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Motivation

- Multivariate Bessel and Dunkl processes of dimension N have a
background in interacting particle systems of Calogero- Moser-
Sutherland type, we will consider two types, the case Ay_1 and By.

- Dunkl processes are jump diffusions, where the jumps occur when
particles change position or sign. The radial part is a Bessel process.

- The joint distribution of the components of a multivariate Bessel process
at time t = 1 corresponds to the joint distribution of the eigenvalues of
random matrices, i.e. the ordered eigenvalues of 5-Hermite and
[5-Laguerre ensembles.

Aim:

Derive the semicircle, Marchenko-Pastur and related laws for the
empirical measure of Bessel and Dunkl processes with growing dimension
as an analogon to the classical results for random matrices.
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General outline of the technique

- Consider the freezing limit first.

- Derive limit results for the frozen process via recurrence relations for
the moments.

- Interpret the limiting laws with the help of Stieltjes- and R-transforms
from free probability.

-Extend the results to the original stochastic process setting with
martingale techniques.

Observation:

The limiting laws stay the same.
All information on the limit is encoded in the frozen process.
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Generators and Weyl chambers Ay _;

For Ay_1, we have a multiplicity k €]0, oo[, the processes live on the
closed Weyl chamber

Chn={xeR": x;>x>..>xp\},

and the generator of the transition semigroup is

Lf :—Af+kz<zx_x>%f, (1)

i#

where we assume reflecting boundaries, i.e., the domain of L is

D(L) := {f’C;S - f € CA(RN), f invariant under all coordinate permutations]
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Generators and Weyl chambers By

For By, we have the multiplicity k = (ki, k2) €]0, co[?, the processes live
on

CB={xeRV: x>x>.

and the generator of the transition semigroup is

1 1 8
Lf = fAf-i- ngZ(X’ >87X,f klz

— Xj X' X
i=1 j#i J ’+J

where we again assume reflecting boundaries, i.e., L has the domain

D(L) := {f|c,5 . f e C@(RN), f invariant under all permutations

and sign changes of all coordinates}.
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Stochastic differential equation

Theorem

(Chybiryakov, Gallardo and Yor (2008), Graczyk and Malecki (2014))
Assume that k > 0. Then, for x € Cy in the closed Weyl chamber and
t > 0, the Bessel process (X; x)t>0 satisfies

1
Xo.k = X, dXikx = dB; + E(V(ln wi)) (Xt k) dt
with an N-dimensional Brownian motion (B;)¢>o and
N
wi(x) = H(x; - xj)zk7 wB(x) = l_I(XI2 _ Xj2)2k2 } Hxizkl,
i<j i<j i=1

has a unique (strong) solution (X x)t>0. If all components of k are at
least 1/2, then (Xt k)e>o lives on the interior on Cy almost surely.
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Freezing limit

An important role plays the limit k — co which in physics corresponds to
the case of low temperature and a decreasing influence of the
Brownian motion. For the Bessel processes (X; x)r>0 of type Ay_1

dX[ = dBl+ k> ————dt  (i=1,...,N).
’ — X!, _ XJ
j#i Ttk t,k
the renormalized processes ()N(t,k = Xt,k/\/E)tZO satisfy
dX!, = —dB! + i=1,...,N).
t,k — \/‘ ; X' Xi . ( )

and the limit leads to the following ODE.
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ODE in the case Ay_;

dx
SO =Hx(®).  x(0)=x (2)

H(x) := (leixj"'n’zx,vl—xj-)'

with

has a unique solution for all t > 0 in the sense that [0, co[— C#}, t > x(t)

is continuous such that x(t) is in the interior of C,C and solves the ODE in
(2) for t > 0.

We denote the solutions of the ODE by

én = (dN1s - ONN)
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Special solution

Lemma (Stieltjes)
For y € Cf}, the following statements are equivalent:
(1) The function23}; ;.

(2) Fori=1,...,N: %y,- = ZJ#" y'lyf;
(3) The vector

In(x; — x;) — ||x]|?/2 is maximal at y € C};

z:=(z1,...,zn) = (1/V2,...,yn/V?2)

consists of the ordered zeroes of the Hermite polynomials Hy.

For the vector z as above and each ¢ > 0, a solution of the ODE above
with start in cz is given by

o(t) = V2t +c?-z.
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The empirical measure

Aim: Determine the limit as N — oo of the normalized empirical measure
of the solutions of the ODE.

We take (xn,1, ..., Xn,n) € C,(,‘ as starting points of the solution ¢p/(t)
and define the empirical measure

1
HN,I‘ = N(5¢N,1(t)/m + e + 5¢N,N(t)/\/ﬁ) (3)

for t > 0. Denote the /-th moment (/ € Ng) pn ¢ by

Sni(t) = /Ry' dun,e(y) = #(d)N,l(t)l +. 4 oun(D)).

Hence we have to calculate symmetric polynomials.
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Calculation of empirical moments |
Clearly Sy o(t) = 1. Moreover, by the ODE,

—5 =0,
dt w1 N3/2 I’J;ﬁ on,i(t) — ¢Ng( )
i.e., Sy1(t) = Sn1(0) for all t > 0.
d on,i(t) 2 NN-1) N-1
9 L _
dt N72( N2 I,le:lij ¢NI( ) ¢N,j( ) N2 2 N
(4)
and
d 3 U on.i()?
9 e ;
dt wa(t) = N5/2 ix/zl;# on,i(t) — dn(t)
3(N -1
Y ol o) = 22050, (5

ij=1;i#j
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Calculation of empirical moments |I

for | > 4 we obtain

9 () Z wit)
dt wi NI/2"’1 on,i(t) — oni(t)

ij=1;i#j
11— —
:E(TSNI 2 )+;)5N”_2—k(t)5’v’k(t))' (©)
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Recurrence relation for the limiting empirical
moments

Lemma

Let (xn k)1<k<n C R be starting sequences such that for all | € N,
c/(0) == limpy_00 Sn,1(0) = limp_oo W(x,’v’1 +...+ x,'\,yN) < 00 exists.
Then for all | € Ny,
C/(t) ‘= lim SN’/(t)
N—o0

exists locally uniformly in t € [0, co[. For each | € Ny, ¢/(t) is a
polynomial in t of degree at most |I/2] with a nonnegative “leading”
coefficient of order |1/2]. Moreover, the ¢/(t) satisfy

t/2

o(t) = / Z i-2-4()eu(s)) s (7)
=0
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Catalan numbers

The Catalan numbers may be defined via the recurrence relation

G=G=1 Cy1= Z CkCok (n>1).
k=0

Hence comparison with our derived recurrence relation implies:

The polynomial cy(t) has the degree | with the Catalan number C; as
leading coefficient for / € Np.
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Example: Semicircle Law

Assume that xy x = 0 for all N, k. Then ¢p(0) =1 and ¢;(0) =0 for / > 1.
Therefore ¢p(t) =1, c1(t) =0, co(t) =t and c3(t) = 0 for t > 0 and

o(t) = Gt' and c+1(t) =0 (t>0,/ € Np).

For R > 0, a random variable Xg with the semicircle law 1isc g with
density fr(x) ;= —23V'R? — x2 for |x| < R and fg(x) = 0 otherwise has
the moments

R 2n
E(X3") = <2> C, and E(X3™)=0 for n>0.

By the moment convergence theorem for t > 0 the empirical measures

pn,e of the (renormalized) solutions of our ODEs with start in the origin

tend weakly to pg. 5 ;7 for N — oo.
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General Moment Method
We choose (XN,n)NZI,lgnSN C R with XN,n—1 > XN,n for2<n<N-1
such that the empirical measures
. ) 0
Hno = N( XN,1/\/N+ T XN,N/\/N)

tend weakly to u for N — oo, i.e., by the moment convergence theorem,
that

. . 1
NILIj]oo SNJ(O) = Nlllrloo W(X/V’l 4+ ...+ XIIV,N) = C/ (I Z 0)
lar| < (cl)! forall />0 andsome c¢>0. (8)

holds, then for each t € [0, o[, the sequence (c/(t));>0 is the sequence of
moments of some unique probability measure j; € M*(R) for which (8)
also holds. Moreover, the py ; tend weakly to py for N — oo.
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Limiting Distribution

Question:
How can we interpret the limiting distribution?

Hint:

For Gaussian unitary ensembles it is well-know that the limit is the free
additive convolution of the semicircle law with the empirical measure of a
second added random matrix.

Conjecture:

1 is the free additive convolution between the starting measure i and
the semicircle law p. 5 7.
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Stieltjes Transform
Recall the definition of the Stieltjes transform

Gu(z) = /R 1 du(x) for ze H:={zeC: 3z>0} (9)

zZ— X

of a probability measure 1 € M*(R). Clearly, G, is analytic on H. We next
derive by the recurrence relation the PDE for the Stieltjes transform

G(t,z) = Gy (2) (t>0,z€H)
of the measure ;. It satisfies Burgers equation
Gi(t,z) = —G(t,2)G,(t, 2).

Idea of the proof: Use
clt
G0 = [ 1m0 =35
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R-Transform

With the aid of the R-transform of measures p € M*(R) which is defined
as the formal power series R, (z) := > 7" knt+1(1)z" with the free
cumulants kp(u) of the measure u for which all moments exist. The
functions R, and G, are related by

= Ru.(Gu(2)). (10)

Hence we may transform the PDE for the Stieltjes transform into a
PDE for the R-transform:

Re(t,z) =z (11)

with R(0,z) = R,(z) the R-transform of the starting measure (.
Therefore,

R(t,z) = zt + R(0, z).

and since the R-transform is additive with respect to free convolution

zt + R(0,z) = Rusc,w;(z) + Ru(z) = Rﬂsc,z\ﬁﬁﬂﬂ(z)‘
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Bessel processes of type A
To use the results for the ODEs we consider the renormalized processes

(Xex := Xex/Vk)e>0 which satisfy the SDE

. 1
X! = B’ - i=1,...,N 12
d t,k \/Ed +§ X' —XJ dt (l ) ) )7 ( )

which agrees, for k = oo, with the ODE. We also consider the
renormalized empirical measures

. 1

Denote the /-th moment (/ € Ng) of fin ¢+ by

Sui(t) = [ ¥ dimily N,/MZ
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The Semicircle law for Bessel processes of type A

Theorem

Consider the processes (;(t,k)tzo with k > 1/2 and with starting sequence

(xi)i>1 as for the ODE. Then, for the sequences (c/(t));>0 corresponding
to the ODE,

Sn,i(t) — ct) for N — oo (14)

almost surely for all | > 0 and locally uniformly for all t € [0, ool.
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Ideas of the proof

@ Consider the asymptotic behaviour of the expectation of the
normalized moments, which is similar to the behaviour of the
associated ODE.

@ Deduce the asymptotic behaviour of the corresponding diffusion part
of the associated SDE.

@ Deduce the desired result for the normalized moments:

First derive with Chebychev and Burkholder-Davis-Gundy inequality
convergence in probability
and finally with a Borel Cantelli argument almost sure convergence.
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Empirical Moments of the Bessel process

Using It6's formula we obtain for / >'1

N
> (X Zx+ Z/ (X)) tdB] (15)
i=1
)1 -1y,
+/o IZZX’ —XJ 2 (2k (%202 |

i=1 j#i “'s,k s,k i=1

Note
N t ~ . t N ~ ~
> [ (Kt [ S (k)2 b,
i=1 70 0\ i=1

for some one-dimensional Brownian motion B by the Lévy characterization
of the one-dimensional Brownian motion.
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Example: Start in Zero

If the renormalized Bessel processes start in 0, i.e. if the starting measure
p = do, then the limiting measure fi; = p. 5,/ for all t > 0.

Hence for the original Bessel processes (XtNk)tzo of dimension N with

multiplicity k > 1/2, the associated empirical measures py ¢ tend weakly
to the semicircle law (1, 7 almost surely for ¢t > 0.

J.H.C. Woerner (TU Dortmund) 24 / 46



The case By

The case By works with the same technique. We consider the multiplicities
k = (ki, ko) = (v - 8, 8) with v > 0 fixed and 5 — oo and the SDE

, , 1 v B
dX{, =dB{+ 8 (— _ —)dt + —dt
J#i (Xt',k =Xl X+ Xf,k) X k
for i =1,..., N with an N-dimensional Brownian motion (B}, ..., BN):>o.
The associated dynamical system is then ‘jft((t) = H(x(t)) with

1 1 v
Zj?fl (lexj + X1+Xj) + x1
H:U.—-RV, x— :

1 1 v
Zj;éN(ixN—xj * xN+x,-> T
and an analogon to the Lemma in the case Ay_1 holds where the zeros of
the Hermite polynomials are replaced by the positive square root of the

zeros of the Laguerre polynomials Ls\llf—l) denoted by (Z£V_1), - .’Z,(Vy—l)).
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Ideas for the case B

Wish to proceed similarly as in the case Ay_1:
@ Consider the associated ODE first, i.e. derive a recurrence relation for
the normalized empirical moments
o ldentify the limiting distributions
@ Transform the result to the SDE setting
Problem:

We cannot work with the process itself. Necessary polynom division for the
recurrence relation does not work for odd moments.

Solution:

Pass to the squares.
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Empirical moments for the ODE

Consider the associated solutions ¢x/(t) and the normalized empirical
measures

1
BNt = N(5¢N,1(t)2/(2/v) t...F 5¢N,N(t)2/(2N)) (16)
Denote the /-th moment (/ € Ng) of pp ¢+ by

1
Sno(t) = /Ry/ pn,e(y) = 2,,V—,H(¢N,1(f)2l + o+ o (t)?).

Then

-2
d 2N +v — |
ESNJ(t) = /(TUSN,/_l(t) + ; 5N7/_1_k(t)5/\/,k(t)>. (17)
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Limit in first case

First case: v > 0 fixed.

o) =1 and of(t) = o(0) +// ch L e(s)e(s) ds (1> 1).

(18)
We obtain the same result as for the even moments in the case A. Hence
the limiting distribution for the case B is

|:U’5c72ﬁ H ,ueven’

As special case with start in zero the limit is quarter circle law on the
positive half line.

We use the notation: for a probability measure p on [0, 00|, let pieven the
unique even probability measure on R with |peven| = 1
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Limit in the second case
Second case:
Let (xn k)1<k<n C R be starting sequences such that for all / € Ny,

C/(O) = NIE)noo SN,I( ) = |L>r7;o 2/N/+1 (XN 1 +. +X/2VI’N) < 00

exists. Assume that v = v(N) depends on N with

Then for | € Ny,
C/(t) = Nlinoo SNy/(t)

exists locally uniformly in t € [0, oo and satisfies the recurrence relation

£ 11

c(t)=1 and ¢/(t) = ¢(0)+/vo /Otc/ 1( ds—H/ Zc, 1-k(s)ck(s)ds
(19)
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Marchenko-Pastur law

Recall that for the parameters ¢ > 0, t > 0, the Marchenko-Pastur

distribution /ipp ¢+ is the probability measure on [x_, x;] C [0, o[ with
pmp.ce = fi for c > 1 and pppcr = (1 — c)do + cfi for 0 < ¢ < 1, where

xg = t(y/c +1)? and i has the Lebesgue density

1 (e =) (x = x2) - L ().

27w xt

The Marchenko-Pastur distributions have the R-transforms

R z) = .
MP,c,t( ) 1_ tz
As these R-transforms are linear in ¢, we in particular conclude that

mp.ae B UMP.bt = 1MPatb,t-
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Limiting distribution in the general case

Under the conditions as before the normalized empirical measures

1
HNE = N(5¢N'1(t) +... .+ 545/\17/\/(1”)) (t > 0)7
V2N V2N

tend weakly to

\/NMP,VOJ H (M5c,2\/f s Neven)z-

Namely we may deduce as in the case Ay_1 a PDE for the R-transform:

Ri(t,z) = wo+1—22zR(t,z)+ 2°R,(t, z) (22)
R(07Z) = Rﬂ(z)?

with a solution Ry, .(z) + R(Hsgzﬁmﬂeveny(z) using the first case.
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Bessel process of type B

Theorem

Consider the processes ()N(tyk)tzo with § > 1/2, v > 0 and with starting sequences
(xn.k)k>1 C [0, 00[ as before such that

L 1 2 2
C/(O) = A)inm SN’/(O) = ILr’go 2’I\I—I+1(XN’1 AF ooo TR XN,N) < 0

exists for | > 0. Assume that v := v(N) with vy := limy_,0o ¥(N)/N > 0. Then,
for | € Ny,

C/(t) = lim SN,I(t)
N— oo
exists almost surely locally uniformly in t € [0, co[ with

t t /-1
Co(t):]. and C/(t)IC/(O)+IV0/ Cl— 1 dS+// ZC/ 1— k(S)Ck )
0

0 x—o
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Extension to Dunkl processes

Dunkl processes are jump-diffusions with jumps, which exchange the
coordinates or lead to a random sign change.

For Ay_1 only permutations of particles occur which have no influence
on our derived limit theorem.

For By we have additional random sign changes which lead to new limit
theorems for the normalized empirical measure.

Consider k = (k1, k2) = (B, v8) with 8> 0 and v > 0. In this case we
have for the renormalized process the generator

Lopu(x) = 2];6AU(X) + Lyu(x) (23)

for u € C2(RN)
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Frozen Dunkl process

Denote the frozen Dunkl process X;:, given by the generator

N 2x; N u(oix) — u(x)
Lyu(x) :zZ(Z . 2+ )uxl(x)—k ZT

=1 j:j#i i=1 i
o::x) — u(x) ulo:.x)—u(x)
+ = Z ( Iy ) 2( )+ 1. - ) (24)
IJ J#i X’ o XJ (X" + X.I)
with o, 0,0} ( # j) are reflections on RN where o; changes the sign of

the i-th coordmate o;j exchanges the coordinates /,j, and ey exchanges
the coordinates i, and changes the signs of these coordinates.

Note: The frozen Dunkl process is random, the jumps are still there.
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Empirical measure of the frozen process |

Denote the components of X;, by Xj;, for j =1,..., N. Consider
(random) normalized empirical measures

1
'LLN’t’V = N((le,t,u/\/ﬁ + T + (5XN,t,1//\/N) € Ml(R) (25)

and the corresponding moments

1
SNJ,V(t) = N//2+1 (Xl tv -+ Xll\l7t,l/) (I > 0) (26)

Note: The even moments Sy 2/, (t) are deterministic, corresponding to
frozen Bessel processes of type B. With the functions

w(x) i=x + ...+ xp (I>0)

we have 1
SN7/7y(t) = W . U/(Xt,y) (/ Z 0) (27)

The u; are invariant under permutations of coordinates.
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Empirical measure of the frozen process Il
For all u:= uy

N 2x; v u( (x)
Luu(x>:2(zxg_'xz+ DY) + 5 3 L)

i=1 j-j;éi i J i=1
— u(x)
—. 2
+5 Z X: + XJ) ( 8)
lu J#i
Moreover, Dynkin's formula for Markov processes implies
(wr(Xe0) — 0(X0) / (Lown)(Xs.) ds) (29)
t>0
are martingales. Hence, for all / > 0,
d
o E(u(Xew)) = E((Lyun)(Xe)), (30)

which now is the analogon to our ODE in the Bessel case and we may
proceed as there with polynom division.
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Recurrence relation for the expectations of moments

For the odd moments, we obtain

< (st = U W g5, 0) @)
-1
+4 Z(/ — h)Sn2n (t)E(Sn21—1-2h(t))-
h—1

and in the even case we obtain

-1
%SNQ/,V(t) = M,\/JFI)SN,zl—z,u(t)ﬂL?/g Sn.21—2-2hu(t)Sn2n(t).
(32)
Recall that the even moments are deterministic and for them we have
the same recurrence relation for the moments of Bessel processes of
type B up to an factor 2.
This factor 2 is caused by by the slightly different scalings of the empirical

measures.
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Lemma

Let (xn k)1<k<n C R be the starting sequences of the frozen Dunkl

processes (X¢,)e>0 for N € N with Xy, = (Xn,1, - .., Xn,n) such that
c/(0) := lim Sy ;,(0) = lim ;(X/ . Xhy) <0
! = Nesoo N,lv = N//2+1 N,1 cee N,N

exists for all | € Ng. Assume that limp_, o % =19 > 0. Then for | € Ny,
ci(t) == limy_oo E(Sn,10(n)(t)) exists locally uniformly in t € [0, o[ and
satisfies the recurrence relations

c(t) =1, ci(t) = a(0), and for | > 1,

ca(t) = c21(0) + 21 5 (vocar-a(s) + Lhoh can(s)car-an-a(s)) ds

ori1(t) = cop1(0)+ [y (2/V0C2/—1(5)+4 22;10(/—h)CQh(S)C2I—2h—1(5)> ds.

v
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Description of the limiting law

We define the reflected probability measures ;i € M*(R) with
wi(A) = pt(—A) for Borel sets A C R and

1 1 X
Ht.even -= E(Mt + M?)v Ht,odd = §(Nt - ,U/t)-

Note fit odq usually is a signed measure with that iy = fit even + [it,0dd-
We now introduce the Stieltjes transforms

G(t,2) == Gpp een(2), GOdd(t,z) = Gﬂt‘add(z)

with G = G®®" + G°9 and obtain by the recurrence relation the
quasilinear system of PDEs

Geven t’z GZeven t7Z even even
Gen(t,2) = wo( S0 E) L G pgeeny gz, 2)
Ge(¢,2) = (=22 = 26°"(t,2)) G£¥(, 2) (33)
for t > 0.
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Corollary

For t > 0, the even parts [it even Of the limiting probability measures i; are
the unique even probability measures on R whose pushforwards under the
mapping x — x2/2 are given by [ip ,.c B (Hse 2z B Leven)?. Hence,

Ht,even = (\/#MP,VOQt B ('uSC,2\/271.b H 'u’eve”)2)even (t = 0) (34)

v
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Interpretation

If the initial measure g = g is even, then the associated linear PDE for
G°% has the solution G°¥ =0, i.e., the limiting s is given by the
measure in Eq. (34).

If we start the frozen Dunkl process in a symmetric measure the limiting
measure is the two-sided version of the law for the corresponding
Bessel processes.

Hence the jumps with the sign changes keep the symmetry of the
starting measure.

Question:

What happens, if we start in an asymmetric measure?

Indeed we get a different class of limiting measure, which cannot be
interpreted as free convolutions.
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Lemma

Let 1 € MY(R) for which the moment condition (8) holds. Let D C H be
some non-empty open domain such that there is some (analytical)
function K with

K[Cpeven(2) - (Gpeven(2) + 10655 (2))] =2 (2 € D).

Then, with the measures (it even from the previous corollary,

G(t,2) = Gpos [ K (Gpar even (2) * (Gt cven (2) + 10 Gg (2)))] + G ven(2) (35)

is the solution of the system of PDEs with the initial condition
G(0,z) = Gu(z) forz € D.
In particular, for vg = 0 this solution simplifies to

G(t,2) = Gu(Gi, (G Bricven(2)))- (36)
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Extension to Dunkl processes

Theorem

Consider the Dunkl processes ()?t,yﬁ)tzo with § > 1/2, v > 0 and with
starting sequences (xy,;)i>1 C R as before such that for | > 0,

. a 1 I I
¢(0):= Jim Sn,1.6(0) = lim —mey (g + -+ Xy ) <00

exists. Let vy := limy_00 V(N)/N > 0. Then, for | € Ny,
t):= lim § t
a(t) = Jim Sw.,5(t)

exists a.s. locally uniformly in t € [0, 0o[. Furthermore, the ¢/(t) satisfy the
recurrence relation from the frozen process.

v
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Further considerations on the limiting laws
Questions:

How do the limiting laws in the asymmetric case look like?
How is the long term behaviour, is the asymmetry kept or vanishing?

Example: Consider vy = 0 and start in the quartercircle distribution on
[0, 2], the we may calculate the density of the limiting law

fr(x) = 72[‘8 SG(t, x + ie) (37)

1 1 t+1 X
= - tan — ) /42t + 1) — x2
(2t+1)7r(2+ - arcan2t> (2t+1) —x

1 tx 2(t+1)+ /42t +1) — x?
s )

72226 11) Nt 1 1) a@RETL) )

Now look at rescaled densities

fe(x) = V2t + 1f(xV/2t + 1),

i.e. probability measures on [—2,2].
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0.7

fe(x) for t =0, 0.1, 1, 10, 100 and t = oo.
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Conclusion

- We derived that crucial information of the limiting laws for the empirical
measures of Bessel and Dunkl processes is already encoded in their frozen
versions.

- We derived semicircle, quarter circle and Marchenko-Pastur type laws for
ODEs associated with frozen Bessel and Dunkl processes of type Ay_1
and By as N — oo.

- We deduced that the same limit laws hold for the processes themselves.
- We saw that the case of a Dunkl process of type B with start in an
asymmetric configuration leads to new limiting laws, which cannot be
interpreted in terms of free probability.
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