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l Introduction : generative approach

training generating

* Energy based models (RBMs, Generative Convnets)
* Generative Adverarial Network (GAN)
* Variational AutoEncoder (VAE) 3/ 45

Ol /|=12]y]S]é]7] 617



cHdorHaN e
t}‘ e tf‘ oy ‘hsb \J\[ g =1 t;(! —

LW ORLwIJQAQ W

G
=)L)

i
T
i

()

G i
)
oF

i

o
vl

G
!

) G 1
-iih]m
e

i
) G
*w

Q5E940_BOVIN
RLAO_HUMAN
RLAO_MOUSE

RLAO_RAT
RLAO_CHICK
RLAO_RANSY

Q72UG3_BRARE
RLAO_ICTRU
RLAO_DROME
RLAO_DICDI

Q54LE0_DICDT
RLAO_PLAFS
RLAO_SULAC
RLAO_SULTO
RLAO_SULSO
RLAO_AERPE
RLAO_PYRAE
RLAO_METAC
RLAO_METMA
RLAO_ARCFU
RLAO_METKA
RLAO_METTH
RLAO METTL
RLAO_METVA
RLAO METJA
RLAO_PYRAB
RLAO_PYRHO
RLAO_PYRFU
RLAO_PYRKO
RLAO_HALMA
RLAO_HALYVO
RLAO_HALSA
RLAO_THEAC
RLAO_THEVO
RLAO_PICTO

“ruler

T
vt

=
g )

MSV¥VUSLYGQMYKREKD TPER

SN YFLKIIBLLDDEPKCFIVGA]

SHYFLKIIQLLDD¥PKCFIVGAI

SNYFLKITQLLDD¥PKCF IVGA

SHYFLKIIQLLDD¥PKCFIVGAI

SN YFMK ITQLLDD¥PKCEVVGA

SNYFLKIIQLLDD¥PKCFIVGA)

SNYFLKITQLLDDY¥PKCE IVGA
SHYFLKIIQLLNDEPKCFIVGA)
RQYF IKVVELFDEFPKCELVGA

QMYIERLSSLIQQ¥SKILIVHVDHVEENQMASY]
VDEVAELT K LKTHKT IITANIEGFP ADKLHE I|
IEEVKELEQKLRE¥HT ITTANIEGFDADKLHD I
LEEVKELTELIKNSNT ILIGNLEGFP ADKLHE I|

KLFIEKATKLFTT¥DRMIVAEA
NVFIEKATKLFTT¥DKMIVAEADFY I
S

TLMLRELEELFSKHERVYLFADL FYV@RY

~MMLATGKRRYVRT RO¥PAR]

MAYKAKGOPP SEYEPKVAEW

‘;RBVEEIK ISSKPVVALVSERNVDAG)

KDEIENIKELIQSHKVFGMVEIEC ILATKM
KDEIENIKELIQSHKYFGMYRIEGILATKT

KIVSEATBLLOKYPYYFLFDLHGLS| RILHE.;
T

REVKELK.LMDEﬁNVGLVDL.GIPAE
KKEVQELHDL IKG YY¥GIANLADIPA]
IEEYNKLK LKNGQIVALYDMME VP Al
IEEVNBLKI:LKSR“VIRLIDMMEVERV
IEEYKTLKGL IKSKPYVYAIVDMMDYP AP
KKEVEELANL IKS| VIALYDVSSMPAYPLSQM
KKEVEELAKLIKSEPVIALYDYSSHPAYPLSOM
KKEVEELANL IKS| VYALYDVSSMPAYPLSQM
KKEVEELANIIKSEPVIALYDVAGVPAYPLSKHI

HHHEHHAH

RDLHET-AEL
RELHES - AAV

—~GT M

fDQMIE
~DKVKL
ENGGLL
ENGGLL
ENNGLL
- BRALL

KELVNEIT@RIKASRSYALIVDEAGIR
KE I¥ SELA| ITKSKAVAIVDIKGYRS

1..

QEEVDAIVEMIESY¥ESVGVVNIAGIP M
REEVDELVDF IESYESVGVVEVAGIP SH
RQEVAELVDLLET¥DSVGVYNVTGIPSK
I
Hi

IDFYRNLENE INSRKVAAIVSIKGLRN,
e 30........ 40, .. ..., 50....

MRRELHGO- RAL
IRGRNRGK- INL:
IRAKNRDK- VK I
IRNSIRDK-ARL

ATRGHI

N--PAL

ATRGHL

ATRGHL

ATRGHL

ATRGHL

ATRGHL

ATRGHI

IE

ATKEYA

[ETGNPEFA
[ETGNPEFA
[E LNNPKLA

IE LEKPEL

ARKELGKPEL

LEKPEL
LGOPEL

4/ 45



l Energy based models (EBMs)

— FE(v,h;0)
Observed f \ p(’v, h') X € (
latent parameters

Learning : adjust the parameters so that the dataset configurations are typical

configurations of the model.
Gradient ascent

M
Maximize the likelihood: L = H p (U(m)) Vol
m=1

Problem / — E p(v, h) Isin generally impossible to compute exactly

v,h 5/ 45

We need Monte Carlo Sampling




l Energy based models (EBMs) E(v, h; 0)

* Deep Boltzmann Machines

* Generative ConvNets

28x28

6/45



lWhy Restricted Boltzmann Machines (RBMs)?

In this talk we focus on RBM for the following reason:

 Itis an Ising model: a canonical model for statistical physicists

* We can write explicitly the probability distribution which give us tools to study it

* It relies on a simple shallow neural network that can be looked into: can it be
used to extract dataset features (interpretability) ?

* It can model complex dataset : it can be shown in the binary case that it can
overfit anything...

Reasons to not use it:
* The training can be (very) capricious for complicated reasons
* Generate new data can be long ... (How long?)

* So far, no implementation of a convolutional RBM has been made usable in practice
. 7 /45




l RBM (biased) Historical events

Machine Learning aspects
* It was introduced by Smolenski and popularized by Hinton ~80/90
- introducing the Contrastive Divergence it was proved to be “practical”
It was getting popular as a pre-training tools for deep-network
* Then, the interest for RBMs slowly decreases around ~2010
* The rise of GAN/VAE alternative achieve to out-faschion RBM

Statistical Physics aspects
* Many works on RBM in ~2010 anaylising the phase diagram of RBM
* Works on the |earning dynamics
* Works on message-passing learning algorithm

81745



l Restricted Boltzmann Machine Smolensky (1989)

vi,he € {0,1} Ha : Energy of a configuration

[@ J E[’U, h7 w,n, 9] - = Zviwiaha - anvz - Z eaha

Wi.a
Visible AT Visible : data 3-.

Hidden
layer

layer

772- Hidden : “Neurons” — features extracted
(interpretability!)

9/45



l Restricted Boltzmann Machine Smolensky (1989)

vi, hq € {0,1} (9a . Energy of a configuration
Hidden . B - N
ayer [@ @ @ Blovhiwn 0= = vt~ Y~ S

Visible : data 3,

772- Hidden : “Neurons” — features extracted
(interpretability!)

Visible
layer

Sequencing context: Tubiana, Cocco, Monasson, Elife (2019); Shimagaki, Weigt, PRE (2019), Yelmen et al., PLoS
genetics (2021); Bravi et al. PloS CB (2021); Bravi et al. Cell Systems (2021); = Tubiana’s talk 10/ 45



l Training vs. Sampling and RBM

/ Learning \ / Generating \
00’ . . 9

a Quenched

_ parameters

@ o o - , |
Wi,a &%‘%’«“&{“ Parameter ’\AA{‘// Samplmg New
2NN\ fitting a5\ | configurations
v W Y V4 \¢ \V
b

i

L

11745




l Gibbs sampling of a trained RBM
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l Learning an RBM

Gibbs equilibrium distribution

p[v7h"w7n79] — Z Wlth Z — Z e_E[v7h]
{v,h}
- Dataset S = {vV ... oM} arethe typical samples of p(v)

* Maximize the log-likelihood L(w,n,0|S) = Z Inp(v = U(m)|’wa n,0)

- Gradient ascent Ow., (Vilta)D — (Vilta) %

0L oL
— (v;)p — 2. = (ha)D — (ha)n 13745




l On the interpretability (I)

* One can extract the point correlations of our data up to any order !

Once we integrate out the hidden variables: E(v; 6’) = —log <Z GE[U,h;w,n,9]>

B) = ~Bo = 30 o= Y0y = 3 Sy = YD I ey, <o

7:7] iaj7k .71]71

Effective model for the problem
14/ 45



l On the interpretability (II)

* It can be shown that when the RBM starts to learn features of the data, the system

suffers a phase order transition from a paramagnetic phase to a ferromagnetic phase
. [Decelle, Fissore, Furtlehner J. of stat phys (2018)]
Phase diagram

Para: high temperature (low variance)
Ferro: strong eigenmode - low noise

Eigenvalues vs Nb updates

Threshold

1/"Noise”

Condensatior] trangition

0 05 1 15 2 25 3 35 4 0 -
10? 103 104
. . 15745
Highest eigenvalue of w, Nb of updates



l On the interpretability (II)

« The eigenvectors w, of matrix @ align with the important directions of the dataset:

L [Decelle, Fissore, Furtlehner |.
m; = (v-w;i)p #0 of stat phys (2018)]

CPF protein

Work in collaboration with
- R. Vanderhaegen, A. Decelle,
’°. A. Carbone

16 /45



l On the

gradient

N, parallel
Markov chains

initialization

5k [MCMCstepS]

= = (v;h h
8’wia, <vz a>D <U'L a>7—[ .
oL E
o = (W) —{(vi)n b
U =
@)
=

00,
Measure = r.n.s gradient
17145



oL

l On the gradient Ow;q

oL

<, ) > R.h.s gradient will be correctly %
H computed if the simulations thermalize 85

70,

ko~ NTmixing

N, parallel
Markov chains

initialization

. k [MCMCstepS]

J
=
5
N

|
=
3
£

Measure = r.h.s gradient

18 /45

Monte Carlo



oL

~ = Uiha DI U’iha H

l On the gradient Buy, | \ihalo) (viha)
oL
<. . > R.h.s gradient will be correctly % == <U¢>D — <UZ>H
H computed if the simulations thermalize 85

Monte Carlo

—+ /h N\~ /K N,

Let's choose good starting point and

approximate with k~O(10) steps

* Contrastive divergence (CD) [Hinton
(2002)] Init - dataset

* Persistence contrastive divergence (PCD)
[Tieleman (2008)] Init - previous last
point

* Mean field (TAP) [Gabrié, Tramel, and
Krzakala (2015)]

ko~ NTmixing

N_ parallel
Markov chains

initialization

' - ' . . Or
- k [MCMCSteps] * Simulated annealing, Parallel Tempering, ...




Decelle, Furtlehner, Seoane

l Equilibrium vs. Non-eq. regimes  “ . o0,

/ See Decelle’s pOSter
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* Non-equilibrium & < ttherm >+ “Learns the dynamics”

* Equilibrium k > tiherm * Learns a good model for
the data 20 /




Rdm-100 random start
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l Non-equilibrium regime

Training using CD: chain initialisation
at the dataset

If we sample the RBM from:
> random NOTHING

CD-100 random start
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Non-equilibrium regim

Training using CD: chain initialisation
at the dataset
If we sample the RBM from:
> random NOTHING

> the dataset we do not get
anything new
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With HB MCMC dynamics

Non-equilibrium regime

Training using Mean Field dynamics

If we sample the RBM :
> Heat bath dyna

NOTHING
> With MF good data at t~k P ErEYEEYRE
and it does not change 7@ Y4 679228610 /1 |
anymore 6794479328611 1
67 9:494793:,86111

24 [ A5

7
o4 d 793286111




Non-equilibrium
reg i m e lage [parameter updates]

2863 14064 — 69092
4867 23908 — 117457
8273 40643 — 199676

Rdm10 (k=10)

&
& [ .
P 2-point correlations

Fourier coefficients

Quality of the generated samples

10° 100 102 10 10* 10°
tmeme [MCMC steps]

Decelle, Furtlehner, Seoane
arXiv:2105.13889

25745



Non-equilibrium regime : generation

Rdm10 (k=10) Rdm100 (k=100) Rdm103 (k=103) Rdm10* (k=10%)

2
—
<

~

a
4
W

p—
<

2‘.‘

10 101 10> 103 10* 10%0° 10' 10> 10° 10 10°10° 10' 10> 10° 10* 10%0° 10' 10> 10° 10* 10°
tmemce [MCMC steps] tmeme [MCMC steps] tmemce [MCMC steps] tmemc [MCMC steps]

n
@
o
&
40)
n
©
Q
)
1)
|-
Q
C
)
(@)
Q
e
)
Y—
o
>
fyd
©
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o

Best quality samples are obtained at ¢, .,,. ~ k
Decelle, Furtlehner, Seoane 26 / 45
arXiv:2105.13889.




l Equilibrium regime

£

104

109

100 102 10° 10 10°
tmemc [MCMC steps]

5&'-.1:5*5&@';#&%‘2:53:5@53

VALILYR a2 6D
UF22Cq6206355960¢

JSEQS&%O???“R
Aéé7ﬁ‘IJb

Dynamics are much faster

27145



Decelle, Furtlehner, Seoane
ArXiv:2105.13889

l Equilibrium vs. Non-eq. regimes o0,

See Decelle’s poster

/ Non-equilibrium \

k < ttherm

* “Learns the dynamics”

* Advantage: Optimal for data
generation

—> random noise initialization

Nijkamp, Hill, Han, Wu, Zhu. . F%lﬁ“ l@ o
NIPS 2019, AAAI 2020. %E@

BM: Muntoni, Pagnani,
Martin Weigt, Zamponi (2021)

* Drawbacks:
Unpredictable if not controlled

* not a good model for the data
* Extremely slow dynamics

Equilibrium
k> Ltherm

* Learns the (unnormalized)
prob. Distribution of the data

* Advantage:
Fits a good model for the data
Sampling is stable

* Drawbacks:
Very slow training: need large k

 Generating new configurations can
Kbecome prohibitive 28 /45




Equilibration: how long?

_._ttherm(kzso) +ttherm(k: 103)
e (f=100) =™ (k=10")
1™ (k=500) + 1o (k= 10%)

* Grows with the

fage [updates]
Decelle, Furtlehner, Seoane
arXiv:2105.13889

learning updates

* Always over 50

therm
t ~ NTmixing

Literature k~10

Always out-of-equilibrium regime !

10° 10! 10?
tg [MCMC steps]

Easy : MNIST

Coit) =

fage [updates]
+201 8272
+342 - 14063
1582 23907
+990 1 40642
1683 + 69091
2862+ 117456
4866+ 199675

29 /45



l Equilibration: how long?

su!
“““
-
-----
R
“
.

_,._ttherm (k= 104) K

P S SR SR R SR S S

0 107 10° 107 10° 10°
fage [updates]

Hard : GENE

The thermalisation time jumps suddenly

beyond 10> MCMC steps.

The equilibrium regime is beyond

our reach...

1.00 E

0.50 .

0.251

0.001 = T S W
10° 107 10> 10° 10

tc [MCMC steps]

fage [updates]

+1 41

+2 169

+4 118
8 +201
144 342
24

30/45



H D Ehl=-) vwihe— Y mivi— Y Oaha
lWhat does it happen: B

Phase diagram w; :i-th eigenvector m; = (v - wi>D £ 0

2
g of the W matrix
1.5 .f
S
Para >
0
2 1 Ferro
= w
0.5 SG \[
A

0 0 0.5 1 1.5 2 2.5 3 3.5 4

Highest eigenvalue of w,

31745



H D Ehl=-) vwihe— Y mivi— Y Oaha
l What does it happen? R
m; = (V- w;)p # 0

w); :I-th eigenvector

- ptherm g —104) of the W matrix

4 ? age — 90

tage = 144

100 10" 102 10° 104 10°
fage [updates]




l What does it happen?

tage = 144

As learning advances we start to have metastable states

-100-
—~ 150
& 200
8‘; -250 ]
2 300
-350
-400
-450-]

NS R o o S e B g B
-06 -04 -02 0.0 0.2 0.4 0.6 0.8
m



We do the PCA of the data and project the
l StrUCtu rEd dataSEts data long the first 2 eigenvectors

MNIST GENE PROTEIN FAMILY

Clusterized datasets 34745



lStep back : high dimensional clusters along 1D

We feed the RBM with points belonging to different clusters (in high dimensions) but
Separated only in one

10 | - o pcA| ¢ Standard RBM training procedure fails completely
03 | mm proj3 to fit such dataset
— 0 4 projl
n
© o4 * Yet, this simple low dimensional dataset can be
02 4 . .
rain nalyticall Decelle, Furtlehner, PRL 2021
Cl ok 'S trained analytically [ ]
_ : > We can have a perfect model w, 6 n to
o ' ‘ “ 3. test the biased sampling
o | : X

[Bereux, Decelle, Furtlehner, Seoane, In preparation]
proj0 35/ 45



l Problems of the standard MCMC sampling

16 4 Em data
14
]_2_

ln E

| Y Y

-1
i &
i . l e
! I ! ! ! !
-15 —14 -5 0 5 10
My

Projection of the first eigenvector 36 / 45
of the W matrix (normalized)




l Problems of the standard MCMC sampling

75 - Em data
mm generated
20 4
]5 -
10 4
5 -
D.GQ_I
002 A
g' 000 A !
—0.02Z 1
—0.04 1

-1.0 UEI UE UT DE 05 04 CI3 DE

Projection of the first eigenvector 37/ 45
of the W matrix (normalized)



l The Tethered Monte Carlo approach (I)

[ Fernandez, Martin-Mayor, Yllanes - Nuclear physics (2009),
Martin-Mayor, Seoane, Yllanes, Journal of Statistical Physics (2011),
Fernandez, Martin-Mayor, Seoane, Verrocchio, PRL (2012) ]

|N [ - 2 > .
/= Z e—E(v,h) _ % / dm, Z e—E('v,h)e—N(m—mo('v)) /2 :/ dme—NQ(m)
h —© L h

v, —00
2v,h O™ Zto) o —NQ(1h O w(t.v. h
Ofw.h) = = [ aim(0), ¥y SO el h)
v,h > Y e pw(i, v h)
0] CL)(T?L,’U, h) _ e—E(v,h)e—N(m—mo(@))2/2

5_
i 1 L  Run K simulations at 712;, with i=1,...,K fixed
00 09 08 0.7 06 105 +04 07 02

i * We break the metastability: fast thermalisation
38 / 45




rim)

The Tethered Monte Carlo approach (II)

[ Fernandez, Martin-Mayor, Yllanes - Nuclear physics (2009),
Martin-Mayor, Seoane, Yllanes, Journal of Statistical Physics (2011),
Fernandez, Martin-Mayor, Seoane, Verrocchio, PRL (2012) ]

ds?

— = (m —mo(v)),

dm
3) Extract
o~ NQ(1h)
/ - : () =
1) Compute () 2) Integrate it numerically P [ e~Na(m)
0.010 15 9 —
0.05 +
0.008
10 -
000 ~ — 0006 1 —_
<§- <§-
0.004 =
~0.05 - 2
0.002 1
~0.10 . o000 1L, . , : : . ' o= : : . : : :
. 0.0 0.2 04 0.6 08 10 12 0.0 0.2 04 06 0.8 10 12
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The Tethered Monte Carlo approach (II)

[ Fernandez, Martin-Mayor, Yllanes - Nuclear physics (2009),
Martin-Mayor, Seoane, Yllanes, Journal of Statistical Physics (2011),
Fernandez, Martin-Mayor, Seoane, Verrocchio, PRL (2012) ]

df) (i
— = (m —n
dm
16 1 —— data
14 4 | = tethered p(m) XtraCt
i o—NQ(n)
/ 55 -
1) Compute () 10 ] [ e=NQGn)

B_

0.05 +
5_

*E 0.00 - . . . 4
=] 2 -
—0.05 4 0 : : :
0.0 0.2 04 0.6 0.8 14
-0.10 : : : : : ri ; — ".
0.0 0.2 04 0.6 0.8 ] . ) ﬁI}.E 0.8 10 12
i Once having p(m), we can use inverse i
sampling for sample generation!
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l Learning with TMCMC
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th TMCMC

igher number of conserved observables is straigtforward...
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° Decelle, Furtlehner, Seoane
l Conclusions ArXiv:2105.13889

* RBM have a major advantage in terms of interpretability of the
extracted patterns, but training is very unstable following the
standard recipes.

* Instability is a consequence of the nonequilibrium sampling
during the sampling and can be controlled and taken in advance
to generate good samples with short trainings.

* In order to fit a good model for the data, the sampling during the
learning must equilibrate:

- Datasets without structure : mixing time grows with Nb. Updates

- Structured datasets: thermalisation is hampered by coexistence of
states — biased sampling
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l Parameters MNIST

* Number of hidden nodes: N;, = 500

* Learning rate: o = 0.01

* Minibatch size: 72,5 = 500

* no {7 regularization of momemtum.

* The gradient is centered according to [1]

» The visible biases are initialized to match the empirical frequency of the training dataset:

_'1' 1 ey
1; = log (1 ilm_) where m,; = i ; 95 ) (1)

T

* The number of MC chains used for the negative term was always equal to 7,,,;

* The number of MC steps for the negative chains is indicated by the variables 71, and can
vary.
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l RBM: learning and phase transition

We can confirm experimentally that the divergence of the mixing time correspond
to the 2nd order phase transition

Threshold

Eigenvalues vs Nb updates
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