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Transit function

e Transit functions is due to Mulder (2008) to generalize the notions of
interval, betweenness and convexity in an axiomatic approach.

@ Interval operator- Calder, Nebesky, Mulder, Victor Chepoi, H J Ban-
delt, van De Vel, M.Changat

@ Organizing function- Nebesky, Mulder

@ Recombination operator- Peter F. Stadler - evolutionary biology.
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Definition of transit function

Definition

A transit function on a nonempty finite set V is a function R: V x V —
2Y\ ¢ satisfying the three transit axioms.

(t1) u € R(u,v), for all u,v € V (law of extension)

(t2) R(u,v) = R(v,u), for all u,v € V (law of symmetry)

(t3) R(u,u) = u, for all u € V. (law of idempotent)
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Transit function on graph

@ The axiomatic approach using transit functions in graphs is a tool for
studying and characterizing graph classes.

o If V is the vertex set of a graph G and R a transit function on V,
then R is called a transit function on G.

@ The underlying graph Gg of a transit function R is the graph with

vertex set V' , where two distinct vertices v and v are joined by an
edge if and only if R(u,v) = {u, v}.
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Path transit function on graph

The transit function may be defined in terms of paths in the graph G,
such transit functions are called path transit functions on G. Prime
examples of transit functions on graphs are

@ Interval function
@ Induced path function
@ All-paths function.
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Interval function and induced path function

Definition
The interval function /g of a connected graph G is definedas /: VxV —
2V
lg(u,v) ={w € V : w lies on some shortest u,v - path in G }
={weV:duw)+dw,v)=duv)}
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Interval function and induced path function

Definition

The interval function /g of a connected graph G is definedas /: VxV —
2V

lg(u,v) ={w € V : w lies on some shortest u,v - path in G }
={weV:duw)+dw,v)=duv)}

Definition

| A\

The induced path function Jg of a connected graph G is defined as J :
VxV—2Y

Je(u,v) ={w € V: w lies on some induced u,v - path in G }

A\
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Example

u@v
v
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Betweenness axiom on /

Some of the betweenness axiom satisfied by interval function are
(b1) x € R(u,v),x #v = v & R(u,x), Vu,v e V.
(b2) x € R(u,v) and y € R(u,x) = y € R(u,v),
(b3) x € R(u,v) and y € R(u,x) = x € R(y,v),
(b4) x € R(u,v) = R(u,x)NR(x,v)={x}
(

o (b3) = (b4) = (b1)

Lekshmi Kamal (University of Kerala, India) The axiomatic characterization MGT-2021



Is it possible to give a characterization of / for a connected graph using a
set of first order axioms defined on R?

e Sholander (1952)

@ Nebesky (1994).

o Nebesky (1995,1998,2001).

e H.J Bandelt, Victor Chepoi (1996).
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axiomatic characterization of the interval function of
connected graph

Theorem (H.M.Mulder, L.Nebesky, 2009)
Let R :

(t1),(t2),(b2), (b3), (b4) with the underlying graph Ggr and let | be the
interval function of Gg. The following statements are equivalent.
(a) R=1.

(b) R satisfies axioms (s1) and (s2).

(s1) R(u,a) = {u,a},R(v,v) = {v,v},u € R(d,v) and u,v €

V x V. — 2V be a function on V, satisfying the axioms

R(u,v), then v € R(a, V).
(s2) R(u,a) = {u,d},R(v,v) = {v,v},0 € R(u,v), v ¢
(4,v),v ¢ R(u,v), then i € R(u, v).

v
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axiomatic characterization of the interval function of tree

@ Sholander (1952) A function R : V x V — 2V is the interval function
of a tree if and only if it satisfies (t3), (C)and (Mod).

(C) x € R(u,v),y € R(x,z) = x € R(v,y) or x € R(z,u),for all
uv,x,y,ze V.
‘mod) | R(u,v) N R(v,w)N R(w, u) |# ¢, forall u,v,w e V.
@ Sholander proved that axioms (t3) and (C) imply axioms (t1),(t2),
(b1),(b2) and (7).

(JO) y € R(u,x),x € R(y,v),y # x = x € R(u,v), for all u,v,x,y €
4
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(JO) For any pair of distinct vertices u, v, x,y € V we have x € R(u,y),y €
R(x,v) = x € R(u,v).

(JO") For any pair of distinct vertices x € R(u,y),y € R(x,v),R(u,y) N
R(x,v) C{u,x,y,v} = x € R(u,v).

Lekshmi Kamal (University of Kerala, India) The axiomatic characterization MGT-2021 13 /34



(JO) For any pair of distinct vertices u, v, x,y € V we have x € R(u,y),y €
R(x,v) = x € R(u,v).
(JO") For any pair of distinct vertices x € R(u,y),y € R(x,v),R(u,y) N
R(x,v) C{u,x,y,v} = x € R(u,v).
@ From the definitions of (JO) and (J0') it follows that (JO) = (JO').

Example ((JO') % (J0))

Let V = {a,b,c,d,e} Let R : V x V — 2V defined as fol-
lows. R(a,e) = {a,e},R(a,b) = {a,b},R(b,e) = {b,e},R(b,c) =
{b,c},R(c,e) = {c,e},R(c,d) = {c,d},R(d,e) = {d,e},R(a,c) =
{a,b,c,e},R(a,d) = {a,e,d},R(b,d) = {b,c,d,e}. We can see that
b € R(a,c) and ¢ € R(b,d) but b ¢ R(a,d), so that R doesnot satisfy
(JO) axiom.
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If R is a transit function on V satisfying the axioms (J0') and (b3), then R
satisfies axiom (b2).
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satisfies axiom (b2).
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If R is a transit function on V satisfying the axioms (J0') and (b3), then R
satisfies axiom (b2).

If R is a transit function on V satisfying the axioms (JO) and (b3), then R
satisfies axiom (b2) and Gg is connected.
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Ptolemaic graphs

A graph is Ptolemaic if and only if -

the distances obey Ptolemy’s inequality. For every four vertices u, v, w
and x the inequality

d(u,v)d(w,x) + d(u,x)d(v,w) > d(u, w)d(v, x)

holds. (David, Chartrand- 1965)
- it is both chordal and distance-hereditary (Edward-1981).
- it is chordal and 3 - fan - free.

@ (Chepoi- 1986), characterization of ptolemaic graph using ag-metric.
A graph G has an ag-metric if for any edge vw of G and any two
vertices u, x such that v € I(u,w) and w € [(v,x), the inequality
d(u,x) > d(u,v) + d(w, x) + d(w, v) holds.
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Theorem (K.Balakrishnan et al, 2015)

Let G be a graph. The interval function I satisfies the axiom (JO) if and
only if G is a Ptolemaic graph.
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Interval function of Ptolemaic graphs

(JO) For any pair of distinct vertices u, v, x,y € V we have x € R(u,y),y €
R(x,v) = x € R(u,v).

(J2) R(u,x) = {u,x},R(x,v) = {x,v},R(u,v) # {u,v} = x €
R(u, v).

(b3) x € R(u,v) and y € R(u,x) = x € R(y,v).

Let R be a transit function on the vertex set V of a connected graph G.
Then R satisfies the axioms (b3),(J0) and (J2) if and only if Gg is a
Ptolemaic graph and R coincides the interval function Ig, .
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Let R be any transit function defined on a non-empty set V. If R satisfies
(JO) and (J2) then the underlying graph Gg of R is C,-free for n > 4.

U9 Uus

uy Uy

Cy
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Let R be any transit function satisfying the axioms (b3), (J0) and (J2) then
Gg is Ptolemaic and R(u,v) = I(u, v).
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Proof

R(u,v) = I(u,v)
d(u,v) =2
I(u,v) C R(u,v)
R(u,v) C I(u,v)

.
.’
.

Lekshmi Kamal (University of Kerala, India) The axiomatic characterization MGT-2021 20/34



Proof

R(u,v) = I(u,v)
d(u,v) =2
I(u,v) C R(u,v)
R(u,v) C I(u,v)

Lekshmi Kamal (University of Kerala, India) The axiomatic characterization MGT-2021 20/34



Proof

R(u,v) = I(u,v)
d(u,v) =2
I(u,v) C R(u,v)
R(u,v) C I(u,v)

Lekshmi Kamal (University of Kerala, India) The axiomatic characterization MGT-2021



Let R be a transit function on the vertex set VV of a connected graph G.
Then R satisfies the axioms (b3),(J0) and (J2) if and only if Gg is a
Ptolemaic graph and R coincides the interval function Ig, .
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The following examples show that the axioms (J0), (J2) and (b3) are
independent.
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The following examples show that the axioms (J0), (J2) and (b3) are
independent.

Example ((J0), (J2) but not (b3))

Let V = {a,b,c,d,e} and define a transit function R on V as fol-
lows: R(a,b) = {a,b},R(a,c) = {a,c},R(a,d) = {a,b,c,d},R(a,e) =
V,R(b,c) = {b,c},R(b,d) = {b,d},R(b,e) = {b,e},R(c,d) =
{c,d},R(c,e) ={b,c,d,e},R(d,e) = {d,e}. We can see that R satisfies
(JO) and (J2). But d € R(a,e),b € R(a,d), but d ¢ R(b, e). Therefore
R doesnot satisfy the (b3) axiom.
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Example ((J2), (b3) but not (JO))

Let V = {a,b,c,d,e} and define a transit function R on V as fol-
lows: R(a,b) = {a,b},R(a,c) = {a,c},R(a,d) = {a,b,c,d},R(a,e) =
{a,b,e},R(b,c) = {b,c}, R(b,d) = {b,d},R(b,e) = {b,e},R(c,d) =
{c,d},R(c,e) = {b,c,d,e},R(d,e) = {d,e}. Here R Satisfies (J2) and
(b3). We can see that ¢ € R(a,d),d € R(c,e) but ¢ ¢ R(a,e). So R
doesnot satisfy (JO).

v
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Example ((J2), (b3) but not (JO))

Let V = {a,b,c,d,e} and define a transit function R on V as fol-
lows: R(a,b) = {a,b},R(a,c) = {a,c},R(a,d) = {a,b,c,d},R(a,e) =
{a,b,e},R(b,c) = {b,c}, R(b,d) = {b,d},R(b,e) = {b,e},R(c,d) =
{c,d},R(c,e) = {b,c,d,e},R(d,e) = {d,e}. Here R Satisfies (J2) and
(b3). We can see that ¢ € R(a,d),d € R(c,e) but ¢ ¢ R(a,e). So R
doesnot satisfy (JO).

v

Example ((J0), (b3) but not (J2))

Let V = {a,b,c,d,e} and define a transit function R on V as follows:
R(a,e) = {a,e},R(b,e) = {b,e},R(a,b) = {a,b,c} and for all other
pair R(x,y) = {x,y} we can see that R satisfies (J0),(b3) . But since
e ¢ R(a, b) we can see that R fails to satisfy (J2).

v
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Bridged graph

Definition

A graph G is bridged if every cycle of length at least 4 has a bridge (i.e. the
only isometric cycles in G can be of length 3).

@ A graph G is called bridged if it is weakly modular graphs without (4
and Gs as induced subgraphs (Chepoi, 1989).

@ A graph G is called bridged if all neighborhoods of convex sets are
convex (Martin Farber-1986).
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Interval function of bridged graphs

(J0") X(E R§u,y),y € R(x,v),R(u,y) N R(x,v) C {u,x,y,v} = x €
R(u,v).

(b3) x € R(u,v) and y € R(u,x) = x € R(y,v)

(s1) R(u,d) ={u,a},R(v,v) =
v € R(a, V).

(s2) R(u,a) = {u,a},R(v,v) = {v,v},d € R(u,v), v ¢ R(a,v),v ¢
R(u,v) = &€ R(u,v).

{v,v},ue R(d,v)and a,v € R(u,v) =
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Let G be a connected graph. The interval function lg satisfies the axiom
(JO') if and only if G is a bridged graph.
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Let G be a connected graph. The interval function lg satisfies the axiom
(JO') if and only if G is a bridged graph.

Proof —

u =1

V= Vpio

Y=t v = V42 Y = v
Co1nt >2 oyt >2
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proof <

21
20,
u a e Y
w wy ur Y Uj41 Upts

@ An a,b-subpath of R, R, :a=20z1...2e—12: = b,(t > 1)
a, b-induced path P : a = wouy... Uy = Xups1 = y...Uprs = b,
(¢ + s > 3) containing x and y

@ claim: Theindex t=¢+4+s—1

@ 2z, which is different from u, x, y, v also belongs to Ig(u,y) N lg(x, v)
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Let R be a transit function on the vertex set VV of a connected graph G.
Then R satisfies the axioms (b3),(J0'),(s1) , (s2) if and only if Gg is a
bridged graph and R coincides the interval function Ig,
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Example ((J0'), (s1), (s2) but not (b3))

Let V = {a,b,c,d,e} and define a transit function R on V as fol-
lows: R(a,b) = {a,b},R(a,c) = {a,b,e,c}, R(a,d) = V,R(a,e) =
{a,e},R(b,c) ={b,c}, R(b,d) ={b,c,e,d}, R(b,e) = {b, e}, R(c,d) =
{c,d},R(c,e) = {c,e},R(d,e) = {d,e}. We can see that R satisfies
(JO'), (s1) and (s2). But b € R(a,d),e € R(b,d) and b ¢ R(a,e). There-
fore R does not satisfy the (b3) axiom.
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Example ((J0'), (b3), (s2) but not (s1) )

Let V = {a,b,c,d,e} and define a transit function R on V as fol-
lows: R(a,b) = {a, b}, R(a,c) = {a,e,c,d}, R(a,d) = {a,d},R(a,e) =
{a,e},R(b,c) = {b,c}, R(b,d) = V, R(b,e) = {b,e},R(c,d) =
{c,d}, R(c,e) ={c,e},R(d,e) = {d, e}. Then R satisfies (JO'), (b3) and
(s2). But R(a,d) = {a,d},R(b,c) = {b,c},a,c € R(b,d),d € R(a,c)
and b ¢ R(a,c). Therefore R does not satisfy the (s1) axiom.
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Example ((J0'), (b3), (s1) but not (s2) )

Let V = {a,b,c,d} and define a transit function R on V as follows:
R(a,b) = {a, b}, R(b,c) = {b,c}, R(c,d) = {c,d},R(a,c) = {a, b, c},
R(a,d) = {a,d}, R(b,d) = {b,d}. Then R satisfies (J0'), (b3) and (s1).
But R(a,b) = {a,b}, R(c,d) = {c,d}, b € R(a,c),c ¢ R(b,d),d ¢
R(a,c) and b ¢ R(a,d). Therefore R does not satisfy the (s2) axiom.
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Example ((b3), (s1), (s2) but not (JO') )

Let V = {a,b,c,d} and define a transit function R on V as fol-
lows: R(a,b) = {a,b},R(b,c) = {b,c},R(c,d) = {c,d},R(a,d) =
{a,d},R(a,c) = V,R(b,d) = V. Then R satisfies (b3), (s1) and
(s2). But b € R(a,c),c € R(b,d),R(a,c)U R(b,d) C {a,b,c,d} and
b ¢ R(a,d). Therefore R does not satisfy the (JO') axiom.
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Induced path function of chordal graph

Let R be a transit function on the vertex set VV of a connected graph G.
Then R satisfies the axioms (bl), (b2)(J0), (J1) and (J2) if and only if Gg
is a chordal graph and R coincides the induced path function Jg.

Lekshmi Kamal (University of Kerala, India) The axiomatic characterization MGT-2021 33/34



ﬁ K. Balakrishnan, M. Changat, A.K. Lakshmikuttyamma, J. Mathew,
H.M. Mulder, P.G. Narasimha-Shenoi, N. Narayanan, Axiomatic char-
acterization of the interval function of a block graph. Disc. Math, 338
(2015), 885-894.

[§ Bandelt, H.-J & Chepoi, Victor. (1996). A Helly theorem in weakly
modular space. Discrete Mathematics. 160. 25-39.

[§ C. Lekkerkerker and J. Boland, Representation of a finite graph by a
set of intervals on the real line, Fundamenta Mathematicae 51 (1962),
45-64.

[A M. Changat, S. Klavar, H.M. Mulder, The all-paths transit function of
a graph. Czech. Math. J. 51 (126) (2001), 439-448.

[§ M. Changat, J. Mathew, Induced path transit function, monotone and
Peano axioms. Disc. Math, 286.3 (2004), 185-194.

[ M. Changat, H.M. Mulder, G. Sierksma, Convexities related to path
properties on graphs, Disc. Math. 290 (2-3) (2005), 117-131.

Lekshmi Kamal (University of Kerala, India) The axiomatic characterization MGT-2021



[ M. Changat, J. Mathew, H.M. Mulder, The induced path function,
monotonicity and betweenness, Disc. Appl. Math. 158(5)(2010), 426-
433.

ﬁ M. Changat, A.K. lakshmikuttyamma, J. Mathew, |[|. Peterin,
P.G. Narasimha-Shenoi, G. Seethakuttyamma, S. Spacapan, A forbid-
den subgraph characterization of some graph classes using betweenness
axioms, Disc. Math. 313 (2013), 951-958.

[M M. Changat., F. Hossein Nezhad. and N. Narayanan: Axiomatic Char-
acterization of Claw and Paw-Free Graphs Using Graph Transit Func-
tions. In Conference on Algorithms and Discrete Applied Mathematics,
Springer International Publishing, (2016) 115-125

ﬁ M. Changat. , F. Hossein Nezhad, N. Narayanan, Axiomatic character-
ization of the interval function of a bipartite graph. In Conference on
Algorithms and Discrete Applied Mathematics. Springer-LNCS, (2017),
96-106.

Lekshmi Kamal (University of Kerala, India) The axiomatic characterization MGT-2021



[ M. Changat., F. Hossein Nezhad. H.M. Mulder and N. Narayanan: A
note on the interval function of a disconnected graph, Discussiones
Mathematicae Graph Theory, 38, no. 1 (2018), 39-48

V. Chvatal, D. Rautenbach, P.M. Schafer, Finite Sholander trees, trees,
and their betweenness, Disc. Math, 311 (2011), 2143-2147.

B

[§ P. Duchet, Convex sets in graphs, II. Minimal path convexity, J. Combin.
Theory Ser B. 44 (1988), 307-316.
B
B

Hans-Jirgen Bandelt and Henry Martyn Mulder,Distance-hereditary
graphs,Journal of Combinatorial Theory, Ser. B,41,(1986),182 - 208

Hedlikova, J. and Katrinak., T., Lattice betweenness relation and a
generalization of K onig's lemma. Mathematica Slovaca (1996): 343-
354.

ﬁ M.A. Morgana, H.M. Mulder, The induced path convexity, betweenness
and svelte graphs, Disc. Math. 254 (2002), 349-370.

ﬁ H.M. Mulder, The Interval function of a Graph. MC Tract 132, Math-
ematisch Centrum, Amsterdam, 1980.

Lekshmi Kamal (University of Kerala, India) The axiomatic characterization MGT-2021



[§ H.M. Mulder, Transit functions on graphs (and posets). Convexity in
Discrete Structures (M. Changat, S. Klavzar, H.M. Mulder, A. Vijayaku-
mar, eds.), Lecture Notes Ser. 5, Ramanujan Math. Soc. (2008), 117-
130.

H.M. Mulder, L. Nebesky, Axiomatic characterization of the interval
function of a graph. European J. Combin. 30 (2009), 1172-1185.

L. Nebesky, A characterization of the interval function of a connected
graph, Czech. Math. J. 44 (1994), 173-178.

L. Nebesky, A characterization of the set of all shortest paths in a
connected graph. Mathematical Bohemica 119.1 (1994): 15-20.

L. Nebesky, A characterization of geodetic graphs. Czechoslovak Math-
ematical Journal 45.3 (1995): 491-493.

) W & W @

L. Nebesky, Characterizing the interval function of a connected graph.
Math. Bohem. 123.2 (1998), 137-144.

Lekshmi Kamal (University of Kerala, India) The axiomatic characterization MGT-2021



[@ L. Nebesky, A new proof of a characterization of the set of all geodesics
in a connected graph. Czechoslovak Mathematical Journal 48.4 (1998):
809-813.

[§ L. Nebesky, Characterization of the interval function of a (finite or
infinite) connected graph, Czech. Math. J. 51 (2001), 635-642.

[@ L. Nebesky, The induced paths in a connected graph and a ternary
relation determined by them. Math. Bohem. 127 (2002), 397-408.

[@ F.S. Roberts, Indifference graphs, Proof Techniques in Graph Theory,
Proceedings of the Second Ann Arbor Graph Theory Conference (New
York), Academic Press, 1969, pp. 139-146.

[@ M. Sholander, Trees, lattices, order, and betweenness, Proc. Amer.
Math. Soc. 3 (1952), 369-381.

Lekshmi Kamal (University of Kerala, India) The axiomatic characterization MGT-2021



THANK YOU...

Lekshmi Kamal (University of Kerala, India) The axiomatic characterization MGT-2021 34 /34



	Transit function 
	 Interval function of Ptolemaic graphs
	Interval function of bridged graphs
	Conclusion

