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We shall primarily be concerned with a new class of lyotropic liquid
crystals, with a number of promising applications both in living
sciences and industry, which pose mathematical problems at the
crossroad between Elasticity, Analysis, and Geometry of Soft Matter.

lexicon
» Liquid crystals are anisotropic fluids.
» The nematic phase is typically produced by the ordered

assembly of elongated, rod-like molecules, which are on average
aligned along the director n.
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The director n is a unit vector; it resides in the unit sphere S2.

Nematic liquid crystals are birefringent; their optic axis
coincides with n and can easily vary in space.

For rod-like nematics, a natural state is any uniform director
field, for which Vn = 0.

Nematic liquid crystals are not polar; the theories that describe
them must be indifferent to changing n into —n.

A defect is a singularity of n.

Defects are optically detectable.



Courtesy of O.D. LAVRENTOVICH
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early statistical theories

The phase transition from zsotropic to nematic—driven by
concentration (lyotropic) or temperature (thermotropic)—was
described by two pioneering theories:
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ONSAGER (1949): purely entropic ordering forces based on
short-range mutual repulsion of molecules.

MAIER & SAUPE (1958): mean field model based on long-range
mutual attractive dispersion London forces.

early phenomenological theories

OSEEN (1933), FRANK (1958): variational theory formulated in
terms of the nematic director.

DE GENNES (1969, 1971): Laundau theory based on a
tensorial order parameter.

early dynamical theories

ERICKSEN (1961): first general system of balance laws.

LESLIE (1968): complete theory based on a proper dissipation
inequality.
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Curvature Elasticity

The curvature elasticity of liquid crystals in three dimensions is
based on a free-energy functional introduced by FRANK (1958),
which falls within the larger class envisaged by ERICKSEN (1962).

elastic free energy

The elastic free-energy functional measures the cost associated with
producing a distortion in a natural state.

ﬁ[n]:/%W(n,Vn) dv

% domain in space
V' volume measure
W elastic free-energy density
W is frame-indifferent
W(Qn,QVnQT) = W(n,Vn) V Qe 0(3)
W is even
W(—n,—Vn) =W (n,Vn)
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Frank’s formula
The most general frame-indifferent and even function W that is at
most quadratic in Vn was obtained by FRANK (1958),
1 o, 1 , 1 )
Wg(n,Vn) = §K11(d1v n)* + §K22(’I’L -curln)® + §K33|n x curl n|
+ Koy (tr(Vn)?® — (divn)?)

K;; Frank’s elastic constants
K11 splay constant
K59 twist constant
K33 bend constant
K5, saddle-splay constant

Ericksen’s inequalities

Wrg(n,Vn) 20 ae VncHY(%S) iff
K3320, Ko 2 Koy, Ki12Koy20

ERICKSEN (1966)
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distortion decomposition
1 1
Vn=-bo®n+ iTW(n) + §SP(n) +D

S :=divn splay scalar
T :=mn-curln twist pseudoscalar
b:=n x curln bend vector
W (n) skew tensor associated with n
P(n):=I—-n®mn projector tensor
D octupolar splay tensor

octupolar splay
D =¢g(n; ®n; —ny @ns)

q positive eigenvalue of D
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identity

1 1
2(]2 = tr(Vn)2 + §T2 — 552

The four components of Vn are independent from one another.
» distortion frame: the eigenvectors (ni,ny,n) of D for ¢ > 0.
» distortion measures: the list (S,7,b, D).

» distortion characteristics: the scalars (S,7T,by,bs,q).
b= blnl —+ b2n2
Frank’s free energy

1 1 !
Wg = §(K11 — K4)S” + §(K22 — Koy)T? + §K3332 +2K54¢°

B%2:=b-b
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Mode illustration

The four independent modes can be illustrated pictorially.
SELINGER (2021)

splay mode

(double) twist mode



bend mode



bend mode

S=0 T=0 B#0 ¢=0

octupolar splay mode
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S=0 T=0 B=0 ¢#0
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Fuclidean space,

T=0 and D=0
geometric compatibility
K=-5-B*-VS-n+VB-n,

K Gaussian curvature
V  covariant derivative
n, := Nn unit vector orthogonal to n
N skew tensor associated with v
v normal to the surface

Niv & EFRATI (2018)

consequences

» The field n can be uniquely reconstructed from the sole
knowledge of S and B, provided that

|[VS +NVB| > |52+ B2 + K| POLLAR & ALEXANDER (2021)
» Only hyperbolic geometries can host uniform distortions in 2D.
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questions

» How to define uniformity in 3D?

» Is it possible to fill space with a combination of uniform modes?
comment

Both questions border on the notion of eligible ground states meant
as the ones suffering no geometric frustration.

uniform distortion

A field n such that its distortion characteristics (S, 7, b1, bs, q) are the
same everywhere, although the distortion frame (n1,n2, ) may not
be.

lost in space

For such a field, we could not tell where we are in space only by
sampling the local nematic distortion.
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heliconical fields

The director n makes a constant conical angle 6 with the axis of a
helix with pitch p:
0]

NGEST
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Chromonic Liquid Crystals

Chromonic liquid crystals are lyotropic. They are composed of
plank-like molecules with a poly-aromatic core and polar peripheral

groups, aggregated in columnar stacks.
L
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¢ a i.___‘.-—‘. molecular diameter:
1—2nm
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CuamIi & WILSON (2010)
Chromonics are formed by certain dyes, drugs, and short

nucleic-actd oligomers in aqueous solutions.
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escaped-twist fields

B(r) . N

I 90° 8

\ Y
Q
I 0° ey

T

DavipsoN, KANG, JEONG, STILL, COLLINGS, LUBENSKY, & YODH
(2015)
SSY @25°C, ¢ = 0.18:

K11 = 43pN K22 == 07pN K33 =6.1 pN K24 = 15.7pN
ZHOU, NASTISHIN, OMELCHENKO, TORTORA, NAZARENKO, BOIKO,
OSTAPENKO, HU, ALMASAN, SPRUNT, GLEESON, & LAVRENTOVICH

(2012)

violation of Ericksen’s inequality Koy > Koo
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reduced free-energy functional

In cylindrical coordinates (r, 9, z), we set

|

n =sin 3(r)ey + cos B(r)e, and « =

y}? [’Il] ! pﬂ’z 1 2 .2 kS .4
F = = + — B sin /3 + — Sin /3 d
[6] 2m K22 L /0 2 2/) o8 St 2p St P

+ %(1 — 2kqyq) sin? B(1)

K3 Koy

ks = == koy:= —
YT K T Ko
pi=g

R radius of the cylinder

L height of the cylinder

with Ko >0
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equilibrium distortions

For koy > 1,
2y/kaa(kas — 1)p
Betr(p) = arctan
Vs [kaa — (k24 — 1)p?]
and its symmetric companion —fgr. BuryLov (1997)
k T
Ber T > BeT %
ks
0 , . : : 0+ : . : :
0 02 04 p 06 08 1 0 02 04 p 06 08 1

k3:]-0 k24:1_>22 k24:10 k3:1*>30



role of boundary conditions

Degenerate planar anchoring conditions save the day (and ground
state), as the Koy-integral in g can be given the form
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role of boundary conditions

Degenerate planar anchoring conditions save the day (and ground
state), as the Koy-integral in g can be given the form

_K24/ (Iﬁ:l’n% + KJQTL%) dA
0%

k; principal curvatures of 0.4
n; components of n along the principal direction of curvature

KONING, VAN ZUIDEN, KAMIEN, & VITELLI (2014)

A similar salvaging was also seen for a more infamous case.
DAy & ZARNEScU (2019)

distortion characteristics

T= %sinﬂcosﬁ(ﬂl—i—tan{é’—i—l)
qg= 2—1r|sin,6|cosﬁ(w1+tan2ﬁ—1)

by = — sin? 8 = —bsy

For 8 = fBgr,
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frustrated ground state

» The ground state, which cannot be uniform, is frustrated: it
differs from place to place.

» Where the boundary conditions have the least influence (on
the axis), it exhibits a pure double twist depending on the
domain size.

» Can we really get away with a violation to Ericksen’s inequality?
LoNG & SELINGER (2022)



Local Stability

Both escaped-twist field are locally stable, as can be shown
elaborating on the following general formula.



Local Stability

Both escaped-twist field are locally stable, as can be shown
elaborating on the following general formula.

second vartation

52 Fp (n)f] = [3 [ (K — 26K0) [(dive)® o (divn)® — (diva)n- ¥0?
+ Koo [(v -curlm + n - curl v)?
+2(n - curln) (v - curlv — v’n - curl n)]
+ K33[\v x curlm + n x culrl'v|2
+ (n x curln) - (v x curlv — 2v?n x curln — V’UQ)}
+ 2Ky [tr (Vo)> — v tr (Vn)® + n x curln - sz] } dv

v-n=0

PAPARINI & VIRGA (2022)
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In rigidly confined systems subject to degenerate planar
anchoring conditions, the free-energy functional %y is well-behaved,
despite the violation of Ericksen’s inequality.

free-boundary problems

However, the violation of Ericksen’s inequality would have noxious
consequences in chromonzic droplets surrounded by their isotropic
phase.

free-energy functional
Fln, B) = / Wi(n, Vn) dV +yA(0B)
Kz

~v surface tension
A area measure

isoperimetric constraint

V(%) =Vo
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director and tactoid representations

€

n = cos a(z) sin B(p)e, + sina(p) sin 5(p)ey + cos B(p)e.

e, — R'e,

N
R/

cosa(z) = ———

tan B(1)
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minimizing sequence
Letting 8 = ST, in a wide class of shapes, we estimate

8 1
W < pFer|Ber] + \/;v\/ﬁ+ O (\/ﬁ)

PAPARINI & VIRGA (2022)

Frr dimensionless free energy stored in a cylinder
W= % dimensionless tactoid height
R. equivalent radius (of the sphere of volume V)

U= }(1:; dimensionless volume

but

For Koy > KQQ,
Frr[Ber] <0
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...and so

ko4

02 04 06 08

k11:k33:30 k24:1—)22

1/p



... which means that

PAPARINI & VIRGA (2022)
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disintegration paradox

Confining the drop would not save it from disintegration, as for p
sufficiently large,

Fn = Fer|Ber|p2” — —00 as n— oo

2L

remark

None of these drop instabilities has been observed experimentally so
far (and they are unlikely to be observed in the future).



Quartic Twist Theory

A possible way out (admittedly, not the only one) would be to correct
Frank’s curvature energy density with a quartic term,

(K11 — Kag)
2

(Koo — Kaa) +K22a2

4

Kyq

Wenr = 52 + T4

K
T 4+265u4°+ = B2



Quartic Twist Theory

A possible way out (admittedly, not the only one) would be to correct
Frank’s curvature energy density with a quartic term,

K1 — K Koy — K. K Kooa2
Wy = ( 11 5 24)52—1—( 22 24)T2+2K24q2+$32+ 24261 T4
Kya
Koy > Koo

a intrinsic length of a possible supramolecular origin



Quartic Twist Theory

A possible way out (admittedly, not the only one) would be to correct
Frank’s curvature energy density with a quartic term,

K1 — K Koy — K. K Kooa2
Wy = ( 11 5 24)52—1—( 22 24)T2+2K24q2+$32+ 24261 T4
Kya
Koy > Koo

a intrinsic length of a possible supramolecular origin

This theory would induce an intrinsic, degenerate double twist +7j
in the ground state, still incompatible with a uniform extension
in space, and thus condemned to frustration,

1 (Ko — K.
S=B=q=0, T=x+Ty:==+- (K1 — Kz)
a Koo
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Conclusions

The quartic theory can be seen to cure the above paradoxes,
while reproducing faithfully the experiments with chromonics
under cylindrical confinement. However,

Free boundary problems have not even been addressed within
the quartic theory.

Similarly, a regularity theory is not available: we do not know
which defects may exist with finite energy and which cannot.
Would the critical dimension of the singular set be affected by
the quartic twist term?

It is nearly needless to say that no dynamical theory is

available specifically for chromonics; neither can we predict
what role would play in it the proposed quartic twist energy.
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