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Motivation

Goal: Justify adaptive methods for solving PDEs on Lipschitz domains

• Non-adaptive method:

u ∈ Hs(Ω)︸ ︷︷ ︸
Sobolev regularity

y ‖u − uN‖L2(Ω)︸ ︷︷ ︸
approximation error

= O(N−s/d)

• Adaptive method:

u ∈ Bατ,τ (Ω)︸ ︷︷ ︸
Besov regularity

y ‖u − uN‖L2(Ω)︸ ︷︷ ︸
approximation error

= O(N−α/d)

where 1
τ = α

d + 1
2

Task: Determine Sobolev and Besov regularity s and α and compare!
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Motivation

s̃

α

s

1
2

1
τ

1
p̃

Hs

Bα
τ,τ

Adaptive method

1

τ
=

α

d
+

1

2

Adaptivity pays if

α > sup{s > 0 : u ∈ Hs(Ω)}

Non-adaptive

method

DeVore-Triebel diagram

Rule of thumb for elliptic PDEs:

• For smooth domains (and coefficients) there is no need for
adaptivity.

• On Lipschitz domains adaptive methods are better.
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Sobolev and Besov spaces

Besov spaces†: 0 < p, q ≤ ∞, r > s > 0

‖u‖Bs
p,q(Ω) := ‖u‖Lp(Ω) +

(∫ 1

0

[t−sωr (u, t,Ω)p]
q dt

t

) 1
q

<∞

• ωr (u, t,Ω)p = sup
0<|h|≤t

‖∆r
hu(·,Ω)‖Lp(Ω)

• s smoothness, p integrability, q additional index

Sobolev spaces W k
2 = Bk

2,2

Fractional Sobolev spaces Hs = Bs
2,2

Example

f ∈ Bs
p,p(Ω) ⇐⇒ s < 1/p

f ∈ Hs(Ω) ⇐⇒ s < 1/2

1 2 R

f = χ[0,1]

ω1(f , t,Ω) = t1/p (s < 1)

†classical definition (∼1959) goes back to O. V. Besov (∗1933)
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Fractional Sobolev regularity for elliptic PDEs

Theorem (H3/2-Theorem; Jerison, Kenig, 1995)
Let Ω ⊂ Rd be a bounded Lipschitz domain and u be the solution of

∆u = f on Ω,

u = 0 on ∂Ω.

Assume f ∈ L2(Ω). Then we have

u ∈ H3/2(Ω).

• For any s > 3/2 there is a Lipschitz domain Ω and a smooth f such
that u /∈ Hs(Ω).

• For smooth (and convex) domains we have a shift by 2 in the scale:

f ∈ L2(Ω) =⇒ u ∈ H2(Ω).

D. Jerison and C.E. Kenig.

The inhomogeneous Dirchlet problem in Lipschitz domains.
J. Funct. Anal. 130, 161-219, 1995.
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Example

Consider the following problem

∆u = 0 on Ω,

u = sin
(π
α
ϕ
)

on ∂Ω.

1

Ω

α

The solution is given by

u = r
π
α sin

(π
α
ϕ
)
, r ∈ [0, 1], ϕ ∈ [0, α].

Figure: solutions u for α = 1, 2, . . . , 6.

y Fractional Sobolev regularity:

u ∈ Hs(Ω) for s <
π

α
+ 1

α=2π
===⇒ s <

3

2
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Besov regularity for elliptic PDEs

Theorem (Dahlke, DeVore, 1997)
Let Ω ⊂ Rd be a bounded Lipschitz domain. Let u be the solution of

∆u = f on Ω,

u = 0 on ∂Ω.

Assume that f ∈ Hs−2(Ω) for some s > 3
2 . Then

u ∈ Bατ,τ (Ω), 0 < α < min

(
s,

3

2

d

d − 1

)
,

1

τ
=
α

d
+

1

2
.

• for d = 3, s = 2 we have a shift by 2 in the Besov scale:

f ∈ L2(Ω) =⇒ u ∈ Bατ,τ (Ω), α < 2

S. Dahlke and R.A. DeVore.

Besov regularity for elliptic boundary value problems.
Comm. Partial Differential Equations, 22: 1-2, 1-16, 1997.
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Sobolev regularity of the heat equation

Theorem (Dahlke, S., 2018)

Let K ⊂ R3 be a smooth cone and consider the heat
equation

∂u

∂t
−∆u = f in R× K , u

∣∣
R×∂K = 0.

Assume f belongs to some subspace of L2(R×K ).

Then
the truncated version of the solution u satisfies

∂Ω

Ω = K ∩ S2

K

ϕu ∈ L2(R,Hs(K )) for any s < min

(
3

2
+ λ+

1 , 2

)
,

where λ+
1 := − 1

2 +
√

Λ1 + 1
4 and Λ1 is the first eigenvalue of the

Dirichlet problem of the Laplace-Beltrami operator in Ω.

S. Dahlke and C. Schneider.

Describing the singular behaviour of parabolic equations on cones in fractional Sobolev spaces.
Int. J. Geomath. 9, 293-315, 2018.
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Example (Heat equation on spherical cap)

y2

y1

y3

Ωθ0 = K ∩ S2

θ0

Figure: angle θ0 <
π
2

y2

y1

y3
Ωθ0 = K ∩ S2

θ0

Figure: angle θ0 >
π
2

θ0 λ+
1

θ0 λ+
1

θ0 λ+
1

5◦ 27.0558 65◦ 1.5988 125◦ 0.5523
10◦ 13.2756 70◦ 1.4456 130◦ 0.5063
15◦ 8.6812 75◦ 1.3124 135◦ 0.4631
20◦ 6.3832 80◦ 1.1956 140◦ 0.4223
25◦ 5.0038 85◦ 1.0922 145◦ 0.3834

30◦ 4.0837 90◦ 1.000 150◦ 0.3462

35◦ 3.4260 95◦ 0.9172 155◦ 0.3101
40◦ 2.9323 100◦ 0.8423 160◦ 0.2745
45◦ 2.5479 105◦ 0.7741 165◦ 0.2387
50◦ 2.2400 110◦ 0.7118 170◦ 0.2012
55◦ 1.9878 115◦ 0.6545 175◦ 0.1581
60◦ 1.7773 120◦ 0.6015

H.F. Bauer.

Tables of the roots of the associated Legendre function
with respect to the degree.
Math. Comp. 46(174), 601–602, S29–S41, 1986.
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Besov regularity of heat equation

Theorem (Dahlke, S., 2018)

Let K ⊂ R3 be a polyhedral cone and consider

∂u

∂t
−∆u = f in (0,T )× K ,

u(0, ·) = 0 on K .

Mk

θk

x

Assume f belongs to some subspace of L2((0,T )× K ) (at least
differentiability γ − 2 with respect to variable x). Then subject to some
further technical assumptions the truncated version of the solution u
satisfies

ϕu ∈ L2((0,T ),Bατ,τ (K )) for any 0 < α < min (γ, 3),

where 1
2 <

1
τ <

α
3 + 1

2 .

S. Dahlke and C. Schneider.

Besov regularity of parabolic and hyperbolic PDEs.
Anal. Appl., 17(2), 235-–291, 2019.
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Besov regularity of heat equation

Theorem (Dahlke, S., 2018)

Let K ⊂ R3 be a smooth cone and consider

∂u

∂t
−∆u = f in (0,T )× K ,

u(0, ·) = 0 on K .

∂Ω

Ω = K ∩ S2

K

Assume f belongs to some subspace of L2((0,T )× K ) (at least
differentiability γ − 2 with respect to variable x). Then subject to some
further technical assumptions the truncated version of the solution u
satisfies

ϕu ∈ L2((0,T ),Bατ,τ (K )) for any 0 < α < min (γ, 3s),

where 1
2 <

1
τ <

α
3 + 1

2 and s < min
(

3
2 + λ+

1 , 2
)
.

S. Dahlke and C. Schneider.

Besov regularity of parabolic and hyperbolic PDEs.
Anal. Appl., 17(2), 235-–291, 2019.
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Comparision: Regularity of heat equation

∂u

∂t
−∆u = f , f smooth

α

1

3

H
3
2

L2

2

B
9
2
1
2 ,

1
2

1
2

1
τ

B3
2
3 ,

2
3

3
2

Sobolev regularity s < min

(
3

2
+ λ+

1 , 2

)

Besov regularity α < 3s

Adaptivity pays off !
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General parabolic PDEs

Sobolev regularity:

∂u

∂t
− Lu = f in R×K

• L is uniformly elliptic of order 2

• K is generalized wedge

K = K×Rd−m, 2 ≤ m ≤ d , K smooth cone

K ⊂ R2R
∂Ω

K=K×R,
m=2<3=d

Besov regularity:

∂u

∂t
+ (−1)mLu = f in (0,T )× D,

• L is uniformly elliptic of order 2m

• D is bounded domain of polyhedral
type
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Outline

Motivation: Adaptive algorithms

How to measure smoothness?

Regularity theory for parabolic PDEs

Outlook
Anisotropic Besov regularity of the heat equation
Future Research
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Why Anisotropic Spaces?

• Adaptive method: for elliptic problems

u ∈ Bατ,τ (Ω)︸ ︷︷ ︸
Besov regularity

y ‖u − uN‖L2(Ω)︸ ︷︷ ︸
approximation error

= O(N−α/d)

• Adaptive time-stepping method: for parabolic problems

t

x

.

.

.
0 = t0

ti−1

T = tN
.
.
.

D

ti

space
partition

approx.

Ω = [0,T ] × D

u ∈ ?︸ ︷︷ ︸
Anisotropic Besov space

M. Actis, P. Morin, and C. Schneider.

Approximation classes for adaptive time-stepping finite
element methods.
Submitted, arXiv:2103.06088, 2021.
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Anisotropic spaces

Consider homogeneous heat equation:

θ(Ω) :=

{
∂u

∂t
−∆u = 0 on Ω

}

on the whole time-space cylinder

Ω = [0,T ]× D, D ⊂ Rd bounded Lipschitz domain

99K anisotropic structures occur:

one derivative in time but two derivatives in space

Anisotropic Sobolev spaces : 1 < p <∞

‖u‖W 1,2
p (Ω) := ‖u‖Lp(Ω) + ‖∂tu‖Lp(Ω)

+
d∑

i=1

‖∂xiu‖Lp(Ω) +
d∑

i,j=1

∥∥∂xixju∥∥|Lp(Ω)
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Anisotropic spaces

Anisotropic Besov spaces : s > 0, 1 < p <∞

Bs
p(Ω) :=

(
Lp(Ω),W 1,2

p (Ω)
)

s
2 ,p

for 0 < s < 1

and extend to general s > 0 via the action of the derivatives ∂t and ∂xjxi

Theorem (AG12, Theorem 2)
Let 1 < p <∞, s > 0, α > 0, and put 1

τ = 1
p + α

d . Then

Θ(Ω) ∩ Bs
p(Ω) ⊂

⋂
α>ε>0

Bα−ετ (Ω), α < min

(
d
(

1− 1

p

)
,

sd

d − 1

)
.

[AG12] Aimar, H., Gómez, I. (2012).

Parabolic Besov Regularity for the Heat Equation.
Constr. Approx. 36, 145–159.
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Anisotropic spaces

99K define Bs
p(Ω) : 0 < p <∞ (via differences/ wavelets)

Theorem (DS22, Section 5)
Let 0 < p <∞, s > 0, α > 0, and put 1

τ = 1
p + α

d . Then

Θ(Ω) ∩ Bs
p(Ω) ⊂ Bατ (Ω), α <

s(d + 1)

d
.

• better upper bound for α

• for p = 2 and s < 2 we obtain

Θ(Ω) ⊂ Bατ (Ω)

[DS22] [AG12]

d = 3 α < 8
3 α < 3

2

d = 2 α < 3 α < 1

[DS22] S. Dahlke and C. Schneider.

Anisotropic Besov regularity of parabolic PDEs.
To appear in Pure Appl. Funct. Anal., 2022.
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Theorem (DS22, Section 5)
Let 0 < p <∞, s > 0, α > 0, and put 1

τ = 1
p + α

d . Then

Θ(Ω) ∩ Bs
p(Ω) ⊂ Bατ (Ω), α <

s(d + 1)

d
.

• better upper bound for α

• for p = 2 and s < 2 we obtain

Θ(Ω) ⊂ Bατ (Ω)
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Outlook: Future Research

I Regularity of elliptic and parabolic PDEs with inhomogeneous
boundary conditions (with Flora Szemenyei)

I Regularity of parabolic PDEs in generalized dominating mixed
smoothness spaces (with Prof. Stephan Dahlke, Marburg)

I Besov regularity on soap films (with Prof. Nadine Große, Freiburg)

I SPDEs and regularity in (weighted) Sobolev spaces (with Dr. Petru
Cioica-Licht, Essen; JProf. Markus Weimar, Bochum)

I Approximation classes for adaptive time-stepping FEM (with Prof.
Pedro Morin, Santa Fe, Argentina)

I Fractional Sobolev regularity on more general domains (with Dr. S.
Schwarzacher, Prague, Czech Republic)

Thank you for your attention!

22 / 22



Outlook: Future Research

I Regularity of elliptic and parabolic PDEs with inhomogeneous
boundary conditions (with Flora Szemenyei)

I Regularity of parabolic PDEs in generalized dominating mixed
smoothness spaces (with Prof. Stephan Dahlke, Marburg)

I Besov regularity on soap films (with Prof. Nadine Große, Freiburg)

I SPDEs and regularity in (weighted) Sobolev spaces (with Dr. Petru
Cioica-Licht, Essen; JProf. Markus Weimar, Bochum)

I Approximation classes for adaptive time-stepping FEM (with Prof.
Pedro Morin, Santa Fe, Argentina)

I Fractional Sobolev regularity on more general domains (with Dr. S.
Schwarzacher, Prague, Czech Republic)

Thank you for your attention!

22 / 22


	Motivation: Adaptive algorithms
	How to measure smoothness?
	Sobolev and Besov spaces
	Regularity results for elliptic PDEs

	Regularity theory for parabolic PDEs
	Sobolev regularity of the heat equation
	Besov regularity of the heat equation
	-3mu General parabolic PDEs

	Outlook
	Anisotropic Besov regularity of the heat equation
	Future Research


