Novelf Filtersf FCDJ] SNNfT Scaff
VAE SMILES 97.7 99.8 69.5 99.7 0.57 0.58 5.9
JT-VAE Fragment 100 100 99.9 97.8 1.00 0.53 10
GraphINVENT  Autoreg. 96.4 99.8 — 95.0 1.22 0.54 12.7
ConGress (ours) One-shot 83.4 99.9 96.4 94.8 1.48 0.50 16.4
DiGress (ours) One-shot  85.7 100 95.0 97.1 1.19 0.52 14.8

Examples of fragments:

sl

Example of SMILES string:
Cn1cne2n(C)c(=0)n(C)c(=0)c12 @

26



04 RESULTS

GuacaMol

1.3M molecules from ChEMBL 24

Our model currently does not handle
partial charges, which are presentin the

dataset

HM

HO

Model

LSTM
NAGVAE
MCTS
ConGress (ours)
DiGress (ours)

Class

Smiles
One-shot
One-shot
One-shot
One-shot

Valid?t

95.9
92.9
100
0.1
73.9

Unique?

100
95.5
100
100
99.9

Novelt

91.2
100
95.4
100
99.9

KL divt FCD?%

99.1
38.4
82.2
36.1
89.8

91.3
0.9
1.5
0.0

53.1

i

27



04 RESULTS

Abstract graphs

V.U.N: Valid, unique and novel graphs

Model Deg| Clus] Orb] V.UN.7T
Stochastic block model
GraphRNN 6.9 1.7 3.1 S %
GRAN 14.1 1.7 2.1 25%
GG-GAN 4.4 2.1 2.3 25%
SPECTRE 1.9 1.6 1.6 53%
C(.)UGI'CSS 34.1 3.1 4.5 0% Could it be a graph
DiGress 1.6 1.5 1.7 74%
drawn from SBM?
Planar graphs
GraphRNN 24.5 9.0 2508 0%
GRAN 3.5 1.4 1.8 0%
SPECTRE 2.5 2.5 2.4 25%
ConGress 23.8 8.8 2590 0%
DiGress 1.4 1.2 1.7 75% Isitaplanar graph?

To measure generation quality, compare statistics from

the generated graphs with statistics from a test set




Summary

-DiGress solves graph generation as a sequence of

node and edge classification task

-Diffusion models for graphs significantly
outperform previous methods — opens the way to

many applications

-Discrete diffusion helps scaling to large graphs

. Limitation: O(n?) complexity

29



V What's next?



5: WHAT'’S NEXT? CONDITIONAL GENERATION

Discrete regression

guidance
(proof-of-concept)

Goal: condition the generation on a vectory representing graph-level MAE between target and obtained property
properties Target 4 HOMO 4 & HOMO
Train an unconditional model ¢, Uncondit. 1.71+.04 0.93+.01 1.34+.01
Guidance  0.81+.04 0.56+.01 0.87+.03

Train a regressor g, to predict y from G’

At each sampling step, use the gradients of g, to push the
generation towards graph that have property y Guidance helps, but there is room for improvement

Sohl-Dickstein et al. 15, Deep Unsupervised Learning using Nonequilibrium Thermodynamics

Dhariwal & Nichol 21, Ditfusion Models Beat GANs on Image Synthesis

31



5: WHAT'’S NEXT?

Subgrapn
Extension

Long-scale consistency issues

A resampling strategy similar to RePaint could be used

Lugmayr et al 22, RePaint: Inpainting using Denoising Diffusion Probabilistic Models

32



5: WHAT'’S NEXT?

Also...

-Mixed continuous-discrete generation

-Better tools for conditional generation, property

optimization, fine-tuning...

-|s it possible to keep permutation equivariance

without the O(n?) complexity?

33



Questions?

Clément Vignac

clement.vignac@epfl.ch

© =rrL
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Molecule
generation In

3D

Unconditional generation in 3d

Example: EDM
Generate the 3d coordinates of atoms

Bonds are deduced from the atomic distances and the atom types

(with a lookup table) -> not learnt

Conformer generation

Examples: Geodiff, Torsional diffusion

Take as input a graph structure, output 3d coordinates

Hoogeboom et al. 22, Equivariant diffusion for molecule generation in 30
Xu et al 22, GeoDiff: a Geometric Diffusion Model for Molecular Conformation Generation

Jing et al. 22, Torsional diffusion for molecular conformer generation

35



Likelihood
computation

(D> >(@)»(c)

log py(G) = log ), p(n) Jp(GT| m) PGy ... G| GT) pfGIGY d(G, ... GT)

neN

T
= log p(nG)+log[p(GT| ne) Hpg(Gt_l | GY p(G|GY) d(G', ...,G)
=2

T
log pe(G) > log p(na)+DxL[e(GT|G) || ¢x(na) X qp(na)] + ) Le(z) +Eqer ) llog po(G|GY)]

=2
-

Prior loss - s Reconstruction loss

Diffusion loss

with  L(G) = Eyc) KL[¢(G"'| G G) || ps(G"~' | GY]]
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