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lHomean, Withers 1988: Generalized Chebyshev Polynomials associated with affine Weyl Groups, Thm 5.1
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Contribution

@ R crystallog. root system

A weight lattice Theorem?!

W Weyl group Let a, BEA. Thena e W 5 <
o T,eR[X],a €A

Chebyshev polynomial / To(X) Tp(X) 0(X) dX # 0.
e Z: T"—R" im(Z)

generalized cosine

Main Result

Motivation: | min Z ca To(X) st. X € im(2)

1ch‘Fman, Withers 1988: Generalized Chebyshev Polynomials associated with affine Weyl Groups, Thm 5.1
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Generalized Chebyshev polynomials of the first kind

Assume A=Zw1 & ... P Zw,.
Identify Z[A] with Z[xF] via x¥ = x;.

ZxFY = {f € Z[xF]| : VAEW: A-f =f}
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Generalized Chebyshev polynomials of the first kind

Assume A=Zw1 & ... P Zw,.
Identify Z[A] with Z[xF] via x¥ = x;.

ZxFY = {f € Z[xF]| : VAEW: A-f =f}

Theorem!?
For a € A define the orbit polynomial ©, := > x*. Then
AEW

ZIxEYWY = 2Z[O.,, ..., Ou,]-

1Bourbaki 1981: Lie Groups and Lie Algebras, ch 6.4, Thm 1
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Generalized Chebyshev polynomials of the first kind

Assume A =Zuw1 ® ... P Zwy,.
Identify Z[A] with Z[xF] via x¥ = x;.

ZxFY = {f € Z[xF]| : VAEW: A-f =f}

Theorem!?
For a € A define the orbit polynomial ©, := > x*. Then
AEW

ZIxEYWY = 2Z[O.,, ..., Ou,]-

Definition?
The unique T, € R[X] satisfying Ty, (Q,, .., Ou,) = O is the
Chebyshev polynomial of the first kind associated to a € A.

lBourbaki 1981: Lie Groups and Lie Algebras, ch 6.4, Thm 1
2Homean, Withers 1988: Generalized Chebyshev Polynomials associated with affine Weyl Groups
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The generalized cosine of a root system

T":={(=(C1, ..., ¢n) € C": |¢j| =1} the complex torus.
Definition
Define ¢ : R" = T" and © : T" — R" by
u »ﬂ(exp(—27ri (w1, U)), ..., exp(—27i {wp, u))) and
©
¢ (8w (€), -+ Ou, (€))-
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The generalized cosine of a root system

T":={(=(C1, ..., ¢n) € C": |¢j| =1} the complex torus.
Definition
Define ¢ : R" — T" and © : T" — R" by
2 (exp(—2mi (wi, u)), ..., exp(—27i (wn, u))) and
©
= (0w (€); -+ Ou,(Q))-

Definition?
Z ;= © o ¢ is called the generalized cosine of R.

The function Z is periodic and im(Z) = im(©).

lHomean, Withers 1988: Generalized Chebyshev Polynomials associated with affine Weyl Groups
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Example: The B, case I

Example
Z :R? = R2 u s ((cos(2muy) + cos(2muz)) /2, cos(mus) cos(7ru2))J

P2
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P1

-0.5 0 0.5 1

fundamental domain
of the affine Weyl group
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Relations to elementary symmetric polynomials o;

Assume W -x1 = {y1, y2, ...} is the orbit of x1 ~ y(x) € [xF]"
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Relations to elementary symmetric polynomials o;

Assume W -x1 = {y1, y2, ...} is the orbit of x1 ~ y(x) € [xF]"
An—1 Cn
W=6, W=6,x {£1}"
A= (1) eut | o) =2 (7)0uo)
Un(Y(X)) =1
Dy
Bn W=6,x {+1}7

(369) =2 1) 0

On-1(y()) = 2780, 40 (3)
on(y()) =2702,() | oa(y(x)) = 27 (O, () + O2uy () |
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Main Result

Proposition
There exists a unique f € R[X][t] with

n

F(O(x) =Y (-1)oi(y(x) " € R[t].

i=0
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Main Result

Proposition
There exists a unique f € R[X][¢t] with

n

F(O(x)) = Y (-1 oi(y(x)) "' € R[{].

i=0

With a well-known result! from algebraic geometry, we obtain:

Theorem

1Basu, Pollack, Roy 2006: Algorithms in Real Algebraic Geometry, Thm 4.57
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2 ox2 3 2 _ex2
—x242x2 - x; —4x3 4 12%) X2 — 6X2 — 2X;
H(X) = 16 1o ! 2 !

3 2 2 4 2x2 4 3 2 2 2
—ax3 412Xy X3 - 6X2 —2X;  —16X} +64X2 X3 — 32x§ — 32x3 + 32Xy X3 — 20x2 + 8X3 — ax;

21

Det(H(z)) =0 (solid) Trace(H(z)) =0 (dots)
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Thanks for your attention.
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Appendix A: Outline for the B, case

Step @

The orbit of x; under the Weyl group is

W-Xlz{xl,XQXfl,.. Xp_ 1xn 5 nl}U{ }1
=y1 =iy =Yn-1 =Yn

Step @

For1<i<n-1:

75360+ 160 7o) 43760 =2 (1) @) ane
a1 + 7160 ., 9a() + 92(5) ) =27 O, ().

n—1
Apply the recurrence formula |©5,, = 2" G)in — Z <n> Ou, — 1.
j=1




Appendix B: Characterizing roots of polynomials

Sturm Sylvester Theorem?!

Consider f € R[t] of degree n and A := R[t]/(f).
For g € R[t] define Hy : A — R, [p] — Trace(m, ,2). Then:

Sign H; =  # real roots r of f with g(r) >0
— # real roots r of f with g(r) <0

Choose q := 4 — t2.

1Basu, Pollack, Roy 2006: Algorithms in Real Algebraic Geometry, Thm 4.57



