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This is a nostalgic trip across the early days of
Set Theory and Large cardinals



This is a nostalgic trip across the early days of
Set Theory and Large cardinals

Think of it as a remix of classical 60’s and 70’s rock,
but using modern technology.



FIERE ARE T HiE R ENIEING S



CARDINALS WITH
COMPACTNESS PROPERTIES



Techniques for proving determinacy: auxiliary games

Games of transfinite length



STRONG IDEALS

Precipitous ideals
Saturated ideals

Laver Ideals: ldeals on a cardinal such that the quotient has a
dense closed set



FINE STRUCTURE

IN A MODERN GUISE




FORCING

Creating non-reflecting stationary sets

Killing them while preserving other stationary sets

Laver “lottery style” forcing

Coding
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Hanf, Kiesler and Tarski and others were interested in generalizing first order logic

to stronger languages. In particular they were interested in compactness properties
of L,.
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e weakly compact cardinals
e strongly compact cardinals

e supercompact cardinals



L ARGE CARDINALS

o W
e weakly compact cardinals
e strongly compact cardinals

e supercompact cardinals

The first three correspond to compactness properties of languages



WWEAKEY COMPAL T CARIIINALS

Kiesler and Tarski proved the following characterization of weakly compact cardi-
nals:

Theorem Let x be inaccessible. The k 1s weakly compact ifl whenever
e B C P(k) is a k-complete Boolean subalgebra of size k
e U C Bis a k complete filter

there is a k-complete ultrafilter V' on B extending U.
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A e LA S BEATLEY ARG

Holy and Schlicht, investigating hierarchies of Ramsey cardinals
considered a collection of games.

These were elaborated on in a paper of Welch and Nielsen.
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Holy and Schlicht, investigating hierarchies of Ramsey cardinals
considered a collection of games.

These were elaborated on in a paper of Welch and Nielsen.
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VALE TG Caniv]ies

Fix a regular cardinal x and an ordinal . Players I and Il alternate moves:

I -’40 Al Aa Aa—|-1
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The game continues of some length £ < ~.



VALE TG Caniv]ies

Fix a regular cardinal x and an ordinal . Players I and II alternate moves:

I AO Al o etk Aa Aa-|-1
II U() Ul c o Ua Ua—l—l

The game continues of some length ¢ < ~.

e A, is a k-complete subalgebra of P(k) and |A;| = &
e U, is a k-complete, non-principal ultrafilter on A,

o Its < 72 then A; C A and U, .U/
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Fix a regular cardinal x and an ordinal . Players I and II alternate moves:

I AO Al o etk Aa Aa-|-1
II U() Ul c o Ua Ua—l—l

The game continues of some length ¢ < ~.

The sequence (A5 : 0 < § < £ < ) is an increasing sequence of k-complete subalge-
bras of P(k) of cardinality x and (Us : 0 < § < £) is sequence of uniform k-complete
filters on A, and o < o' implies that U, C U, .

The game continues until either Player 1I can’t play or the play has length .



VALE TG Caniv]ies

Fix a regular cardinal x and an ordinal . Players I and II alternate moves:

I AO Al o etk Aa Aa-|-1
II U() Ul c o Ua Ua—l—l

The game continues of some length ¢ < ~.

The sequence (A5 : 0 < § < £ < ) is an increasing sequence of k-complete subalge-
bras of P(k) of cardinality x and (Us : 0 < § < £) is sequence of uniform k-complete
filters on A, and o < o' implies that U, C U, .

The game continues until either Player 1l can’t play or the play has length .

The winning condition. Player II wins if the game continues through all stages
below ~.
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I AO Al o i ia Aa Aa—|-1
U

[1 U() U1 Qo Ua—l—l

o If k is weakly compact then Player II has a
winning strategy in the game of length w.

e If x is measurable then Player II has a winning strategy in the game of length
2
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Nielsen and Welch showed that if Player 11 has a winning strategy
in the game of length w + 1 then there is an inner model with a
measurable cardinal.



Nielsen and Welch showed that if Player 11 has a winning strategy
in the game of length w + 1 then there is an inner model with a
measurable cardinal.

Welch’s Question If Player 11 wins the game of length w; is there
a precipitous ideal?



NOTATION

Let QE/ denote the Welch game of length ~.
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e Collapse 2% to have cardinality w; with countable conditions.

e Use player 1I's strategy to build a countably complete ultra-
filter U on (2%)"

e Then V*/U is well-founded
e [V let T =4 X X edllibhe=11

Then claim that Z is precipitous.
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e (Collapse 2 to have cardinality w; with countable conditions.

e Use player II's strategy to build a countably complete ultra-
filter U on (2%)Y

e Then V*/U is well-founded
sV M T-IX [ XelUl-0

Then claim that Z is precipitous.
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e Collapse 2" to have cardinality w; with countable conditions.

e Use player II's strategy to build a countably complete ultra-
filter U on (2¥)Y

e Then V*/U is well-founded
elnV,let Z={X:|X € U| =0}

Then claim that Z is precipitous. P rOb le m !

U is not generic for P(k)/Z ...!

In the early 1980’s Laver gave a counterexample to exactly this type
of construction.
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Theorem Let k be inaccessible and 2% = k7. Then

1. If II wins the game of length w + 1 then there is a normal, xK-complete precip-
itous 1deal on k,

2. Assume that there are no k'-saturated ideals on k, w; < v < k and II wins
the game of length . Then there is a normal, k-complete ideal Z such that

P(k)/Z

has a dense tree that is closed under descending < v sequences.



Theorem Let k be inaccessible and 2 = k. Then

1. If II wins the game of length w + 1 then there is a normal, k-complete precip-
itous 1deal on k,

2. If wy < v < Kk and Il wins the game of length v then there is a normal,

rk-complete ideal Z such that
P(k)/Z

has a dense tree that is closed under descending < ~ sequences.
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BUT IS THIS VACUOUS!?
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Let Z be a k-complete ideal on P(k) and v > w be a regular cardinal. Then Z is
v-densely treed if there is a set D C Z7 such that

1. (D,Cz) is a downward growing tree,

2. D is closed under Cz-decreasing sequences of length less than ~

3. D is dense in P(k)/Z.



Let Z be a k-complete ideal on P(k) and v > w be a regular cardinal. Then Z is
v-densely treed if there is a set D C Z7 such that

1. (D,Cz) is a downward growing tree,

2. D is closed under Cz-decreasing sequences of length less than ~

3. D is dense in P(k)/Z.
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ALC IV ERSE

Theorem Let v < k be uncountable regular cardinals and 7 be a uniform
k-complete ideal over x such that P(k)/J is (k™, oo)-distributive and
P(k)/J has a dense vy-closed subset. Then Player II has a winning
strategy S, in the game G



ALC IV ERSE

Theorem Let v < kK be uncountable regular cardinals and 7 be a uniform
k-complete ideal over x such that P(k)/J is (k™, 0o)-distributive and
P(k)/J has a dense y-closed subset. Then Player II has a winning
strategy S, in the game G''.

Proof Sketch Let D C P(k)/Z be the dense closed set. Let U be a term for the
generic ultrafilter on P(k)/Z. Player II builds a decreasing sequence of elements
d, € D. At stage «, player I presents II with A, C P(k). By distributivity there is
a d,i1 < d, and a filter U, € V such that d,1 IF UN A, =U,. Player 11 plays U,,.
By the closure of D this strategy goes of length . =
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Theorem Assume « is measurable and V' = L|FE] is a fine structural extender model.
Then there is a generic extension in which k is inaccessible, carries no saturated ideals
(in particular, x is non-measurable) and for all regular v with w < v < k there is
a uniform, normal y-densely treed ideal J, on k that is (k', 0o)-distributive. The
ideal 7, is not vy -densely treed.



e SE

e If you start in a fine structural L|E| model, you can force to get a collection of
1deals J, that construct winning strategies S, for player II in the games Q,‘YV .

o If v #~ then S, is incompatible with S...



MCIRE PRECISE INFOIRMATICON

Theorem Assume k is a measurable cardinal, v < k is regular uncountable and V' =
L|F)] is a fine structural extender model. Then there is a generic extension in which
K is inaccessible, carries no saturated ideals (in particular, x is non-measurable) and
there is a uniform, normal v-densely treed ideal 7, on « that is (k™, co)-distributive.
The ideal 7, is not y"-densely treed. Moreover, in the generic extension:

(a*) There does not exist any uniform ideal [J’ over k such that P(x)/J’ has a
dense v'-closed subset whenever ~' > ~.

(b*) Player II does not have any winning strategy in G/ where 7' > 7.



MCIRE PRECISE INFOIRMATICON

Theorem Assume k is a measurable cardinal, v < k is regular uncountable and V' =
L|F)] is a fine structural extender model. Then there is a generic extension in which
K is inaccessible, carries no saturated ideals (in particular, k is non-measurable) and
there is a uniform, normal v-densely treed ideal 7, on « that is (k™, co)-distributive.
The ideal 7, is not y"-densely treed. Moreover, in the generic extension:

(a*) There does not exist any uniform ideal J' over x such that P(k)/J’ has a
dense v'-closed subset whenever ~' > ~.

(b*) Player II does not have any winning strategy in G/ where 7' > 7.
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In the simplest case of our construction we can work in L|u].
Then the core model has a canonical definable series of
square sequences [, = ([, : @« € OR) such that if

7 : Lip] — M is the ultrapower by u, then [, is the

k" member of the j-image of the sequences of squares.




In the simplest case of our construction we can work in L|u]|.
Then the core model has a canonical definable series of
square sequences [, = ([, : « € OR) such that if

7 : Llu| — M is the ultrapower by u, then [, is the

k" member of the j-image of the sequences of squares.

This allows the definition of canonical
sequences of non-reflecting stationary
sets that can be used for coding purposes.



The theorems are proved by
e iterating up to k with Easton support,
e using a “lottery” to choose 7,’s at inaccessibles @ < k along the way,

e adding generic non-reflecting stationary sets and killing other stationary sets
of cofinality v ordinals.

e these interact with the canonical non-reflecting stationary sets coding v,
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We forced up to k with P. For the intended v consider the condition in j(IP) that
chooses v at stage k. Because everything is canonical, the forcing over M is the
same as the forcing with the corresponding forcing in V. (The forcing is determined
by the canonical square sequences.)

The ideal is the Z, = {X C k : ||k € j(X)|| = 0} in the forcing below the choice of
.

By “duality” the quotient P(x)/Z, is isomorphic to the Boolean Algebra determined
by the forcing at x. Since the forcing at x has the relevant properties you are done.



AN EVY T ECHINIC AL DI U LIRS

The main new technical difficulties are showing the closure and distributivity of the
relevant forcing. Because of the lottery the usual distributivity arguments involve
potential “ghost coordinates.”

This is the main reason new fine structural techniques are involved. The second
is that we are working over more complicated L|E| models.
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VVETALS VP WYLER FEIE UNAC CESSIBLESE

To my knowledge there wasn't clear justification of
the inaccessible hypothesis in the Kiesler -Tarski result.

They turn out to be necessary



VVETALS VP WYLER FEIE UNAC CESSIBLESE

To my knowledge there wasn't clear justification of
the inaccessible hypothesis in the Kiesler -Tarski result.

They turn out to be necessary
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VVETALS VP WLEEL FEIEUNAC CESSIBE ESC

Proposition Suppose that k is an infinite cardinal and either
e a singular strong limit cardinal or
o for some v < k, 27 > k but for all ¥ < v, 27 < k.

Then there is no Boolean subalgebra A C P(k) such that | A| = k, A is k-complete.

Jares CMMM//@S woas involved
n discussions of part of C/ns.



VVETALS VP WYLER FEIE UNAC CESSIBLESE

Proposition Let k be infinite and 27 = k. Then P(vy) C P(k) and P(7) is k-
complete.



VVETALS VP WLEEL FEIEUNAC CESSIBE ESC

Proposition Let s be infinite and 27 = k. Then P(y) C P(k) and P(7y) is k-
complete.

Theorem Suppose that k is an accessible infinite cardinal. Then either:
1. There is no k-complete subalgebra A C P(k) with |A| = & or

2. There is a k-complete subalgebra A C P(k) with | A| = k but every xk-complete
ultrafilter U on A is principal
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Theorem Suppose that k is an accessible infinite cardinal. Then either:
1. There is no k-complete subalgebra A C P(k) with |A| = & or

2. There is a k-complete subalgebra A C P(k) with | A| = k but every k-complete
ultrafilter U on A is principal
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e They can’t come directly from elementary embeddings.

e They have to come somehow from the filters being played.



HUIPELESS HIEALS

Let S be a winning strategy for 1I in the Welch Game of length v and
P = ((As,U,) : a < B) be a partial play according to §. The
conditional Hopeless Ideal conditioned on P, Z(P,S) is

{X C k : for no extension of P is X in the filter played by II}.



HUIPELESS HIEALS

Let S be a winning strategy for II in the Welch Game of length v and
P = ((Ay,U,) : a < B) be a partial play according to S. The
conditional Hopeless Ideal, Z(P,S) is

{X C k : for no extension of P is X in the filter played by II}.

o A set is hopeless given history P if it never makes it into a filter in a play that
extends P

e A set is unconditionally hopeless if it is in Z((,S).

e Hopeless ideals are k-complete.



Ll

Start with a strategy S in the Welch Game and build another strategy &* in a
different game such that

o S* plays sets X; diagonalizing normal ideals on A;,

e All of the conditional hopeless ideals for §* are equal to the unconditionally
hopeless ideals,

e The plays can be organized into a tree,

With these properties, the unconditionally hopeless ideal has a dense ~y-closed tree.



FEEANT ERMIEAT E LIADNIES

We build a series of auxiliary games Gg, G; , G1, U2 and a sequence of strategies start-
ing with &, with later strategies simulating earlier games.
One particularly tricky transition is to require player II to play normal ideals.

It looks simple: if you have a x-complete ideal U you can take its normal derivative
U*. HOWEVER: it is not true that:

FehE g e S e

But the failures form a well-founded tree.



LIEDEAT EINALE

Working on these Welch games was really *fun™.
Lots of challenges came up, but the tools were
well developed to solve them.
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e This is the modern remix of early 60’s results of Kiesler and Tarski.
e What are the remaining open problems?

e Are they as tractable as the weakly compact vs. measurable questions?



GPEN FROBEEMS

Basically everything is open. This is new territory. A chance to be very creative.

e Are there analogous results for strongly compact cardinals?

You can’t normalize strongly compact ultrafilters so the proofs have to change.
e What is the analogue for successor cardinals?
e What about extenders?
e What happens in the games if you play ideals themselves?”

e What’s up with the saturated ideal hypothesis? 2 = k™7

e Your question here ...
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