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JOINT WORK WITH 


M. MAGIDOR 

AND 


M. ZEMAN



This is a nostalgic trip across the early days of 

Set Theory and Large cardinals



This is a nostalgic trip across the early days of 

Set Theory and Large cardinals

Think of it as a remix of classical 60’s and 70’s rock, 

but using modern technology.



HERE ARE THE ELEMENTS



CARDINALS WITH 

COMPACTNESS PROPERTIES 



Techniques for proving determinacy: auxiliary games


Games of transfinite length



STRONG IDEALS

Precipitous ideals


Saturated ideals


Laver Ideals: Ideals on a cardinal such that the quotient has a 
dense closed set



FINE STRUCTURE

IN A MODERN GUISE



FORCING

Creating non-reflecting stationary sets


Killing them while preserving other stationary sets


Laver “lottery style” forcing


Coding



SO GET OUT YOUR DANCING SHOES AND 

GRAB A COPY OF KANAMORI-MAGIDOR



BACK TO THE 60’S:  

EVEN BEFORE THE BEATLES



LARGE CARDINALS



LARGE CARDINALS



WEAKLY COMPACT CARDINALS



WHAT THIS TALK IS REALLY ABOUT…



WHAT THIS TALK IS REALLY ABOUT…



WHAT THIS TALK IS REALLY ABOUT…

I’m going to call the versions

in this paper “Welch games”



WELCH GAMES



WELCH GAMES



WELCH GAMES



WELCH GAMES



WELCH GAMES

What happens in between?







NOTATION



A PROOF THAT DOESN’T WORK



A PROOF THAT DOESN’T WORK

You forced an ultrafilter that gives a well-founded 
ultrapower without adding infinite sequences to V!



A PROOF THAT DOESN’T WORK



OUR MAIN RESULT



“Laver ideals”



BUT IS THIS VACUOUS?



BUT IS THIS VACUOUS?

Are there any models where II wins 

and kappa isn’t measurable?





The first theorem says that 

Winning the game of length gamma gives 


gamma-densely treed ideals



A CONVERSE



A CONVERSE



SO WE HAVE REDUCED THE PROBLEM TO 
BUILDING IDEALS WITH NICE PROPERTIES



But is it all or nothing?



But is it all or nothing?

If you win the game for some uncountable 

gamma do you win 


the game of length kappa?





THE UPSHOT



MORE PRECISE INFORMATION



MORE PRECISE INFORMATION

So you can create one strategy at a time of a given desired length.



WHY DOES FINE STRUCTURE CREEP IN?









HOW DO YOU GET THE RELEVANT IDEAL?



MAIN NEW TECHNICAL DIFFICULTIES

These results appear in Part 2 of the paper.  The innovations are aimed

at interations with Easton supports, but the seem to apply to


a much broader collection of iterations.



LET’S GO BACK TO PLAYING GAMES



WHAT’S UP WITH THE INACCESSIBLES?

To my knowledge there wasn’t clear justification of 

the inaccessible hypothesis in the Kiesler -Tarski result.


They turn out to be necessary




WHAT’S UP WITH THE INACCESSIBLES?

To my knowledge there wasn’t clear justification of 

the inaccessible hypothesis in the Kiesler -Tarski result.


They turn out to be necessary


The next results are naive and easy. 

Throwback math.



WHAT’S UP WITH THE INACCESSIBLES?

James Cummings was involved

 in discussions of part of this.



WHAT’S UP WITH THE INACCESSIBLES?



WHAT’S UP WITH THE INACCESSIBLES?



WHAT’S UP WITH THE INACCESSIBLES?

Welch games can’t be played 

on cardinals that are not inaccessible



WHERE DO THE IDEALS COME FROM?



HOPELESS IDEALS



HOPELESS IDEALS



GOAL



THE INTERMEDIATE GAMES



UPBEAT FINALE



REMEMBER THE CONTEXT



OPEN PROBLEMS



THANK YOU!


