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Plane maps

plane map: finite con-
nected graph embed-
ded in the sphere

faces: connected com-
ponents of the comple-
ment
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Plane maps

plane map: finite con-
nected graph embed-
ded in the sphere

faces: connected com-
ponents of the comple-
ment

root: distinguished cor-
ner
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Example of plane map

faces:
countries and
bodies of water

connected graph
no “enclaves”
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Edge deformation
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Gromov—Hausdorff topology: picture
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Gromov—Hausdorff topology: formal definition

o [X,d]: isometry class of (X,d)
o M := {[X,d], (X,d) compact metric space}
dGH ([X7d]7 [X/7 d/]) = imcdHausdorfF (QO(X)7 SOI(X/))
where the infimum is taken over all metric spaces (Z, ) and isometric

embeddings ¢ : (X,d) — (Z,6) and ¢’ : (X',d") — (Z,9).

o (M, dgn) is a Polish space.
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Scaling limit: the Brownian sphere

o am: finite metric space obtained by endowing the vertex-set of m
with a times the graph metric (each edge has length a).

Theorem (Le Gall '11, Miermont '11)

Let g, be a uniform plane quadrangulation with n faces. The sequence
((8n/9)_1/4qn)n>l converges weakly in the sense of the

Gromov—Hausdorff topology toward a random compact metric space
called the Brownian sphere.
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Scaling limit: the Brownian sphere

o am: finite metric space obtained by endowing the vertex-set of m
with a times the graph metric (each edge has length a).

Theorem (Le Gall '11, Miermont '11)
Let g, be a uniform plane quadrangulation with n faces. The sequence
((8n/9)_1/4qn)n>l converges weakly in the sense of the

Gromov—Hausdorff topology toward a random compact metric space
called the Brownian sphere.

Definition (Convergence for the Gromov—Hausdorff topology)

A sequence (A;) of compact metric spaces converges in the sense of
the Gromov—Hausdorff topology  toward a metric space X if there
exist isometric embeddings ¢ : &, — Z and ¢ : X — Z into a common
metric space Z such that ¢n(Xn) converges toward ¢(X) in the sense
of the Hausdorff topology.
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Scaling limit: the Brownian sphere

o am: finite metric space obtained by endowing the vertex-set of m
with a times the graph metric (each edge has length a).

Theorem (Le Gall '11, Miermont '11)

Let g, be a uniform plane quadrangulation with n faces. The sequence
((8n/9)_1/4qn)n>l converges weakly in the sense of the

Gromov—Hausdorff topology toward a random compact metric space
called the Brownian sphere.

o This theorem has been proven independently by two different ap-
proaches by Miermont and by Le Gall.
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Uniform plane quadrangulation with 50 000 faces

[3

et
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Earlier results

Chassaing—Schaeffer '04

e the scaling factor is nt/4
e scaling limit of functionals of random uniform quadrangulations
(radius, profile)

Marckert—Mokkadem '06
e introduction of the Brownian sphere (called Brownian map)

Le Gall '07

e the sequence of rescaled quadrangulations is relatively compact
e any subsequential limit has the topology of the Brownian map
e any subsequential limit has Hausdorff dimension 4

Le Gall-Paulin '08 & Miermont '08
e the topology of any subsequential limit is that of the two-sphere

o

o

o

o

Bouttier—Guitter '08
e limiting joint distribution between three uniformly chosen vertices

o
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Universality of the Brownian sphere
Many natural models of plane maps converge to the Brownian sphere
(up to a model-dependent scale constant): for well-chosen maps my,,

cn~Y*m, —— Brownian sphere.
n—oo

o Le Gall '11: uniform p-angulations for p € {3,4,6,8,10,...} and
Boltzmann bipartite maps with fixed number of vertices
Using Le Gall's method, many generalizations:
o Beltran and Le Gall '12: quadrangulations with no pendant edges
o Addario-Berry—Albenque '13: simple triang., simple quad.
o B.-Jacob—Miermont '14: general maps with fixed number of edges
o Abraham ’14: bipartite maps with fixed number of edges
o Marzouk ’17: bipartite maps with prescribed degree sequence
o Curien-Le Gall '19: triangulations with random length edges
o Addario-Berry—Albenque '20: p-angulations for odd p > 5
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Plane quadrangulations with a boundary

plane quadrangulation with a boundary: plane map whose faces
have degree 4, except maybe the root face

the boundary is not in general a simple curve

Jérémie BETTINELLI Nonbijective scaling limit of maps via restriction January 17, 2022



Brownian disks
00000000

Scaling limit: generic case

o (n,p uniform among quadrangulations with a boundary having
area n and perimeter p

o ln/V2n — L € (0,00)

Theorem (B.—Miermont '15)

The sequence ((8n/9)_1/4qn,2gn)n>1 converges weakly in the sense of
the Gromov—Hausdorff topology toward a random compact metric
space BD, called the Brownian disk of perimeter L.

Theorem (B. '11)

Let L > 0 be fixed. Almost surely, the space BD, is homeomorphic to
the closed unit disk of R2. Moreover, almost surely, the Hausdorff
dimension of BD| is 4, while that of its boundary 0BD_ is 2.
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40000 faces and boundary length 1 000
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Scaling limit: degenerate cases

o (n,p uniform among quadrangulations with a boundary having
area n and perimeter p

(0] En/\/ﬁ — 0
Theorem (B. '11)

The sequence ((8n/9) /4qn,2gn)n>1 converges weakly in the sense of
the Gromov—Hausdorff topology toward the Brownian sphere.

1
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Scaling limit: degenerate cases

o (n,p uniform among quadrangulations with a boundary having
area n and perimeter p

(0] En/\/ﬁ — 0
Theorem (B. '11)

The sequence ((8n/9) /4qn,2gn)n>1 converges weakly in the sense of
the Gromov—Hausdorff topology toward the Brownian sphere.

o lh/V2n — 0

1

Theorem (B. '11)

The sequence ((2/1) */?Un 24,) .5, CONVerges weakly in the sense of
the Gromov—Hausdorff topology toward the Brownian Continuum
Random Tree (universal scaling limit of models of random trees).
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Scaling limit: degenerate cases
o ln/V2n =0
Theorem (B. '11)

The sequence ((8n/9)_1/4qn,2gn)n>1 converges weakly in the sense of
the Gromov—Hausdorff topology toward the Brownian sphere.

o lh/vV2n = oo
Theorem (B. '11)

The sequence ((2/1) */?Un 24,) .5, CONVerges weakly in the sense of
the Gromov—Hausdorff topology toward the Brownian Continuum
Random Tree (universal scaling limit of models of random trees).

Bouttier—Guitter '09 observed these regimes in the computation of the
two-point function in the same model.
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10000 faces and boundary length 2000
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Universality
Theorem (B.—Miermont '15)

Let L € (0, 00) be fixed, (¢n,n > 1) be a sequence of integers such that
ly ~ Ly/p(p —1)n as n — oo, and my be uniformly distributed over the
set of 2p-angulations with area n and perimeter 2/,. Then

(4p(p — 1)n/9)_1/4mn)n>l converges weakly in the sense of the
Gromov—Hausdorff topology toward BD, .
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00000e00

Universality
Theorem (B.—Miermont '15)

Let L € (0, 00) be fixed, (¢n,n > 1) be a sequence of integers such that
ly ~ Ly/p(p —1)n as n — oo, and my be uniformly distributed over the
set of 2p-angulations with area n and perimeter 2/,. Then

(4p(p — 1)n/9)_1/4mn)n>l converges weakly in the sense of the
Gromov—Hausdorff topology toward BD, .

Theorem (B.—Miermont ’'15)

Let m, be a uniform random bipartite map with area n and
perimeter 2/, where ¢, ~ 3L/n/2 for some L > 0. Then

((2n)_1/4mn)n>1 converges weakly in the sense of the
Gromov—Hausdorff topology toward BD, .
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Universality
Theorem (B.—Miermont '15)

Let L € (0, 00) be fixed, (¢n,n > 1) be a sequence of integers such that
ly ~ Ly/p(p —1)n as n — oo, and my be uniformly distributed over the
set of 2p-angulations with area n and perimeter 2/,. Then

(4p(p — 1)n/9)_1/4mn)n>l converges weakly in the sense of the
Gromov—Hausdorff topology toward BD, .

Theorem (B.—Miermont ’'15)

Let m, be a uniform random bipartite map with area n and
perimeter 2/, where ¢, ~ 3L/n/2 for some L > 0. Then

((2n)_1/4mn)n>l converges weakly in the sense of the
Gromov—Hausdorff topology toward BD, .
o More universality results for bipartite Boltzmann maps conditionned
on their number of vertices, faces or edges.
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Plane quadrangulations with a simple boundary

k
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Scaling limit: generic case

o Qn,p uniform among quadrangulations with a simple boundary
having area n and perimeter p

o ln/V2n — L € (0,00)

Theorem (B.—Curien—Fredes—Sepulveda '21)

The sequence ((8n/9)_l/‘ldn,zgn)w1 converges weakly in the sense of

the Gromov—Hausdorff topology toward BD3, , the Brownian disk of
perimeter 3L.
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Core of a pointed map
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Core of a pointed map

cemetery point p

Nonbijective scaling limit of maps via restriction

Map encoding
000000

January 17, 2022



Core
oeo

Asymptotics

o dp p uniform among pointed quadrangulations with a boundary

having area n and perimeter p
o lh/vV2n — L € (0, 00)

Proposition (Gwynne—Miller *19)
o P(Core (anes) # ) —1asn— oo

o @ien)] @ |

n n—o00

9 Core (q;,een)( ®)
. 1

205 n— o0
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Consequences

o Conditionally given An = || Core(d; ¢, )I| and Pn = [0 Core(qy, 6,,)|;
provided that An > n/2, the r.v. Core(qy, 4, ) is uniform among
gquadrangulations with a simple boundéry having area A, and
perimeter Py,.

9 1/4 . 9 1/4 . (d)
o <<%> qn,6€n> <%> Core (quEn) m (BDgL, BD3|_).

o dp 2, ~ G4, p, ~ Core (qﬁ,aen)-
o Lift to a conditional convergence when A, and Py, are fixed.

o Prove that the distributions of “large parts” of Core (g5 4, ) and of
dp o, May be rendered arbitrary close in total variation distance.
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Restrictions

og*,neN,e>0
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Restrictions

og*,neN,e>0

0

2 1
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Brownian sphere Brownian disks Core
@000 000000

000000000 00000000 000

Restrictions

og*,neN,e>0

o bdry vertices from
[(%—5) 2enJ to L%J

0

2 1
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Restrictions

og*,neN,e>0

o bdry vertices from
20n

G-a126] 0 |2}

o grow balls
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Jérémie BETTINELLI Nonbijective scaling limit of maps via restriction January 17, 2022



Brownian sphere Brownian disks Core Proof Map encoding
000000000 00000000 000 @000 000000

Restrictions

(e]

g*,neN,e>0
bdry vertices from
1 205

grow balls

o

(e]

(e]

stop when hitting —
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Restrictions

og*,neN,e>0

o bdry vertices from
20n

G200 5]
o grow balls

o stop when hitting —
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Restrictions

og*,neN,e>0

o bdry vertices from
[(3-2) 2t | to L%J

o grow balls

o stop when hitting —

o hull RE(q*)
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Restrictions

Nonbijective scaling limit of maps via restriction

Proof Map encoding
@000 000000

g*,neN,e>0

bdry vertices from
[(3-2) 2t | to L%J
grow balls

stop when hitting —
hull R5(q°)

complement R (q*)
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Technical estimates

9 1/4
L xe . ° A
@) Xn = qn,ZZn Yn := Core (qn,6én) adnp = %
—_————
model under study reference model

d
o anYs % Y := BDa,.
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Technical estimates

o Xn =10, Y, := Core (q&%) an :
—————

model under study reference model

d
o anYs % Y := BDa,.

Proposition (Restrictions are close)
Fore >0, lim drv(R5(Xn), Ra(Yn)) = 0.
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Technical estimates

9 1/4
L xe . ° A
o Xn =10, Y, := Core (qm%) an = <%>
—_————
model under study reference model

d
o anYs n:—lﬁ Y := BDa,.

Proposition (Restrictions are close)
Fore >0, lim drv(R5(Xn), Ra(Yn)) = 0.

Proposition (Leftover is small)

o Forg >0, I|m lim supIP(dGH(anYn,anRE(Yn)) > 5) 0.

e—0 n—

o Foré >0, Ilim I|msupIP’(dGH(aan,an ,ﬁ(Xn)) > 5) =0.

e—0 N—
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Proof
o Skorohod’s embedding theorem: a,Y, — Y a.s.

o Fix a bounded uniformly continuous real-valued function f, n > 0.
o 6 > 0such thatdgpy(X,)Y) <36 = [f(X) ()| <n.
(E[f(anxn) - f(v)}( < E[[f(anXn) — F(Y)]; dan(Y,anXn) < 36]

<n+ 25Up(‘f|)P(dGH(Yaanxn) > 35)'
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Proof
o Skorohod's embedding theorem: a,Y, — Y a.s.

o Fix a bounded uniformly continuous real-valued function f, n > 0.
o § > 0suchthatdgy(X,)) <35 = [f(X)—f()| <n.

(E[f(anxn) - f(Y)H < E[[f(anXn) — F(Y)]; dan(Y,anXn) < 36]

<n+ 25Up(‘f|)P<dGH(Yaanxn) > 35>'

P< ]P)(dGH(Y anY ) = 5) "‘]P)(dGH(anYmanxn) > 25)
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Proof
o Skorohod’s embedding theorem: a,Y, — Y a.s.

o Fix a bounded uniformly continuous real-valued function f, n > 0.
o § > 0suchthatdgy(X,)) <35 = [f(X)—f()| <n.

(E[f(anxn) - f(Y)H < E[[f(anXn) — F(Y)]; dan(Y,anXn) < 36]

<n+ 25Up(‘f|)P<dGH(Yaanxn) > 35>'

P < ]P’(dGH(Y,anYn) > (5) +]P’(dGH(anYn,aan) > 25)
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Proof
o Skorohod's embedding theorem: a,Y, — Y a.s.

o Fix a bounded uniformly continuous real-valued function f, n > 0.
o § > 0suchthatdgy(X,)) <35 = [f(X)—f()| <n.

(E[f(anxn) - f(Y)H < E[[f(anXn) — F(Y)]; dan(Y,anXn) < 36]

<n+ 25Up(‘f|)P<dGH(Yaanxn) > 35>'

P < ]P’(dGH(Y,anYn) > (5) +]P(dGH(anYn,aan) > 25)

P < P(dgh(anYn, anR5(Yn)) = 8) + P(dgp(@nXn, anR5 (Xn)) > 6)
+B(RE(Xn) # Ri(Yn)-
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Proof
o Skorohod's embedding theorem: a,Y, — Y a.s.

o Fix a bounded uniformly continuous real-valued function f, n > 0.
o § > 0suchthatdgy(X,)) <35 = [f(X)—f()| <n.

(E[f(anxn) - f(Y)H < E[[f(anXn) — F(Y)]; dan(Y,anXn) < 36]

<n+ 25Up(‘f|)P<dGH(Yaanxn) > 35>'

P < IP’(dGH(Y,anYn) > 5) +]P(dGH(anYn,aan) > 25)

P < P(dgh(anYn, anR5(Yn)) = 8) + P(dgp(@nXn, anR5 (Xn)) > 6)
+B(RE(Xn) # Ri(Yn)-

lim limsup =0
e—0 Nn—oo
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Proof
o Skorohod's embedding theorem: a,Y, — Y a.s.

o Fix a bounded uniformly continuous real-valued function f, n > 0.

o § > 0suchthatdgy(X,)) <35 = [f(X)—f()| <n.

(E[f(anxn) - f(Y)H < E[[f(anXn) — F(Y)]; dan(Y,anXn) < 36]
<1+ 2sup([f[) P(den(Y,anXn) > 30).

P < ]P’(dGH(Y,anYn) > (5) +]P(dGH(anYn,aan) > 25)

P < P(dgh(anYn, anR5(Yn)) = 8) + P(dgp(@nXn, anR5 (Xn)) > 6)
+ B(RE(Xn) # Ri(Yn)-

maximal coupling theorem for € > O fixed
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Closeness of restrictions via counting

Proposition (Restrictions are close)
Fore >0, lim dyy(R5(Xn), Ry(Yn)) = 0.

o P(Ry(Gh) = 1) explicit quotient of Vi
numbers of quadrangulations with a
simple boundary having given area
and perimeter. V_

o Explicit formula for these numbers
[Bouttier—Guitter '09].

[0Yn]

1
-t o

o @ — 1 in probability.
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Closeness of restrictions via counting

Proposition (Restrictions are close)
Fore >0, lim dyy(R5(Xn), Ry(Yn)) = 0.

o P(Ry(Gh) = 1) explicit quotient of Vi
numbers of quadrangulations with a t
simple boundary having given area
and perimeter. V_

o Explicit formula for these numbers
[Bouttier—Guitter '09].

[0Yn]

1
-t o

o @ — 1 in probability.

Jérémie BETTINELLI Nonbijective scaling limit of maps via restriction January 17, 2022



Brownian sphere Brownian disks Core Proof Map encoding
000000000 00000000 000 0000 ©00000

Goal

Y, := Core (q;ﬁgn)

Proposition (Leftover is small in reference model)
Fors >0, lim |imsupP(dGH(anYn,anng(Yn)) > 5) =0

e—0 N—oo
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Encoding a quadrangulation with general boundary

o Take a labeled for-
est.

o Add a vertex p
inside the unique
face.

o Link every corner
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sequent  corner
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Encoding a quadrangulation with general boundary

o Take a labeled for-
est.

o Add a vertex p
inside the unique
face.

o Link every corner
to the first sub-
sequent  corner
having a strictly
smaller label.

o Remove the initial
edges.
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Map encoding
[e]e] lele]e]

Key facts

Theorem (Bouttier—Di Francesco—Guitter (generalization of
Cori—Vauquelin—Schaeffer))

The previous construction yields a bijection between the following:
o labeled forests with n edges and | trees;

o pointed quadrangulations with a boundary having n internal faces
and boundary length 2| such that the root vertex is farther away
from the distinguished vertex than the previous vertex in clockwise
order around the boundary.

Lemma

The labels of the forest become the distances in the map to the
distinguished vertex p.
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Scaling limit results

o Up to a shift, after scaling,
e the tree root labels converge to a Brownian bridge (Bt )o<t<1,

o the labeled trees converge to Brownian trees with Brownian labels.
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Map encoding
[e]e]e] le]e]

Scaling limit results

o Up to a shift, after scaling,
e the tree root labels converge to a Brownian bridge (Bt )o<t<1,

o the labeled trees converge to Brownian trees with Brownian labels.

o The boundary of the core is “uniformly spread” along the boundary.
e Arrange the boundary vertices in contour order.

e Let Ji be the first index of the k-th vertex of the core.

J
e Then, (ﬂ) L (t)o<t<1-
0<t<1

6€n n—oo
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Entrapping the complement of the restriction
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Entrapping the complement of the restriction

J|260/3)

J(1/3-e)2¢n ]
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Entrapping the complement of the restriction

V_

J(1/3-e)2¢n ]
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Entrapping the complement of the restriction

J(1/3-e)2¢n ]
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Entrapping the complement of the restriction
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Entrapping the complement of the restriction
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Entrapping the complement of the restriction

o t_ :=argmin(Bi): ty==inf{t>3%:B =B}
3

1
—e<t<j3

o Asymptotically, dgn(anYn, anR5(Yn)) bounded by range width of
(rescaled) labels on [t_,t;]. arbitrarily smallas e — 0
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Resampling argument

Proposition (Leftover is small in model under study)

Ford >0, lim |imsupP(dGH(anxn,anRg(xn)) > 5) = 0.

e—0 N—oo

o We define a second restriction going back-
ward along the boundary.
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Resampling argument

Proposition (Leftover is small in model under study)

Ford >0, lim |imsupP(dGH(anxn,anR;(xn)) > 5) = 0.

e—0 N—oo

o We define a second restriction going back-
ward along the boundary.
e Restriction Rj.
e Restriction R}f.

o Want X, = R5(Xn).
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Resampling argument

Proposition (Leftover is small in model under study)
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o We define a second restriction going back-
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e Restriction Rj.
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Resampling argument

Proposition (Leftover is small in model under study)
Ford >0, lim |imsupP(dGH(anxn,anR;(xn)) > 5) = 0.

e—0 N—oo

o We define a second restriction going back-
ward along the boundary.

e Restriction Rj.
e Restriction R}f.
o Want X, = R5(Xn).
o Ry (Xn) = Ry (Yn) = RaRp (Yn) = RaRe (Xn)
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THANKS
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