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Lasso

I “Structured" design matrix Ψ ∈ Rn×p

I Response vector Y ∈ Rn, Y ∼ N (f 0, I)

Goal: estimate the unknown f 0 using the Lasso

f̂ := arg min
fb=Ψb, b∈Rp

{
‖Y −Ψb‖22/n + 2λ‖b‖1

}
.



Let Ψ ⊂ (L2(Q), ‖ · ‖Q).
Notation
For a linear space V ⊂ L2(Q) and f ∈ L2(Q) we let fV be the
projection of f on V and fV⊥ := f − fV . We let

u(V,Ψ) := sup
ψ∈Ψ
‖ψV⊥‖Q.

Definition
For N ∈ N define the best N-term approximation

γ(N,Ψ) := min

{
u(V,Ψ) : dim(V) = N

}
.



Let λ0(u) :=
√

2 log(2p) + 2u.
Theorem
Suppose γ(N,Ψ) ≤ AN−1/W .
With probability at least 1− exp[−u]− exp[−v ], and for

δ2
n =

(2Aλ0(u))W

nλW +
1 + 2v

n

we have

‖f̂ − f 0‖22/n + λ‖β̂‖1 ≤
{
‖f ∗ − f 0‖22/n + 3λ‖β∗‖1

}
︸ ︷︷ ︸

approximation error

+δ2
n .

↑
estimation

error



Application: one-hidden-layer NN

Definition
The hinge, or ReLU,
function is

z 7→ z+ :

{
z, z ≥ 0
0, z < 0

Notation
For v ∈ Rn and c ∈ R

(v − c)+ :=

(v1 − c)+
...

(vn − c)+

 .



Construction of the dictionary Ψ

◦ d := input dimension

◦ X =

x1
...

xn

 ∈ Rn×d input matrix

◦W := (w1, . . .wp) ∈ Rr×p matrix of weights

◦ ‖wj‖2 = 1, j ∈ {1, . . . ,p}

◦ c = (c1, . . . , cp) ∈ Rp vector of biases

◦ ψj := (Xwj − cj)+ ∈ Rn, j = 1, . . . ,p

◦ Ψ := {ψ1, . . . , ψp) = (XW − c)+ ∈ Rn×p



Lemma Suppose max1≤i≤n ‖xi‖2 ≤ 1. Then

γ(N,Ψ) ≤ AN−1/d .



Lasso for 1-hidden-layer NN

Define

NN :=

{
fb = (XW − c)+b : b ∈ Rp

}
.

Let

f̂ = fβ̂ := arg min
fb∈NN

{
‖Y − fb‖22/n + 2λ‖b‖1

}
.

[Parhi and Nowak , 2020]
Simulation by Peter Hinz
d := 100
p := 10000
σ2 := 1
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Question:
How good are the bounds using best N-term approximations?

Note:

◦ {Ψb : b ∈ Rp, ‖b‖1 = 1} = conv(±Ψ) is the convex hull of ±Ψ

◦ Ψ “structured": it has polynomial covering numbers N(·)

◦ [Ball and Pajor, 1990] ; entropy H(·) of conv(±Ψ)

◦ Estimation error for LSE over conv(±Ψ) is δ2
n � H(δn)/n



Covering and entropy

Let (S,d) be a metric space.

Definition For δ > 0,
δ-covering number
N(δ,S,d) :=
minimum # balls with
radius δ necessary
to cover S

Definition Entropy H(·,S) := log N(·,S).



Entropy of convex hulls

Let Ψ ∈ (L2(Q), ‖ · ‖Q).
Theorem [Ball & Pajor, 1990] [“Covering Theorem"]
Suppose for some positive constants A and W

N(δ,Ψ) ≤ Aδ−W , δ > 0.

Then for a constant C

H(δ, conv(Ψ)) ≤ Cδ−
2W

2+W , δ > 0.



The entropy bound based on covering numbers can
be too loose

Definition
The hinge, or ReLU,
function is

z 7→ z+ :

{
z, z ≥ 0
0, z < 0

Let

X :=

(
1
n
,

2
n
, · · · ,1

)>
,

ψ1 ≡ 1, ψ2 := X − 1/n, ψj :=

(
X − j − 1

n

)
+

, j ∈ {3, . . . ,n}.



Define the space of linear functions

N := {z = ψ1b1 + ψ2b2 : (b1,b2)> ∈ R2}

Then{
z + f : z ∈ N , f ∈ conv({ψj}nj=3)

}
=

{
f ∈ Rn : n‖∆2f‖1 = 1

}
with

(∆2f )j := fj − 2fj−1 + fj−2, j ∈ {3, . . . ,n}.

Let

‖v‖2Qn
:=

1
n

n∑
i=1

v2
i , v ∈ Rn.



By the [Covering Theorem] with W = 1

H(δ, conv({ψj}nj=3), ‖ · ‖Qn ) ≤ Cδ−
2
3 , δ > 0.

But by [Babenko, 1979]

H(δ, conv({ψj}nj=3), ‖ · ‖Qn ) ≤ Cδ−
1
2 , δ > 0!



Notation
For R > 0,
F(R) :=
{f ∈ conv(Ψ) : ‖f‖Q ≤ R}



Theorem [“Projection Theorem"]
Suppose that for some constants positive A and W

γ(N,Ψ) ≤ AN−
1
W .

For all R > 0 and δ > 0,

H(δ,F(R))

≤ 2
(

4A
δ

) 2W
2+W

︸ ︷︷ ︸
important part

log
2

2+W

(
4R + δ

δ

)
H

W
2+W (δ/4,Ψ)︸ ︷︷ ︸

just some log terms

+ log

(
4R + δ

δ

)
+ H2(δ/4,Ψ)︸ ︷︷ ︸

some more log terms

.



In other words,

H(δ,F(R)) . δ−
2W

2+W log(1/δ)

and for the local entropy where R � δ we get

H(δ,F(R)) . δ−
2W

2+W log
W

2+W (1/δ).



Example: second order discrete derivatives.

F :=

{
f ∈ Rn : n‖∆2f‖1 = 1

}
=

{
linear + conv( {ψj}nj=3︸ ︷︷ ︸

ReLU functions

)

}

Then

N(δ, {ψj}nj=3,Qn) � δ−1 : Wcov = 1
[Covering Thm]⇒ H(δ, conv{ψj}nj=3) . δ−

2Wcov
2+Wcov = δ−

2
3 .

γ(N, {ψj}nj=3) ≤ AN−
1

2/3 : Wproj =
2
3

[Projection Thm]⇒ H(δ, conv{ψj}nj=3) . δ
−

2Wproj
2+Wproj log n = δ−

1
2 log n.



Example: k th order discrete derivatives
.

F :=

{
f ∈ Rn : nk−1‖∆k f‖1 = 1

}
=

{
(k − 1)th order polynomial + conv({ψj}nj=k+1)

}
,

where {ψj}nj=k+1 is the falling factorial basis.
[Wang, Smola, Tibshirani, 2014]

Then

N(δ, {ψj}nj=k+1) � δ−1 : Wcov = 1
[Covering Thm]⇒ H(δ, {ψj}nj=k+1) . δ−

2Wcov
2+Wcov = δ−

2
3 .

γ(N, {ψj}nj=k+1) ≤ AN−
1

2/(2k−1) : Wproj =
2

2k − 1
[Projection Thm]⇒ H(δ, {ψj}nj=k+1) . δ

−
2Wproj

2+Wproj log n = δ−
1
k log n.



Higher-dimensional extension (MARS)

Let xi = (ξi,1, . . . , ξi,r ) ∈ {1/n0, . . . ,1}d and let n = nr
0. Let

{ψj}pj=1 be real-valued functions on {1/n0, . . . ,1} with
max1≤j≤p ‖ψj‖∞ ≤ 1. Let for j = (j1, . . . , jr ) ∈ {1, . . . ,p}d

ψj(xi) =
d∏

t=1

ψjt (ξi,t ).

Then functions of the form

f =
∑

j∈{1,...,p}d

ψjbj

with ψj the falling factorial basis functions corresponds to those
used in the context of multiplicative adaptive regression splines
(MARS) [Friedman, 1991] .



Let

F :=

{
f =

∑
j∈{1,...,p}d

ψjbj :
∑

j∈{1,...,p}d

|bj| ≤ 1
}
.

Then

γ(N, {ψj}) ≤ AN
− 2k−1

2[1+ 1
2 +···+ 1

d ] .

W = Wproj =
2[1+ 1

2 +···+ 1
d ]

2k−1(
Wcov = 2d

)
(j, k)(j, k)

(jN , kM )(jN , kM )

(jM , kN )(jM , kN )

(jN , kN )(jN , kN )

which gives

2W
2 + W

=
2h

2k + h − 1
,h = 1 +

1
2

+ · · ·+ 1
d
.

We then find by [Projection Theorem]

H2(δ,F(R)) . δ−
2h

2k+h−1 log p.

For k = 1 still not tight

1
δ
∼ H2(δ,F(R)) . δ−

2h
h+1 log p



Part II: Adaptation for the trend filtering problem



Trend filtering problem:

f̂ := min
f∈Rn

{
‖Y − f‖2n + 2λ‖∆k f‖1

}
= min

fb=Ψb

{
‖Y − fb‖2n + 2λ‖b−{1,...,k}‖1

}
where Ψ is the falling factorial basis.

[Wang, Smola, Tibshirani, 2014]



Notation
S ⊂ {k + 1, . . . ,n}, s := |S|

N−S := {f ∈ Rn : (∆k f )j = 0 ∀ j /∈ S}

rS := dim(N−S) = k + s = sparsity

‖f ∗ − f 0‖22/n := approximation error, f ∗ ∈ N−S

rS/n := estimation error

Goal: Show that ‖f̂ − f 0‖2n trades off approximation error and
estimation error rS/n.



Notation:
Df := ∆k f ,

DSf := {(Df )j : j ∈ S}, D−Sf := {(Df )j : j /∈ S}

Thus
N−S = {f ∈ Rn : D−Sf = 0}



Choice of the tuning parameter

Let V ⊃ N−S be a linear space.
Recall

u(V,Ψ) := sup
ψ∈Ψ
‖ψV⊥‖Qn .

Definition For N ≥ rS the best N-term approximation is

γS(N,Ψ) := min

{
u(V,Ψ) : V ⊃ N−S, dim(V) = N

}
:= u(VN ,Ψ).



Define for u > 0

λ0(u) :=

√
2(log(2n) + u)

n
.

Take
λ ≥ λ0(u)︸ ︷︷ ︸

�
√

log n
n

γS(N,Ψ)︸ ︷︷ ︸
best N−term
approximation



Effective sparsity without noise
Definition
Let q ∈ Rn−k where qS ∈ {±1}s (s := |S|) is a fixed sign vector.
We call q an interpolating vector

(that interpolates the signs at S).

Definition The noiseless effective sparsity is

Γ2(qS) := min

{
n‖D>q‖22 : q interpolating |qj | ≤ 1 ∀ j /∈ S

}
.
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Remark This is a quantified
version of the dual certificates
used in noiseless compressed
sensing.



Definition Define the normalized noise weights

wj := λ0‖ψV⊥N ,j‖Qn/λ, j /∈ S.

The effective sparsity is

Γ2(qS,w−S) := min

{
n‖D>q‖22 : q interpolating |qj | ≤ 1−wj ∀ j /∈ S

}
.
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Oracle inequality

Theorem Let f ∗ ∈ Rn be arbitrary and S := {j : (Df ∗)j 6= 0}.
Let λ ≥ λ0(u)US(N,Ψ). For all u > 0 and v > 0, we have with
probability at least 1− exp[−u]− exp[−v ]

‖f̂ − f 0‖22/n ≤

approximation error︷ ︸︸ ︷
‖f ∗ − f 0‖22/n

+

estimation error︷ ︸︸ ︷(√
N
n

+

√
2v
n

+ λΓ(qS,w−S)

)2

where
Γ2(qS,w−S), qS := sign(DSf ∗), j ∈ S

is the effective sparsity.
[Dalalyan, Hebiri and Lederer; 2017]



Example
Total variation (TV) in R

f̂ := arg min
f∈Rn

{
‖Y − f‖2Qn

+ 2λ‖Df‖1
}

with

‖Df‖1 :=
n∑

j=2

|fj − fj−1| = TV(f )

Thus

D =


−1 +1 0 · · · 0 0
0 −1 +1 · · · 0 0
...

...
...

. . .
...

...
0 0 0 · · · −1 +1

 ⇒

D> = −



+1 0 · · · 0
−1 +1 · · · 0
0 −1 · · · 0
...

...
...

...
0 0 · · · +1
0 0 · · · −1





Let
◦ f ∈ Rn,
◦ s be its number of jumps,
◦ 1 < t1 < . . . < ts < n be the
location of the jumps,

 

1
F

n
n

n
n

f

I

l

1

◦ n1 = t1 − 1, n2 = t2 − t1, . . . , ns+1 = n + 1− ts be
the distances between jumps.



We take
N = rS, VN = N−S.

Then have noise weights

‖ψV⊥N ,tj−1+i‖2 =

√
i(nj − i)

dj
, i ∈ [1,nj ],

γS(N,Ψ) =

√
nmax

4n
(1/W = 1/2)

Choice of tuning parameter:

λ ≥ λ0(u)

√
nmax

4n
.
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Application of the theorem to the total variation penalty:

Take

λ ≥
√

2(log(2n) + u)

n︸ ︷︷ ︸
�
√

log n/n

√
nmax

4
.

Then with probability at least 1− exp[−u]− exp[−v ]

‖f̂ − f 0‖22/n ≤ ‖f ∗ − f 0‖22/n

+

(√
s + 1

n
+

√
2v
n

+ λΓ(qS,w−S)

)2

+ 4λ‖D−Sf ∗‖1

where

Γ2(qS,w−S) ≤ n log n1

n1
+

s∑
j=2

4n log(nj/2)

nj
+

n log ns+1

ns+1
.



Special case: equally spaced jumps
Suppose dj = n

s+1 . We get

Γ2(qS,w−S) ≤ 6(s + 1)2 log n

We may take

λ � λ0(u)︸ ︷︷ ︸
�
√

log n
n

√
1

s + 1︸ ︷︷ ︸
�γS(rS ,Ψ)

.

So we get

λ2Γ2(qS,w−S) = O
(

s + 1
n

)
log2 n

= O
(

number of parameters
number of observations

)
log2 n



Example
total variation of first discrete derivative

f̂ := arg min
f∈Rn

{
‖Y − f‖2Qn

+ 2λ‖Df‖1
}

with
Df := ∆2f

the second order discrete derivative

(∆2f )j = fj − 2fj−1 + fj−2, j ≥ 3.

[Tibshirani; 2014], [Guntuboyina, Lieu, Chatterjee & Sen; 2020]
Then

‖Df‖1 := ‖∆2f‖1 = TV(∆f ).



 

t

Let
- S := {t1, . . . , ts}, t1 < · · · < ts,
- nj := tj − tj−1, j = 1, . . . , s + 1,
- nmax := max1≤j≤s+1 nj



Let
VN := N−S ∪ span{ψt1+1, . . . , ψts+1},

N = rS + s = 2(s + 1)

We get
γS(N,Ψ) ≤ An3/2

max/
√

n (1/W = 3/2).
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16
∑s+1

j=1
n
n3

j
.



Noise and tuning: noise weights.
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Application of the theorem to the total variation penalty on ∆f :
Theorem For all u > 0, v > 0 and for

λ ≥ c2nλ0(u)
√

n3
max/n

we have with probability at least 1− exp[−u]− exp[−v ]

‖f̂ − f 0‖22/n ≤ ‖f ∗ − f 0‖22/n

+

(√
2(s + 1)

n
+

√
2v
n

+ λΓ(S,w−S)

)2

with

Γ2(qS,w−S)︸ ︷︷ ︸
“effective sparsity”

≤ C2
2

s+1∑
j=1

n log(nj).

n3
j

.



Example
total variation penalty on higher order differences

Fix k ∈ N.

f̂ = arg min
f∈Rn

{
‖Y − f‖22/n + 2λ‖Df‖1

}
with

‖Df‖1 := ‖∆k f‖1
:= TV(∆k−1f ).



Let
- S := {t1, . . . , ts}, t1 < · · · < ts, t0 := N, ts+1 := n + 1,
- nj := tj − tj−1, j = 1, . . . , s + 1,
- nmax := max1≤j≤s+1 nj

VN := N−S ∪ {ψtj +1, . . . , ψtj +k−1}sj=1

N = rS + (k − 1)s = k(s + 1)

γS(N,Ψ) ≤ An
2k−1

2
max /

√
n

(
1/W =

2k − 1
2

)



Application of the theorem to the total variation penalty on ∆k−1f :
Theorem For all u > 0, v > 0 and for

λ ≥ cknk−1λ0(u)

√
n2k−1

max /n

we have with probability at least 1− exp[−u]− exp[−v ]

‖f̂ − f 0‖22/n ≤ ‖f ∗ − f 0‖22/n

+

(√
k(s + 1)

n
+

√
2v
n

+ λΓ(qS,w−S)

)2

with

Γ2(qS,w−S)︸ ︷︷ ︸
“effective sparsity”

≤ C2
k

s+1∑
j=1

n log(nj)

n2k−1
j

.



Interpolating vector for k = 4

0 1/6 1/3 1/2

0

1



Corollary If the jumps of ∆k−1f 0 are “roughly" equidistant the
rate of convergence is

‖f̂ − f 0‖22/n = OP

(
(s0 + 1) log2 n

n

)
provided

λ � nk−1

√
log n

n

(
1

s0 + 1

) 2k−1
2

.



Example
Total variation in higher dimensions

[Fang, Guntuboyina & Sen; 2019]
Let

f ∈ Rn1×n2 (a matrix)

and

‖D1fD>2 ‖1 :=

n1∑
j=2

n2∑
k=2

|fj,k − fj−1,k − fj,k−1 + fj−1,k−1|

Hardy-Krause variation

Useful for pictures · · ·



(a) (b)
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Tuning and noise

dictionary
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Effective sparsity

Let {t1, . . . , ts} ⊂ R2 be the locations of the jumps.
Construct a tiling of the rectangle [1 : n1]× [1 : n2] into s
sub-rectangles, such that each sub-rectangle contains one
jump.

 



Interpolating vector q

 



 

 



Let (n−−j ,n+−
j ,n−+

j ,n++
j ) contain the areas between tj and the

corners of its sub-rectangle, j = 1, . . . , s.
Then

Γ2(qS,w−S) ≤ n‖D>1 qD2‖22

≤
s∑

j=1

(
n

n−−j
+

n
n+−

j
+

n
n−+

j
+

n
n++

j

)(
log(1 + n1) + log(1 + n2)

)



The areas (n−−j ,n+−
j ,n−+

j ,n++
j ), j = 1, . . . , s.

  



Application of the theorem to the 2dim total variation penalty
Theorem For all u > 0, v > 0 and for

λ ≥ 2

√
2(log(2n) + 2u)

n

√
n1,max/n1 + n2,max/n2

we have with probability at least 1− exp[−u]− exp[−v ]

‖f̂ − f 0‖22/n ≤ ‖f ∗ − f 0‖22/n

+

(√
(s + 1)

n
+

√
2v
n

+ λΓ(qS,w−S)

)2

with
Γ2(qS,w−S)︸ ︷︷ ︸

“effective sparsity”

≤
s∑

j=1

(
n

n−−j
+

n
n+−

j
+

n
n−+

j
+

n
n++

j

)(
log(1 + n1) + log(1 + n2)

)
tu



Corollary Suppose the jumps are roughly on a regular grid.
Then the rate of convergence is

‖f̂ − f 0‖22/n = OP

(
(s0 + 1) log2 n

n

)√
s0 + 1
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λ �
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log n
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) 1
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Remark The extra factor is

distance in Rd

area in Rd =

(
1

s0+1

) 1
d

1
s0+1

=

{
1 for d = 1
√

s0 + 1 for d = 2



Example: Total variation in dimension d

Application of the theorem ...
Corollary Suppose the jumps are roughly on a regular grid.
Then the rate of convergence is

‖f̂ − f 0‖22/n = OP

(
(s0 + 1) log2 n

n

)
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provided
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remark For mesh grid

‖f̂ − f 0‖22/n = OP

(
(s0 + 1) log2 n

n

)
(s0 + 1)

1− 1
1+ 1

2 +···+ 1
d



Example: MARS in dimension d
Application of the theorem ...



Example
Total variation on graphs

G := (V, E) be a connected graph,
V := set of vertices
n := |V| # vertices
E edges of of G.



Signal
f 0 = {f 0

v }v∈V ∈ Rn.

Observations

Yv = f 0
v + εv , v ∈ V, {εv}v∈V i.i.d. N (0,1).

Total variation

TV(f ) :=
∑
v∼v ′
|fv − fv ′ |, f = {fv}v∈V

Analysis estimator

f̂ := arg min
f

{∑
v∈V

(Yv − fv )2/n + 2λTV(f )

}
.



We have considered the path graph



At each node v is attached a value fv (v = 1, . . . ,n)



We now consider more general graphs



For example cycles

By cutting it we get back the path graph!



Effective sparsity without noise for graphs

The interpolating vector q for the cycle

The interpolating vector is as for the path graph



For general graphs, we first construct a generating tree
and then split up the tree into path graphs.
Both steps depend on where the jumps are.



Tuning and noise for graphs



We now have
f ∈ N−S
⇔ f is constant on certain
connected sub-graphs
(fN−S )v = local average
within the sub-graph ,
v ∈ sub-graph
;

to find the dictionary
{ψe}e/∈S
we do a local version of
centring f .

 

i

i



Global dictionary

Notation: v ; v ′ ⊂ E path from v to v ′

n|ψ global
v ,e | :=

∣∣∣∣{v ′ ∈ V : e ∈ v ; v ′
}∣∣∣∣

= # paths starting at v
that contain the edge e

v ∈ V, e ∈ E .



Let

f̄ :=

∑
v ′∈V fv ′

n
Then

fv − f̄ =

∑
v ′∈V(fv − fv ′)

n
Define now for all e := u ∼ u′ ∈ E ,

be := fu − fu′ .

Then
fv − fv ′ =

∑
e∈v;v ′

be.

and so

fv − f̄ =
∑
e∈E

ψ global
v ,e be.



; global noise weights

‖ψ global
e ‖22 =

∑
v∈V

(ψ global
v ,e )2, e ∈ E .

Now to choose the paths in such a way that this is small is
“small".



Example
Total variation in 2d bis

[Sadhalana, Wang & Tibshirani; 2016],
[Sadhalana, Wang, Sharpnack & Tibshirani; 2017]

‖Df‖1 :=

n1∑
j=1

n2∑
k=1

{
|fj,k − fj−1,k |+ |fj,k − fj,k−1|

}
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“dimension" (f 0)=2 ?
⇒ ‖f̂ − f 0‖22/n �

2
n ?

# jumps =
√

n ?
⇒ ‖f̂ − f 0‖22/n �

√
n

n ?
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As paths from v to v ′ we take grid lines

x 7→ y = bax + cc

For example, for v = (j , k) and v ′ = (j ′, k ′) with j ′ ≤ j , k ′ ≤ k we
let take the path following the grid line x 7→ y with

k − y =

⌊(
k − k ′

j − j ′ + c
(j − x + c)

)⌋
.
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Count the number
of paths
that contain the
horizontal/vertical
edge at the blue point



Lemma Let v = (j , k), e = (j ′′, k ′′) ∼ (j ′′ − 1, k ′′). Then

nψ global
v ,e ≤ (j + c)

(
j ′′

j − j ′′
∧ k ′′

k − k ′′

)

n2‖ψ global
v ,e ‖2 ≤ 2j ′′k ′′(n1 − j ′′ + 1)(n1 − j ′′ + 2c)

+ 4j ′′3k ′′
(

log

(
1 +

n1 − j ′′

c

)
+

1
c

)



Corollary Taking c = 1 gives

max
e/∈S
‖ψe‖22 � log n.

;

tuning parameter
log n/n . λ

effective sparsity
Γ2(qS,1) � n

√
n

and the (minimax [Hütter & Rigollet, 2016]) rate

‖f̂ − f 0‖22/n = OP

(
log2 n√

n

)
.



Corollary Taking c =
√

n gives

max
e/∈S
‖ψe‖22 � n1/4 log n

and similarly for the vertical edges.
;

tuning parameter
n−

7
8 log n . λ

effective sparsity

Γ2(qS,w−S) � n log n

and the (adaptive) rate

‖f̂ − f 0‖22/n = OP

(
log3 n
n3/4

)
.

as in [Chatterjee and Goswami, 2019]



Conclusion

◦ “Lasso" can also work for highly correlated design

◦ Overparametrization vs entropy ...

◦ interpolating vectors useful for structured problems
; improvement of restricted eigenvalue conditions

◦ TV-type penalties are adaptive

Remark ∃ extensions to other loss functions
(e.g. logistic loss)




