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Weakly modular graph

Definition (Triangle condition)

A (simplicial) graph satisfies the
triangle condition at distance k > 0
with respect to a vertex u, denoted
TC(u, k), if for any two vertices v ,w
with 1 = d(v ,w) < d(u, v) =
d(u,w) = k there exists a common
neighbor x of v and w such that
d(u, x) = k − 1.
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Weakly modular graph

Definition (Quadrangle condition)

A (simplicial) graph satisfies the
quadrangle condition at distance
k > 0 with respect to a vertex u,
denoted QC(u, k), if for any three
vertices v ,w , z with
d(v , z) = d(w , z) = 1 and
2 = d(v ,w) ≤ d(u, v) = d(u,w) =
d(u, z) − 1 = k, there exists a
common neighbor x of v and w such
that d(u, x) = k − 1.
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Weakly modular graph

Definition (Weakly modular graph)

A (simplicial) graph is weakly modular if it satisfies conditions TC(u, k)
and QC(u, k) for all u and k.
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Genesis
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Examples

The following graphs are weakly modular:

median graphs = 1-skeleta of CAT(0) cube complexes

bridged graphs = 1-skeleta of systolic complexes

(weakly) bridged graphs = 1-skeleta of (weakly) systolic complexes
[Chepoi-O.]

modular graphs

bucolic graphs [Chalopin-Chepoi-Brešar-Gologranc-O.]

quasi-median graphs

Helly graphs
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Geometric Group Theory

Applications in Geometric Group Theory:

A) constructing examples of groups with interesting properties

B) studying existing (classical) groups
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Geometric Group Theory

A) constructing examples of groups with interesting properties:

highly-dimensional Gromov hyperbolic groups (median graphs,
(weakly) bridged graphs) [Januszkiewicz-Świa̧tkowski, O.]

derived applications in commutative algebra
[Biyikoglu-Civan,Constantinescu-Kahle-Varbaro]

groups containing expander graphs (small cancellation) [O.]

interesting Burnside (infinite, torsion) groups (median graphs) [O.]
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Geometric Group Theory

B) studying existing (classical) groups:

3-manifold groups (median graphs) [Przytycki, Huang]

Artin groups (median graphs, gridged graphs) [Huang, O.]

graph products (quasi-median graphs) [Genevois, Valiunas]

some Coxeter groups (weakly modular graphs) [Munro]

Helly groups (Helly graphs) [...Hirai, Huang, Hoda, Haettel...]
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Local-to-global characterization

Definition (Locally weakly modular graph)

A graph is locally weakly modular if it satisfies conditions TC(u, k) and
QC(u, k) for all u and k = 2.
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Local-to-global characterization

Theorem (CCHO)

A graph is weakly modular iff it is locally weakly modular and its
triangle-square complex is simply connected.

Theorem (CCHO)

A graph is Helly iff it is clique-Helly and its triangle complex is simply
connected.
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On a proof:
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Weakly modular complex?

Question: Does there exist a reasonable “weakly modular complex”?

Remark: In most of subclasses above it exists:

median graphs — fill with cubes

(weakly) bridged and Helly graphs — fill with simplices

(weakly) bucolic graphs — fill with prisms
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Weakly modular graph
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Plate
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