Polynomial description for the!
T—Orbit Spaces of Multiplicative Actions

Evelyne Hubert*, Tobias Metzlaff*, Cordian Rienert
*INRIA Méditerranée, Université Cote d'Azur, France

fUIT The Arctic University, Norway

Les Journées Nationales de Calcul Formel
February 28, 2022

! This work has been supported by European Union's Horizon 2020 research and innovation
programme under the Marie Sktodowska-Curie Actions, grant agreement 813211 (POEMA)

1/16



Contribution.

G C GL,(Z) Weyl group of type A, B, C, D.
T":={xeC"|V1<i<n: x| =1}

Main Result [Hubert, M, Riener; 2022]
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Multiplicative Actions.

A finite group G C GL,(Z) has a nonlinear action

x: Gx(CH" — (CH,
(87 X) — Bxx:= (Xl,...,X,,)871 :( BEI’HWXBEI)’
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Multiplicative Actions.

A finite group G C GL,(Z) has a nonlinear action

x: Gx(CH" — (CH,
(87 X) — Bxx:= (Xl,...,Xn)Bil :( BEI’HWXBEI)’

which induces an action on the coordinate ring

G x K[x*] - K[x7T],
(B, f=>,fx") — B-f=>_ fxB

with Q C K C C and K[x*] := K[x1,x7 %, ..., xn, X, 1].
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Multiplicative Actions.

A finite group G C GL,(Z) has a nonlinear action

x: Gx(CH" — (CH,
(87 X) — Bxx:= (Xl,...,Xn)Bil:( BEI’.”7XB;1)

)

which induces an action on the coordinate ring

G x K[x*] - K[x7T],
(B, f=>,fx") — B-f=>_ fxB

with Q C K C C and K[x*] := K[x1,x7 %, ..., xn, X, 1].

n
Definition
f € K[x*] is G-invariant < for all B€ G: B-f = f.
K[x*]9 is the ring of G—invariants, the multiplicative invariants.
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Multiplicative Actions.

Assume K[xT]9 = K[f1,...,0,] and define
T":={xeC"|V1<i<n:|xi|=1}
Theorem [Hubert, M, Riener; 2022]

The map
9: T — C™,
x = (01(x),...,0m(x)),
separates the orbits T"/G.
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Multiplicative Actions.

Assume K[xT]9 = K[f1,...,0,] and define
T":={xeC"|V1<i<n: |x| =1}
Theorem [Hubert, M, Riener; 2022]

The map
9: T — C™,
x = (01(x),...,0m(x)),
separates the orbits T"/G.

Definition
T :=im(9) is called the T—orbit space of G.

Claim: T is a compact basic semi—algebraic set.
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Motivation.

“linear” !

G compact Lie group on C"
coordinate ring K[X]

K[X]¢ = K[r1,... 7]
restriction to R": X = X
R"/G: M(X) >0

! [Procesi, Schwarz: Inequalities defining orbit spaces; 1985]
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Motivation.

“linear” !

G compact Lie group on C”
coordinate ring K[X]

K[X]®¢ = K[ry,...7Tm]
restriction to R": X = X
R"/G: M(X) >0

“nonlinear”

G finite int. group on (C*)"
coordinate ring K[x*]
K[x*F]9 = K[01, - . ., Om]
restriction to T": X =1/x

T"/G: ?

Applications

o differential geometry [Dubrovin; 1993]

@ equivariant dynamical systems [Gatermann; 2000]
@ poly. opt. [Riener, Theobald, Anrdén, Lasserre; 2013]
@ quantum systems [Gerdt, Khvedelidze, Palii; 2013]

! [Procesi, Schwarz: Inequalities defining orbit spaces; 1985]
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For oo € Z", define
O, (x) == @ ZxBa eK[xFlY and 6;:=0,.

Beg
Assume G =2 Weyl group of a crysta//ograph/c root system, such
that the weight lattice Q :=Zw1 @ ... D Zw, is G—invariant.
01,..., 0, are algebraically independent and

™ n

c: R" —
u +— Y(exp(—2mi{wi, u)),..., exp(—27i (wp, u))).

1[N Bourbaki: Systémes de racines §3 Théoreme 1; 1968]
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Main Result.

For v € Z", define

O4(x) = Z xBa ¢ K[Xi]g and 0 :=0O,,.

1
’g| Beg

Assume G = Weyl group of a crystallographic root system, such
that the weight lattice Q .= Zw; & ... D Zw, is G—invariant.

6/16



Main Result.

For v € Z", define

O4(x) = Z xBa ¢ K[Xi]g and 0 :=0O,,.

1

’g| Beg
Assume G = Weyl group of a crystallographic root system, such
that the weight lattice Q .= Zw; & ... D Zw, is G—invariant.

Theorem?!

01,...,0, are algebraically independent and

K[xT])9 = K[6y,...,6,)].

1[N. Bourbaki: Systémes de racines §3 Théoreme 1; 1968]
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Main Result.

For v € Z", define

Ou(x) = 1 Z xBe e K[x*]9 and 6, :=0,,.

’g| Beg

Assume G = Weyl group of a crystallographic root system, such
that the weight lattice Q .= Zw; & ... D Zw, is G—invariant.

Theorem!?

01,...,0, are algebraically independent and
K[xT])9 = K[6y,...,6,)].

Definition

Define the map

¢: R" — C",

u = Y(exp(—27i{wi, u)),...,exp(—27i (wp, u))).

1[N. Bourbaki: Systémes de racines §3 Théoreme 1; 1968]
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Example: G = B,

Example

¢ :R? = R2 u+s ((cos(2muy) + cos(2muz)) /2, cos(mur ) cos(muz)) J

P2

0.5

-0.5

P1

-0.5 0 0.5 1

fundamental domain
of the affine Weyl group

-05

05
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Applications
@ cubature nodes [Li, Xu; 2010]

@ sampling points
[Munthe-Kaas et al; 2012]

@ sparse interpolation
[Hubert, Singer; 2021]
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Assume G - x1 = {y1, y2, - -

G§g=6,
oi(5) = (7) €0,
on( )=1

GG, x {+1}"
oi(y(x)) = 2 (7) O, (%)

0—’7( ) o 2” @24117(){)

.} is the orbit of x; ~ y(x) € [xF]"

GG, x {+1}1

oi(y(x)) = 2! <n) O, (%)

I
0’”*1( ) =2" lew‘n—l“rwn(x)
on(y(x)) = 2" (O2w, 4 (%) + O, (%))

o; elementary symmetric polynomials in n indeterminates
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Main Result.

Assume G - x1 = {y1, y2, -.

-An—l

G266, x {£1}"
7(369) =2 (1) 0
7n(y()) = 2763, (x)

.} is the orbit of x1 ~ y(x) € [xF]"

Cn
G =6, x {£1}"

7(569) =2 (1) 0

D,
G=6,x {£1}]

(59) =2 () @)
on-1(y () = 27180y 1un(¥)

on(y(x)) = 2" (O2u, (%) + O2u,y(x))

o; elementary symmetric polynomials in n indeterminates
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Main Result.

Proposition
There exists a unique f € K][z][t], such that for all x € T",

fF(Ix))(t) = Z( Dioi(y(x) " e R[t].
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Main Result.

Proposition
There exists a unique f € K[z][t], such that for all x € T",

FO(x))(t) = Z( 1)'oi(y(x)) t"" € R[t].

With Sturm's version of Sylvester's Theorem® we obtain the main result.

Theorem [Hubert, M, Riener; 2022]

1Basu, Pollack, Roy: Algorithms in Real Algebraic Geometry, Theorem 4.57; 2006
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Example: G

—22 4222 — 2y

—423 + 1221 23 — 625 — 229 )

H(z) = 16
—423 + 1221 22 — 622 — 227 —1627 + 6422 23 — 3225 — 3253 + 3229 23 — 2022 + 823 — 45y

Det(H(z))": 0 (solid)

-05 0 05 1

Trace(H(z)) =0 (dots)
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Conjecture.

G C GL(Z) finite, K[xF]9 = K[61,. .., 0pm).
Define V := [x10/0x1, . ..,%,0/0x,]" and,

for f € K[xT], f(x) := f(1/x) € K[x%].
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Conjecture.

G C GL(Z) finite, K[xF]9 = K[61,. .., 0pm).
Define V := [xl/\(?/axl, .y Xp 0/0xp]" and,

for f € K[xT], f(x) := f(1/x) € K[x%].
Conjecture [Hubert, M, Riener; 2022]
Let M = ((V6;,V 0,)); € (K[xF]9)™™ and M € K[z]™™,

such that M = M(61,...,0m). Then

T = {z € R"| M(z) < 0}.
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Chromatic Number.

Definition
Let || - || be a norm on R". Consider the graph (V, E) with

vV =R" {ul, U2}€E<=)>HU1—U2H:1.

The minimal number of colors needed to color this graph is called
the measurable chromatic number x,,(R”, || - ||) of R".
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Chromatic Number.

Definition
Let || - || be a norm on R". Consider the graph (V, E) with

vV =R" {Ul, U2}€E<=>HU1—U2H:1.

The minimal number of colors needed to color this graph is called
the measurable chromatic number x,,(R”, || - ||) of R".

o [Hardwiger, Nelson; 1950]: n =2 and || - || Euclidean norm
@ [Bachoc, Decorte, Oliviera, Vallentin; 2014]:

spectral (lower) bound for infinite graphs
e [Bachoc, Bellitto, Moustrou, Pécher; 2019]:

Xm(R"™, || - ]|) < 2" for tiling polytope norms

(“=" conjectured by Bachoc, Robins)
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Example: G = C,..

Weyl group: G = &, x {£1}"

fundamental weights: w; =e; + ...+ ¢
(vertices and centers of edges/ faces/
facets/... of the cube)

c(v) = (7) - oi(cos(2muk)|k=1..n)
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Example: G = C,..

Weyl group: G = &, x {£1}"
fundamental weights: w; =e; + ...+ ¢

(vertices and centers of edges/ faces/
facets/... of the cube)

-1
n
o(u) = (I> oi(cos(2muk)|k=1...n)
Theorem [Hubert, M, Moustrou, Riener]

1

S
mpFe)

Xm(R™ [ -]]) 21 - 2"

15/16



o L .‘ r roupes et algébres de Lie Chapitre VI, Eléments de
T athemathue Springer 1981, springer.com

ey :
}“E "S“:Basu R. Pollack, M. F. Roy: Algorithms in Real Algebraic
Gtéometry, Springer 2006, springer.com

ESN-T' Z. Munthe- Kfé”g'.. Nome, B. N. Ryland: Through the

“ Kaleidoscope, c;; 1 ‘\12 cambridge.org

Polynomial d%&c ion for the
Actions; prﬁsﬁnﬁt\ i



https://www.springer.com/gp/book/9783540691716
https://link.springer.com/book/10.1007/3-540-33099-2
https://www.cambridge.org/core/books/foundations-of-computational-mathematics-budapest-2011/through-the-kaleidoscope-symmetries-groups-and-chebyshevapproximations-from-a-computational-point-of-view/5216EE38DB87E5688221552CD99BA9A6
https://link.springer.com/article/10.1007/s10208-021-09535-7
https://hal.archives-ouvertes.fr/hal-03590007

