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Contribution

R crystallog. root system
Λ weight lattice
W Weyl group

Tα ∈ R[X], α ∈ Λ
Chebyshev polynomial

Z : Tn → Rn

generalized cosine

Theorem1

Let α, β ∈ Λ. Then α ∈ W · β ⇔∫
im(Z)

Tα(X)Tβ(X) δ(X) dX 6= 0.

Main Result

z ∈ im(Z )⇔ H(z) � 0 for R = An−1, Bn, Cn, Dn

with H ∈ Symn(R[X]) yields n polynomial inequations for im(Z ).

Motivation: min
∑
α

cαTα(X) s.t. X ∈ im(Z )

1
Hoffman, Withers 1988: Generalized Chebyshev Polynomials associated with affine Weyl Groups, Thm 5.1
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Generalized Chebyshev polynomials of the first kind

Assume Λ = Zω1 ⊕ . . .⊕ Zωn.
Identify Z[Λ] with Z[x±] via xωi = xi .

Z[x±]W :=
{
f ∈ Z[x±] : ∀A ∈ W : A · f = f

}
Theorem1

For α ∈ Λ define the orbit polynomial Θα :=
∑

A∈W
xA·α. Then

Z[x±]W = Z[Θω1 , . . . , Θωn ].

Definition2

The unique Tα ∈ R[X] satisfying Tα (Θω1 , . . . , Θωn) = Θα is the
Chebyshev polynomial of the first kind associated to α ∈ Λ.

1
Bourbaki 1981: Lie Groups and Lie Algebras, ch 6.4, Thm 1

2
Hoffman, Withers 1988: Generalized Chebyshev Polynomials associated with affine Weyl Groups
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The generalized cosine of a root system

Tn := {ζ = (ζ1, . . . , ζn) ∈ Cn : |ζi | = 1} the complex torus.

Definition

Define φ : Rn → Tn and Θ : Tn → Rn by

u
φ7−→ (exp(−2πi 〈ω1, u〉), . . . , exp(−2πi 〈ωn, u〉)) and

ζ
Θ7−→ (Θω1(ζ), . . . , Θωn(ζ)).

Definition1

Z := Θ ◦ φ is called the generalized cosine of R.

The function Z is periodic and im(Z ) = im(Θ).

1
Hoffman, Withers 1988: Generalized Chebyshev Polynomials associated with affine Weyl Groups
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Example: The B2 case I

Example

Z : R2 → R2, u 7→ ((cos(2πu1) + cos(2πu2))/2, cos(πu1) cos(πu2))

ρ2

ρ1

ω2

ω1

ρ̃

fundamental domain
of the affine Weyl group

Z (ω1)

Z (ω2)

Z (0)

B2

im(Z ) = im(Θ)
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Z (ω2)

Z (ω1)

Z (0)
A2

Z (ω2/2) Z (0)

Z (ω1/2)

C2

Z (ω1)

Z (ω2)

Z (0)

B2

Z (ω2/6)

Z (ω1/3) Z (0)

G2
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A3

B3

C3
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Relations to elementary symmetric polynomials σi

Assume W · x1 = {y1, y2, . . .} is the orbit of x1  y(x) ∈ [x±]n

An−1

W = Sn

σi (y(x)) =

(
n
i

)
Θωi (x)

σn(y(x)) = 1

Bn

W = Sn n {±1}n

σi (y(x)) = 2i
(
n
i

)
θi (x)

σn(y(x)) = 2n Θ2ωn(x)

Cn

W = Sn n {±1}n

σi (y(x)) = 2i
(
n
i

)
Θωi (x)

Dn

W = Sn n {±1}n+
σi (y(x)) = 2i

(
n
i

)
Θωi (x)

σn−1(y(x)) = 2n−1Θωn−1+ωn(x)
σn(y(x)) = 2n−1 (Θ2ωn−1(x) + Θ2ωn(x))
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Main Result

Proposition

There exists a unique f ∈ R[X][t] with

f (Θ(x)) =
n∑

i=0

(−1)iσi (y(x)) tn−i ∈ R[t].

With a well-known result1 from algebraic geometry, we obtain:

Theorem

Let z ∈ Rn. Define the matrix H ∈ Symn(R[X]):

H(X)ij = Trace(4 (C (X))i+j−2 − (C (X))i+j) with

C (X) = CompanionMatrix(f (X))

Then z ∈ im(Θ) iff H(z) � 0.

1
Basu, Pollack, Roy 2006: Algorithms in Real Algebraic Geometry, Thm 4.57
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Example: The B2 case II

H(X) = 16

 −X2
1

+ 2X2
2
− X1 −4X3

1
+ 12X1 X2

2
− 6X2

1
− 2X1

−4X3
1

+ 12X1 X2
2
− 6X2

1
− 2X1 −16X4

1
+ 64X2

1
X2

2
− 32X4

2
− 32X3

1
+ 32X1 X2

2
− 20X2

1
+ 8X2

2
− 4X1



Det(H(z)) = 0 (solid) Trace(H(z)) = 0 (dots)
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Appendix A: Outline for the Bn case

Step 1

The orbit of x1 under the Weyl group is

W · x1 = { x1︸︷︷︸
=:y1

, x2 x−1
1︸ ︷︷ ︸

=:y2

, . . . , xn−1 x−1
n−2︸ ︷︷ ︸

=:yn−1

, x2
n x−1

n−1︸ ︷︷ ︸
=:yn

} ∪ {. . .}−1.

Step 2

For 1 ≤ i ≤ n − 1:

σi (y1(x) + y1(x)−1, . . . , yn(x) + yn(x)−1) = 2i
(
n
i

)
Θωi (x) and

σn(y1(x) + y1(x)−1, . . . , yn(x) + yn(x)−1) = 2n Θ2ωn(x).

Apply the recurrence formula Θ2ωn = 2n Θ2
ωn
−

n−1∑
j=1

(
n
j

)
Θωj − 1.



Appendix B: Characterizing roots of polynomials

Sturm Sylvester Theorem1

Consider f ∈ R[t] of degree n and A := R[t]/〈f 〉.
For q ∈ R[t] define Hq : A→ R, [p] 7→ Trace(mq p2). Then:

SignHq = # real roots r of f with q(r) > 0

−# real roots r of f with q(r) < 0

Choose q := 4− t2.

1
Basu, Pollack, Roy 2006: Algorithms in Real Algebraic Geometry, Thm 4.57


