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Processes with absorption

Population dynamics with extinction:
• Stationary behavior ⇝ usually extinction
• Observed populations often exhibit a stationary behavior
• Quasi-stationary distributions (QSD) are stationary distributions

conditionally on non-extinction (Seneta and Vere-Jones, 1966)

Other applications:
• Metastable dynamics (Bovier, den Hollander 2015)
• Molecular simulation: parallel replica algorithm (Le Bris,

Lelièvre, Luskin, Perez, 2012)
• Mortality plateau (Carey et al., 1992)

Introduction aux processus de Markov avec extinction
Existence et unicité des distributions quasi-stationnaires

Calcul des distributions quasi-stationnaires
Quelques simulations
Les échelles de temps

References

Un objet spécifique
Plateaux de mortalité
Observations et définitions
Retour aux applications

Slowing of Mortality Rates at Older Ages In Large Medfly Cohorts
(1992) Carey et al.

⇒
Sur une échelle de temps plus
courte (que l’extinction), on
observe une forme de stationarité
parmis les individus encore vivants

Denis Villemonais Distributions quasi-stationnaires
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Killed Markov process (discrete time)

(Yn)n∈N a Markov chain with values in a measurable space (E , E).
∂ /∈ E a cemetery point, p : E 7→ [0, 1] a survival function

We define the killed chain X evolving in E ∪ {∂} as:

• If Xn ∈ E , then

Xn+1 =

{
Yn+1 with probability p(Xn)

∂ with probability 1− p(Xn)

• if Xn = ∂, then Xn+1 = ∂

Under good assumptions on p;

τ∂ := inf{n ≥ 0 : Xn = ∂} < +∞
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Killed Markov process (continuous time)

(Yt)t≥0 a Markov process with values in a measurable space (E , E).
∂ /∈ E a cemetery point, ρ : E 7→ R+ a killing rate

We define the killed process X evolving in E ∪ {∂}:

Xt =

{
Yt if t < τ∂

∂ otherwise

where

τ∂ := inf

{
t ≥ 0 :

∫ t

0

ρ(Ys)ds > θ

}
with θ a random variable with exponential law of parameter 1,
independent of (Yt)t≥0.
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Quasi-stationary distributions (QSD)

The only stationary state of X is the cemetery point ∂.
How to describe X before extinction?

Definition

A probability measure α on E is a Quasi-Stationary Distribution if

X0 ∼ α ⇒ P(Xt ∈ · | t < τ∂) = α, ∀t

Note: if X0 ∼ µ, we write

Pµ(Xt ∈ · | t < τ∂) =
Pµ(Xt ∈ ·, t < τ∂)

Pµ(t < τ∂)
̸=
∫

Px (Xt ∈ · | t < τ∂)dµ(x )

Questions : existence, uniqueness, convergence of Pµ(Xt ∈ ·|t < T∂)
towards α ?
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Convergence in total variation

Theorem (C. and Villemonais, 2016)

In the general framework of absorbed process, the conditions

1 (conditional Doeblin) there exist t1, c1 > 0 and a distribution ν
such that for all x ∈ E ,

Px (Xt1 ∈ · | t1 < τ∂) ≥ c1ν(·)

2 (Harnack inequality) there exists c2 > 0 such that for all x ∈ E
and t ≥ 0,

Pν(t < τ∂) ≥ c2Px (t < τ∂)

are equivalent to the existence of C , γ > 0 and a unique QSD α such
that for all initial distribution µ

∥Pµ(Xt ∈ · | t < τ∂)− α∥TV ≤ Ce−γt
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What about Bernoulli convolutions?

We consider the chain Yn on E = [−2, 2] defined by

Yn+1 =
1

2
Yn + θn+1

where (θn)n≥0 is a sequence of i.i.d. variables such that

P(θn = 1) = P(θn = −1) =
1

2
.

Let Xn be the killed chain. Then;

Px (Xn ∈ Q | n < τ∂) = 1lQ(x )

⇝ convergence in total variation is not possible
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However...

For x ∈ [−2, 2], {
Y x

n+1 = 1
2Y

x
n + θn+1

Y x
0 = x

For all x and y ∈ [−2, 2],

|Y x
n −Y y

n | = 2−n |x − y |

⇝ gives hope for convergence towards a QSD
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Goal

Definition

(E , d) a Polish space. The Wasserstein distance between two
distributions µ and ν on E is

Wd(µ, ν) = inf
U∼µ,V∼ν

E(d(U ,V )) = sup
f∈Lip1(d)

∣∣∣∣∫ f dµ−
∫

f dν

∣∣∣∣ .
⇝ super easy:

Wd (Pµ(Yn ∈ ·), Pν(Yn ∈ ·)) ≤ 2−nWd(µ, ν).

⇝ less easy:

Wd (Pµ(Xn ∈ ·|n < T∂), Pν(Xn ∈ ·|n < T∂)) ≤ ??
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Death Valley Yn+1 = Yn/2 + θn+1 and p(x ) = |x |/2
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Death Valley: impassable

Yn+1 =
1

2
Yn + θn+1

Let Xn the chain Yn killed, survival probability: p(x ) = |x |/2.

We can show that for all x , y ∈ [−2, 2] \ {0} and n ≥ 1,

Wd (Px (Xn ∈ · | n < τ∂), Py(Xn ∈ · | n < τ∂)) ≥
1

2
|x − y |

⇝ no contraction for the conditioned chain!
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Recall the settings

• I = N or R+

• (Yt)t∈I a Markov process on (E , d)
• ρ : E → R+ measurable
• If I = R+, ρ is the killing rate
• if I = N, p = e−ρ is the survival function

It is more convenient to work in the setting of penalized Markov
processes (Del Moral, 2004):

Px (Xt ∈ A | t < τ∂) =
Ex [Zt1Yt∈A]

Ex [Zt ]
,

where

Zt = Zt(Y ) = p(Y0)p(Y1) . . . p(Yt−1) = exp

(
−

n−1∑
i=0

ρ(Yi)

)
for I = N,

or

Zt = Zt(Y ) = exp

(
−
∫ t

0

ρ(Xs)ds

)
for I = R+.



Introduction Convergence in total variation Examples Convergence in Wasserstein distance Applications

Assumption (A)

1 d is bounded and ρ : E → R+ is Lipschitz,

2 There exists CA, γ > 0 such that, for all t ∈ I and x , y ∈ E , there
exists a Markov coupling of Y x and Y y such that

E[Zt(Y
x )d(Y x

t ,Y
y
t )]

ExZt
= E (d(Y x

t ,Y
y
t ) | t < T x

∂ ) ≤ CAe
−γtd(x , y)

Theorem (with E. Strickler and D. Villemonais, 2023)

Under Assumption (A), there exist C0 and β > 0 such that

Wd (Pµ(Xt ∈ · | t < τ∂), Pν(Xt ∈ · | t < τ∂)) ≤ C0e
−βtWd(µ, ν)

Moreover, there exists a unique QSD α and

Wd (Pµ(Xt ∈ · | t < τ∂), α) ≤ C0e
−βtWd(µ, α)

Note: in the previous example, ρ(x ) = − log(|x |/2) is not Lipschitz
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Ideas of the proof

Define for all s ≤ t ≤ T

RT
s,t f (x ) = RT−s

0,t−s f (x ) =
ExZT−s f (Yt−s)

ExZT−s
.

This is a time-inhomogeneous semigroup: for all r ≤ s ≤ t ≤ T

RT
r ,sR

T
s,t = RT

r ,t .

Note that
Ex [f (Xt) | t < τ∂ ] = δxR

t
0,t f

but
Eµ[f (Xt) | t < τ∂ ] ̸= µRt

0,t f
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Ideas of the proof

Key property: (A) implies that

(H) There exist CH > 0 such that, for all x , y ∈ E and t ∈ I ,
Ex (Zt) ≤ CHEy(Zt).

First consequence: for all x , y ∈ E and t ≤ T ,

E [ZT (Y x )d(Y x
t ,Y

y
t )]

ExZT
=

E
[
Zt(Y

x )d(Y x
t ,Y

y
t )EY x

t
ZT−t

]
Ex (ZtEYt

ZT−t)

≤ CH
E [Zt(Y

x )d(Y x
t ,Y

y
t )]

ExZ t

≤ CACH e−γtd(x , y).
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Ideas of the proof

Second consequence:

E |Zt(Y
x )− Zt(Y

y)| ≤ E
[(

exp

(∫ t

0

ρ(Y x
s )ds

)
+ exp

(∫ t

0

ρ(Y y
s )ds

))
×
∣∣∣∣∫ t

0

(ρ(Y x
s )− ρ(Y y

s ))ds

∣∣∣∣]
≤ ∥ρ∥Lip

∫ t

0

E [(Zt(Y
x ) + Zt(Y

y)) d(Y x
s ,Y

y
s )] ds

≤ ∥ρ∥Lip(d)CACH

∫ t

0

e−γsds (ExZt + EyZt) d(x , y)

≤ ∥ρ∥Lip(d)
CACH

γ
(1 + CH )EyZtd(x , y),
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Ideas of the proof

For all Lipschitz ϕ,∣∣∣δxRT
s,tϕ− δyR

T
s,tϕ

∣∣∣
≤ |EZT−s(Y

x )ϕ(Y x
t−s)−EZT−s(Y

x )ϕ(Y y
t−s)|

ExZT−s
+∥ϕ∥∞

|ExZT−s−EyZT−s |
ExZT−s

≤ ∥ϕ∥Lip(d)
E
[
ZT−s(Y

x )d(Y x
t−s ,Y

y
t−s)

]
ExZT−s

+ 2∥ϕ∥∞
|ExZT−s − EyZT−s |

ExZT−s

≤ C
(
∥ϕ∥∞ + e−γ(t−s)∥ϕ∥Lip(d)

)
d(x , y).

Introducing the equivalent distance on E

dκ(x , y) = (κd(x , y)) ∧ 1,

with well-chosen κ and t0, we deduce that there exists β < 1 such
that, for all ϕ ∈ Lip1(dκ) and all k ,∣∣∣δxRT

kt0,(k+1)t0
ϕ− δyR

T
kt0,(k+1)t0

ϕ
∣∣∣ ≤ βdκ(x , y).

Iterating with the semigroup property allows to conclude.
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Consequence on the survival probability

Corollary

Assume (A). Then, there exists a d -Lipschitz function
η : E → (0,+∞) such that

η(x ) = lim
t→+∞

eλ0tExZt ,

where λ0 is the absorption rate of the QSD α and the convergence
holds exponentially fast for the uniform norm.
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Consequence on the Q-process

Corollary

Assume (A). There exists a Markov family (Qx )x∈E such that∣∣∣∣Ex (1AZt)

ExZt
−Qx (A)

∣∣∣∣ ≤ Ce−β(t−s)

for all Fs -measurable set A for all s ≤ t ∈ I and the probability
measure

νQ(dx ) = η(x )α(dx )

is the unique invariant distribution of (Yt)t∈I under (Qx )x∈E .
In addition, for any initial distributions µ and ν on E ,

Wd(Qµ(Yt ∈ ·),Qν(Yt ∈ ·)) ≤ Ce−βs Wd(µ, ν).
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Consequence on quasi-ergodicity

For all x ∈ E and t > 0, define

µx
t =

Ex

[
Zt

(
1
t

∫ t

0
δYs

ds
)]

ExZt
if I = [0,+∞)

or

µx
t =

Ex

[
Zt

(
1
t

∑
s<t δYs

)]
ExZt

if I = N.

We obtain the following quasi-ergodic (sensu Breyer and Roberts,
1999) result:

Corollary

Assume (A). Then

Wd (µ
x
t , νQ) = sup

f∈Lip1(d)

Ex

[
Zt

(
1
t

∫ t

0
f (Ys)ds − νQ(f )

)]
ExZt

≤ C

t
.
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When coupling is faster than killing (1)

As expected from Cloez and Thai (2016) and Journel and Monmarché
(2022):

Proposition

Assume that, for all x , y ∈ E ,

E [d(Y x
t ,Y

y
t )] ≤ Ce−γt d(x , y), ∀t ≥ 0

with γ > osc(ρ). Then Condition (A) holds true.
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When coupling is faster than killing (2)

We can also obtain a local version, which improves Villemonais
(2020), by observing that

∂

∂t
E
[
Zt(Y

x )

ExZt
d(Y x

t ,Y
y
t )

]

≤
E
[
e−

∫ t
0
ρ(Y x

s )ds(−ρ(Y x
t )d(Y

x
t ,Y

y
t )+Lcd(Y x

t ,Y
y
t )+∥ρ∥∞d(Y x

t ,Y
y
t ))
]

Ex

[
e−

∫ t
0
ρ(Ys) ds

] ,

where Lc is the generator of the coupling of Y x and Y y .
Hence, assuming that

σ := sup
x ̸=y

Lcd(x , y)

d(x , y)
− ρ(x ) + ∥ρ∥∞ < 0,

(A) is satisfied with CA = 1 and γ = −σ.
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Back to Bernoulli convolutions

For the chain

Yn+1 =
1

2
Yn + θn+1

on E = [−2, 2], since

|Y x
n −Y y

n | = 2−n |x − y |

(A) is clear (provided p is Lipschitz).

More generally, for the chain

Yn+1 = fθn+1
(Yn),

where (θn) are i.i.d. and (fθ)θ is a family of Lipschitz functions such
that, for all θ, ℓθ := ∥fθ∥Lip ≤ 1.

Proposition

If p = e−ρ with ρ Lipschitz and P(lθ1 = 1) < e−osc(ρ), then (A) holds
true.
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Switched dynamical systems

We consider the PDMP (Xt , It)t∈R+
, where the environment It is an

irreducible Markov chain on a finite state space S and

Ẋt = FIt (Xt) in Rk

where, for all i ∈ S ,

⟨Fi(x )− Fi(y), x − y⟩ ≤ −γ∥x − y∥2

for some constant γ > 0.
For R large enough, the ball ∥x∥ ≤ R is invariant for all Fi .
We define the distance

d((x , i), (y , j )) = 1li ̸=j + 1li=j
∥x − y∥

2R
, ∀∥x∥ ≤ R, ∥y∥ ≤ R, i , j ∈ S .

We assume that the killing rate ρ(x , i) is Lipschitz.

Proposition

Using the classical independent Markov coupling, Condition (A) holds
true.
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