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Motivation

GoAL: Justify adaptive methods for solving PDEs on Lipschitz domains

e Non-adaptive method:

v H(Q) A lu- unllg = ON/Y)
—_———

Sobolev regularity approximation error

e Adaptive method:

ue B (Q) A lu—unll@ = ON)
~————

Besov regularity approximation error

N|=

1 _«a
where ~ = % +

Task: Determine Sobolev and Besov regularity s and o and compare!
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Motivation

_ Non-adaptive
s
method . .
Adaptivity pays if

a>sup{s>0: ue H(Q)}

il

DeVore-Triebel diagram

Rule of thumb for elliptic PDEs:

e For smooth domains (and coefficients) there is no need for
adaptivity.
e On Lipschitz domains adaptive methods are better.
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Sobolev and Besov spaces

Besov spaces’: 0 < p,g< o0, r>s>0

qdt

1
[lu] B (Q) = HUHLP(Q) + (/0 [t °we(u, t, Q)] —

t

Tclassical definition (~1959) goes back to O. V. Besov (*1933)

1
q
)<oo
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Sobolev and Besov spaces

Besov spaces: 0 < p,g< o0, r>s>0

° wf(”) tvﬂ)P: sup HAZU(WQ)”LP(Q)
0<|h|<t

e s smoothness, p integrability, g additional index

Sobolev spaces ng = szg

Fractional Sobolev spaces H* = B3,

Example

feB,,(Q) <= s<1/p
feH Q) << s<1/2

dt
@ = Ul + / [t w(u,t,Q),]" )

! =X,

1 2 R
wi(f, 1,Q) =tYP (s<1)
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Fractional Sobolev regularity for elliptic PDEs

Theorem (H3/2-Theorem; Jerison, Kenig, 1995)
Let Q C RY be a bounded Lipschitz domain and u be the solution of

Au=f onQ,
u=0 ondN.

Assume f € Ly(Q2). Then we have

ue H/%(Q).

@ D. Jerison and C.E. Kenig

The inhomogeneous Dirchlet problem in Lipschitz domains.
J. Funct. Anal. 130, 161-219, 1995



Fractional Sobolev regularity for elliptic PDEs

Theorem (H3/2-Theorem; Jerison, Kenig, 1995)
Let Q C RY be a bounded Lipschitz domain and u be the solution of

Au=f onQ,
u=0 ondN.

Assume f € Ly(Q2). Then we have

ue H/%(Q).
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Fractional Sobolev regularity for elliptic PDEs

Theorem (H3/2-Theorem; Jerison, Kenig, 1995)
Let Q C RY be a bounded Lipschitz domain and u be the solution of

Au=f onQ,
u=0 onoQ.
Assume f € Ly(Q2). Then we have
ue H/%(Q).

e For any s > 3/2 there is a Lipschitz domain Q and a smooth f such

that u ¢ H*(Q).
e For smooth (and convex) domains we have a shift by 2 in the scale:

fel(iQ = ucHQ).

@ D. Jerison and C.E. Kenig
The inhomogeneous Dirchlet problem in Lipschitz domains.
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Example
Consider the following problem
Au=0 on €,
. m
u =sin (—gp) on 09.
a

The solution is given by

L ™
u=rasin{—¢],
(6]

r €[0,1],

v €[0,q].



Example

Consider the following problem

Au=0 on Q, (B -
u =sin (290) on 09.

The solution is given by

u=rasin (g@), relo,1], ¢€]0,q].

A A fY

Figure: solutions u fora =1,2,...,6.
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Example

Consider the following problem

Au=0 on Q, (B -
u =sin (ggo) on 09.

The solution is given by

u=rasin (g@), relo,1], ¢€]0,q].

Figure: solutions u fora =1,2,...,6.

~ Fractional Sobolev regularity:

a=21

™ 3
ue H(Q) for s<—+1 = s<;
«
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Besov regularity for elliptic PDEs

Theorem (Dahlke, DeVore, 1997)

Let Q C RY be a bounded Lipschitz domain. Let u be the solution of

Au=f onQ,
u=0 onoQ.

Assume that f € H=2(Q) for some s > 3. Then

o 3 d 1 «a
ue B (Q), 0 < a < min (5 2d—1> = E+

@ S. Dahlke and R.A. DeVore

Besov regularity for elliptic boundary value problems.
Comm. Partial Differential Equations, 22: 1-2, 1-16, 1997
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Besov regularity for elliptic PDEs

Theorem (Dahlke, DeVore, 1997)

Let Q C RY be a bounded Lipschitz domain. Let u be the solution of

Au=f onQ,
u=0 onoQ.

Assume that f € H=2(Q) for some s > 3. Then

d 1 «

ue B (Q), 0 < a< min (5,20,_1>7 e

e for d = 3, s = 2 we have a shift by 2 in the Besov scale:

felh( = wveB! (2, a<?2

@ S. Dahlke and R.A. DeVore

Besov regularity for elliptic boundary value problems.
Comm. Partial Differential Equations, 22: 1-2, 1-16, 1997

1
5
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Outline

Regularity theory for parabolic PDEs
Sobolev regularity of the heat equation
Besov regularity of the heat equation
— General parabolic PDEs
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Sobolev regularity of the heat equation

Theorem (Dabhlke, S., 2018)

Let K C R3 be a smooth cone and consider the heat

equation iy
du .
E—Au: f in RxK, U|R><8K:0'
P

Assume f belongs to some subspace of Lr(R x K).

@ S. Dahlke and C. Schneider.

Describing the singular behaviour of parabolic equations on cones in fractional Sobolev spaces.
Int. J. Geomath. 9, 293-315, 2018
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Sobolev regularity of the heat equation

Theorem (Dabhlke, S., 2018)

Let K C R3 be a smooth cone and consider the heat
equation |
0

Y _Au=F in RxK,
ot

Q=KnSs?

0.

Ugwon =
Assume f belongs to some subspace of L,(R x K). Then
the truncated version of the solution u satisfies

3
wu € L(R,H*(K)) forany s < min (2 + Af,2>,

where Af = f% + /N + % and N\p is the first eigenvalue of the
Dirichlet problem of the Laplace-Beltrami operator in €.

@ S. Dahlke and C. Schneider.

Describing the singular behaviour of parabolic equations on cones in fractional Sobolev spaces.
Int. J. Geomath. 9, 293-315, 2018



Example (Heat equation on spherical cap)

Figure: angle 6p < 7 Figure: angle 6o > %
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27.0558
13.2756 0.5063
8.6812 0.4631
6.3832 0.4223
5.0038 0.3834
4.0837 0.3462
3.4260 0.3101
2.9323 0.2745
2.5479 0.2387
2.2400 0.2012
1.9878 0.1581
1.7773

H.F. Bauer.

Tables of the roots of the associated Legendre function
with respect to the degree.
Math. Comp. 46(174), 601-602, S29-S41, 1986.
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Example (Heat equation on spherical cap)

. H . us

Figure: angle 6o < 5 Figure: angle 6o > 7

% AT % A A
27.0558 1.5988 0.5523
13.2756 1.4456 0.5063 . .
8.6812 13124 o | @ spacial smoothness of solution
6.3832 1.1956 0.4223
5.0038 1.0922 0.3834 3
4.0837 0.3462 . +
3.4260 0.9172 0.3101 S < min 5 + )\ 72
2.9323 0.8423 0.2745
2.5479 0.7741 0.2387
2.2400 0.7118 0.2012
1.9878 0.6545 0.1581
1.7773 0.6015 e 5 < 2 for convex cones

H.F. Bauer.

Tables of the roots of the associated Legendre function
with respect to the degree.
Math. Comp. 46(174), 601-602, S29-S41, 1986
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Example (Heat equation on spherical cap)

Figure: angle 6o < 5

6o AT 6 A

27.0558 0.5523
13.2756 0.5063
8.6812 0.4631
6.3832 0.4223
5.0038 0.3834
4.0837 0.3462
3.4260 0.3101
2.9323 0.2745
2.5479 0.2387
2.2400 0.2012
1.9878 0.1581
1.7773

H.F. Bauer.

Tables of the roots of the associated Legendre function

with respect to the degree.
Math. Comp. 46(174), 601-602, S29-541, 1986

Figure: angle 6o > 7

e spacial smoothness of solution

s < min g+)\+,2

e s < 2 for convex cones

o H3/2-Theorem is more general

than our results
13/ 22



Besov regularity of heat equation

Theorem (Dahlke, S., 2018)

Let K C R? be a polyhedral cone and consider

%—Au_f in (0, T) x K,

u(0,-)=0 on K.

Assume f belongs to some subspace of Ly((0, T) x K) (at least
differentiability -y — 2 with respect to variable x). Then subject to some

further technical assumptions the truncated version of the solution u
satisfies

pu € L((0,T), B .(K)) forany  0<a<min(7,3),

1 1 a1
Where§<;<§+§.

@ S. Dahlke and C. Schneider.

Besov regu/ar/ty of parabo//c and hyperbo/lc PDEs.
Anal. Appl., 17(2), 235
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Besov regularity of heat equation

Theorem (Dahlke, S., 2018)

Let K C R? be a polyhedral cone and consider

%—Au—f in (0, T) x K,

u(0,-)=0 onK.

Assume f belongs to some subspace of L,((0, T) x K) (at least
differentiability v — 2 with respect to variable x). Then subject to some
further technical assumptions the truncated version of the solution u
satisfies

pu € Lr((0,T), B (K)) forany 0 < a < min(y,31),
1 1 e 1
where 2 < T < 3 + 2 Sobolev regularity
@ S. Dahlke and C. Schneider.
Besov regulanty of parabo/:c and hyperbollc PDEs.
Anal. Appl., 17 35-—291, 2019

14/ 22



Besov regularity of heat equation

Theorem (Dahlke, S., 2018)

Q=KnSs?
Let K C R3? be a smooth cone and consider
%fAu:f in (0, 7)x K,
u(0,-)=0 onK.

Assume f belongs to some subspace of Ly((0, T) x K) (at least
differentiability v — 2 with respect to variable x). Then subject to some
further technical assumptions the truncated version of the solution u
satisfies

pu € Lr((0,T), B (K)) forany 0 < a < min(y,3s),

where 3 <1 <2+ Lands < min(Z+A.2).

@ S. Dahlke and C. Schneider.

Besov regularity of parabolic and hyperbolic PDEs.
Anal. Appl., 17(2), 235--291, 2019

14/ 22
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Comparision: Regularity of heat equation
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W=

5 Au=f, f smooth

Rl
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Comparision: Regularity of heat equation

«

W= o

W=

— —Au=f, f smooth

ot

3 2
2

Rl

3
Sobolev regularity s < min <2 + AT, 2>

Besov regularity a < 3s

Adaptivity pays off !
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General parabolic PDEs

Sobolev regularity:
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General parabolic PDEs

Sobolev regularity:

@—Lu:f in RxK
ot

K=K xR,
m=2<3=d

e L is uniformly elliptic of order 2

e K is generalized wedge

K=KxRI™™ 2<m<d, K smooth cone

Besov regularity:

ou

S HED Ly ed = fin (0, T)xD,

nonlin. term

e L is uniformly elliptic of order 2m
e D is bounded domain of polyhedral
type
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Why Anisotropic Spaces?

e Adaptive method: for elliptic problems

ue B (Q) A~ lu—unlln@ = ON)
—— —_————

Besov regularity approximation error

e Adaptive time-stepping method: for parabolic problems

th Q=[0,T]xD
T=1tn u [ ?

. —

. I Anisotropic Besov space

ti

[~ approx.
ti— space
partition @ M. Actis, P. Morin, and C. Schneider.

N 1 ] ] Approximation classes for adaptive time-stepping finite

0=1to > element methods.
D x Submitted, arXiv:2103.06088, 2021
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Anisotropic spaces

Consider homogeneous heat equation:

0(Q) = {Z:—A 0 on Q}

on the whole time-space cylinder

=[0,T]x D, D cRY bounded Lipschitz domain

--+ anisotropic structures occur:

one derivative in time but two derivatives in space
Anisotropic Sobolev spaces: 1 < p < o0

HUHWPI’Z(Q) . ||U||/_ —|—||8tu||,_

+Z O ull @) + Z HaXIXJuHM

ij=1

19/ 22



Anisotropic spaces

Anisotropic Besov spaces: s > 0,1 < p < o0

B2(Q) := (Lp(Q), W) 2(Q)) for 0<s<1

s
2P

@ [AG12] Aimar, H., Gémez, 1. (2012)

Parabolic Besov Regularity for the Heat Equation.
Constr. Approx. 36, 145-159
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Anisotropic spaces

Anisotropic Besov spaces: s > 0,1 < p < o0

B2(Q) := (Lp(Q), W) 2(Q)) for 0<s<1

s
2P

and extend to general s > 0 via the action of the derivatives 0; and 0y,

Theorem (AG12, Theorem 2)
Letl<p<oo,s>0 a>0, andput%:

a>e>0

o) N B C () B (), a<min (d(l_l), sd )

@ [AG12] Aimar, H., Gémez, 1. (2012)

Parabolic Besov Regularity for the Heat Equation.
Constr. Approx. 36, 145-159
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Anisotropic spaces

Anisotropic Besov spaces : s >0, 1 < p < o0

B3 (Q) := (Lp(Q), Wy 2(Q)) for 0<s<1

5P

and extend to general s > 0 via the action of the derivatives J; and O,

Theorem (AG12, Theorem 2)
Letl<p<oo,s>0 a>0, andput%:

o(Q) N ByQ) c () B (Q), a<min<d<ll), sd )
a>e>0

since 1< 1< 00

@ [AG12] Aimar, H., Gémez, |. (2012)

Parabolic Besov Regularity for the Heat Equation.
Constr. Approx. 36, 145-159
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Anisotropic spaces

-—» define B}(Q2) : 0<p<oo

@ [DS22] S. Dahlke and C. Schneider
Anisotropic Besov regularity of parabolic PDEs.
o in Pure Appl. Funct. Anal., 2022

(via differences/ wavelets)



Anisotropic spaces

-—» define B}(Q2) : 0<p<oo (via differences/ wavelets)

Theorem (DS22, Section 5)
Let0< p<oo,s>0,a>0, andput%

e(Q) NBY(Q) CBI(Q), a< sld+1),

@ [DS22] S. Dahlke and C. Schneider.

Anisotropic Besov regularity of parabolic PDEs.
To appear in Pure Appl. Funct. Anal., 2022
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Theorem (DS22, Section 5)
Let0< p<oo,s>0,a>0, andput%

e(Q) NBY(Q) CBI(Q), a< sld+1),

e better upper bound for a

@ [DS22] S. Dahlke and C. Schneider.

Anisotropic Besov regularity of parabolic PDEs.
To appear in Pure Appl. Funct. Anal., 2022
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Anisotropic spaces

-—» define B}(Q2) : 0<p<oo (via differences/ wavelets)

Theorem (DS22, Section 5)
Let0< p<oo,s>0,a>0, andput%:%+%. Then

e(Q) NBY(Q) CBI(Q), a<

e better upper bound for a
e for p =2 and s < 2 we obtain

[Ds22] | [AG12]

0(R) C BX(Q) d=3|a<? |a<3

d=2|a<3 |a<l

@ [DS22] S. Dahlke and C. Schneider
Anisotropic Besov regularity of parabolic PDEs.
o Pure Appl. Funct. Anal.. 2022

in Pure Appl. Funct. A
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Outlook: Future Research

>

>

Regularity of elliptic and parabolic PDEs with inhomogeneous
boundary conditions (with Flora Szemenyei)

Regularity of parabolic PDEs in generalized dominating mixed
smoothness spaces (with Prof. Stephan Dahlke, Marburg)

> Besov regularity on soap films (with Prof. Nadine GroBe, Freiburg)
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