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Motivation

Main Aim

A combinatorial approach towards the classification of strongly regular
holomorphic vertex operator algebras (VOAs) (of CFT type) of central
charge c = 24.

CFT type: Conformal Field Theory

V = ⊕n∈ZVn, Vn = 0 for n < 0 and dimV0 = 1.

holomorphic

V is simple, rational and has only one irreducible, i.e., V itself.

Holomorphic VOA
of c = 24

←→
Pairs (N, τ), N Niemeier lattice
τ ∈ O(N) with +ve frame shape

+ some conditions
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Some facts

– In 1993, Schellekens determined a list of (possible) 71 Lie algebra
structures on the weight 1 subspaces of holomorphic VOAs of c = 24.

This list has also been verified by van Ekeren-Möller-Scheithauer
mathematically.

– By combined effort of many people, the following theorem is now proved.

Theorem

Each potential Lie algebra on Schellekens’ list is realized by a strongly
regular holomorphic VOA of central charge 24
and this VOA is uniquely determined by its V1-structure if V1 ̸= {0}.
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Xn,k denotes a Lie algebra of type Xn and the level is k; N = dimV1.

N algebra rank N algebra rank
0 ∅ 0 24 U(1)24 24
36 C4,10 4 36 A2,6D4,12 6
36 A1,4

12 12 48 A6,7 6
48 A4,5

2 8 48 A2,3
6 12

48 A1,2D5,8 6 48 A1,2A5,6C2,3 8
48 A1,2A3,4

3 10 48 A1,2
16 16

60 C2,2
6 12 60 A2,2F4,6 6

60 A2,2
4D4,4 12 72 A1,1C5,3G2,2 8

72 A1,1
2D6,5 8 72 A1,1

2C3,2D5,4 10
72 A1,1

3A7,4 10 72 A1,1
3A5,3D4,3 12

72 A1,1
4A3,2

4 16 72 A1,1
24 24

84 B3,2
4 12 84 A4,2

2C4,2 12
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N algebra rank N algebra rank
96 C2,1

4D4,2
2 16 96 A2,1C2,1E6,4 10

96 A2,1
2A8,3 12 96 A2,1

2A5,2
2C2,1 16

96 A2,1
12 24 108 B4,2

3 12
120 E6,3G2,1

3 12 120 A3,1D7,3G2,1 12
120 A3,1C7,2 10 120 A3,1A7,2C3,1

2 16
120 A3,1

2D5,2
2 16 120 A3,1

8 24
132 A8,2F4,2 12 144 C4,1

4 16
144 B3,1

2C4,1D6,2 16 144 A4,1A9,2B3,1 16
144 A4,1

6 24 156 B6,2
2 12

168 D4,1
6 24 168 A5,1E7,3 12

168 A5,1C5,1E6,2 16 168 A5,1
4D4,1 24

192 B4,1C6,1
2 16 192 B4,1

2D8,2 16
192 A6,1

4 24 216 A7,1D9,2 16
216 A7,1

2D5,1
2 24 240 C8,1F4,1

2 16
240 B5,1E7,2F4,1 16 240 A8,1

3 24
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N algebra rank N algebra rank
264 D6,1

4 24 264 A9,1
2D6,1 24

288 B6,1C10,1 16 300 B12,2 12
312 E6,1

4 24 312 A11,1D7,1E6,1 24
336 A12,1

2 24 360 D8,1
3 24

384 B8,1E8,2 16 408 A15,1D9,1 24
456 D10,1E7,1

2 24 456 A17,1E7,1 24
552 D12,1

2 24 624 A24,1 24
744 E8,1

3 24 744 D16,1E8,1 24
1128 D24,1 24
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Main techniques:

Proposition (Dong and Mason (2004) )

(1) V1 is 0, abelian (and dim(V1) = 24) or semisimple.

(2) Suppose V1
∼= ⊕t

j=1Gj ,kj is semisimple, where Gj ,kj are simple Lie
algebras with the dual Coxeter number h∨j and level kj for j = 1, . . . , t.
Then

h∨j
kj

=
dimV1 − 24

24
. (1)

Zn-orbifold construction (cf. van Ekeren-Möller-Scheithauer)

V : hol. VOA, g ∈ AutV s.t. g has finite order.

V g = {v ∈ V | g(v) = v}: subVOA of V .

V [g i ]: irreducible g i -twisted V -module [Dong-Li-Mason ’00].

Ṽ := V g ⊕
⊕|g |−1

i=1 V [g i ](0): V g -module.

(Under some assumptions), Ṽ is a holomorphic VOA.
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An important observation: “Orbifold construction” is reversible.

Assume that we can apply the Zr -orbifold construction to V and g , i.e.,

Ṽg = V g ⊕ V [g ](0)⊕ · · · ⊕ V [g r−1](0)

is a holomorphic VOA as a simple current extension of V g graded by
Z/rZ. Then

h =

{
1 on V g

exp(2kπ
√
−1/r) on V [gk ](0)

is an order r automorphism of Ṽg .

We can apply the Zr -orbifold construction to Ṽg and h,

and the resulting VOA is V , i.e., V = (̃Ṽg )h.
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C.H. Lam (A.S.) Deep holes June 6, 2022 8 / 31



Orbifold construction is a kind of “transitive”:

If Ṽg defines a VOA, then Ṽg i is also well defined for any i ||g |.

Dimension formula (Montague, Möller- Scheithauer):

dim(Ṽg )1 = 24 +
∑
m|n

cn(m) dim(V gm

1 )− R(g),

where the rest term R(g) is non-negative.
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Direct construction

Let V be a holomorphic VOA of central charge 24.
Assume that V1

∼= ⊕t
j=1Gj ,kj is semisimple.

Let h∨j be the dual Coxeter number of Gj , j = 1, . . . , t.

Let ρj be a Weyl vector of Gj and denote u =
∑t

j=1
1
h∨j

ρj .

Define an automorphism σ = exp(2πiu(0)) ∈ Aut(V ) and consider the
VOA Ṽσ obtained by orbifold construction associated with V and σ.

Theorem (van Ekeren-Möller-L-Shimakura)

Ṽσ is isomorphic to the Leech lattice VOA.

The proof uses modular invariant, dimension formulas and the very strange
formula.

There is also a more elementary proof by Chigira-L-Miyamoto, which uses
the property of the Leech lattice.
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VOA Ṽσ obtained by orbifold construction associated with V and σ.

Theorem (van Ekeren-Möller-L-Shimakura)
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Corollary

Any strongly regular holomorphic VOA with c = 24 and V1 ̸= 0 can be
constructed by an orbifold construction from the Leech lattice VOA.

V ∼= (ṼΛ)g , where g = τ̂ exp(2πiβ(0)) ∈ Aut(VΛ), τ ∈ O(Λ).

We may also assume τβ = β.

The automorphism g is obtained by the reversed orbifold construction
associated with the construction from
V and σ = exp(2πiu(0)) ∈ Aut(V ), where u =

∑t
j=1

1
h∨j

ρj .

Such a g is very special and is a generalized deep hole
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Generalized deep hole (Möller- Scheithauer)

Dimension formula: dim(Ṽg )1 = 24 +
∑

m|n cn(m) dim(V gm

1 )− R(g),
where the rest term R(g) is non-negative.

Möller and Scheithauer called an automorphism g ∈ Aut(VΛ) a
generalized deep hole if

1 (̃VΛ)g is a VOA;

2 dim((̃VΛ)g )1 attained its maximum, i.e., R(g) = 0;

3 rank((̃VΛ)g )1 = rank(V g
Λ )1.

Theorem (Möller and Scheithauer )

The cyclic orbifold construction g 7→ (ṼΛ)g defines a bijection between the
algebraic conjugacy classes of generalized deep holes g in Aut(VΛ) with
rank(V g

Λ )1 > 0 and the isomorphism classes of strongly regular
holomorphic VOAs V of central charge 24 with V1 ̸= {0}.
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Theorem (Möller and Scheithauer )

The cyclic orbifold construction g 7→ (ṼΛ)g defines a bijection between the
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Note V > (VΛ)
g > VK ⊗ V τ

Λτ
, where K = {α ∈ Λτ | ⟨α, β⟩ ∈ Z}

Λτ is the fixed point sublattice and Λτ is the sublattice orthogonal to Λτ .

To classify V , we basically need to determine the possible
τ ∈ O(Λ) and β ∈ Q⊗ Λ fixed by τ .

Theorem

Suppose g = τ̂ exp(2πiβ(0)) ∈ Aut(VΛ) is obtained by a reverse orbifold
construction associated with the construction from V and
σ = exp(2πiu(0)) ∈ Aut(V ), where u =

∑t
j=1

1
h∨j

ρj .

Then τ belongs to one of the following conjugacy classes

{1A, 2A, 2C , 3B, 4C , 5B, 6E , 6G , 7B, 8E , 10F}
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Ideas about the proof:

By Dong and Mason, dim(V1) ≥ 24. It implies
rank(V1) ≥ 4 and |τ | ≤ 15.

It is easy to show V1
∼= C4,10 if rank(V1) = 4.

g -twisted module is a direct sum of tensor products of exp(2πiβ(0))
twisted modules of VΛτ and τ̂ -twisted modules of VΛτ .

One can prove that the top weight of τ̂ -twisted modules of VΛτ is
< 1.

There are similar conditions for τ̂ i - twisted modules for any i .
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ℓ-duality

These 10 classes (excluding 1A) are very special.

Theorem (ℓ-duality)

For τ in these 10 classes, there is an isometry φτ :
√
ℓ(Λτ )∗ → Λτ ,

where ℓ is the level of Λτ , i.e, the smallest positive integer such that√
ℓ(Λτ )∗ is an even lattice.

The isometry φτ can be extended to QΛ or CΛ.
Facts:

1 The conformal weight of τ̂ -twisted module is 1− 1/ℓ, ℓ = |τ̂ |.
It implies ⟨β, β⟩/2 ∈ 1/ℓ+ Z.

2 β̃ =
√
ℓφτ (β) has even norm.

Consider the Neighbor lattice

N = Λ[β̃] = Span{Λβ̃, β̃},

where Λβ̃ = {α ∈ Λ|⟨α, β̃⟩ ∈ Z}.
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Some properties about the lattice N

Let H be a Cartan subalgebra of V1. Then

Comm(Comm(H),V ),V )∼= VL

for some even lattice L ⊆ H.

Lemma

We have ℓβ ∈ L and L = Λτ
β + Zℓβ. Moreover,

√
ℓL∗ is an even lattice.

Theorem

Let n = |g | = |g̃ |. Suppose mφ(
√
ℓβ) ∈ Λ. Then we have n|m. Moreover,

[N : Λβ̃] = [Λ[β̃] : Λβ̃] = n.

Theorem

Let N = Λ[β̃] = Λβ̃ + Zβ̃. Then φ induces an isometry from
√
ℓL∗ to Nτ .

In particular, we have Nτ ∼=
√
ℓL∗.
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Theorem

N = Λ[φ(
√
ℓβ)] = Span{Λφ(

√
ℓβ), φ(

√
ℓβ)} is a Niemeier lattice and N ̸= Λ.

Moreover, τ induces an isometry τ ′ on N and Nτ ′ ∼= φ(
√
ℓL∗).

Theorem

Let β̃ =
√
ℓφ(β). Then β̃ is a deep hole of the Leech lattice. We may also

choose β such that ⟨β̃, β̃⟩ = 2.

Consequence: The Coxeter number h of N = Λ[φ(
√
ℓβ)] is |g | and |τ |

divides |g | = h.
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Ideas about the proof

Since τ fixes β̃, we have

(Λβ̃)τ = Λτ and Nτ > Λτ

Key Observation:

1 Nτ does not depends on β̃.

2 Nτ contains a (full rank) root sublattice

R =
⊕

mi ||τ |,mi ̸=1

Aai
mi−1

if the frame shape of τ is
∏

mai
i .

3 Nτ/R is cyclic and has order |τ |.
4 τ acts as a Coxeter element on R.
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The above discussion suggested that one can classify holomorphic VOAs of
central charge 24 by considering the pairs (τ, β̃) satisfying the conditions:

(C1) τ ∈ P0 and β̃ is a τ -invariant deep hole of Leech lattice Λ with
⟨β̃, β̃⟩ = 2;

(C2) the Coxeter number h of N = Λβ̃ + Zβ̃ is divisible by |τ |;
(C3) Nτ contains a full rank sublattice R =

⊕
mi ||τ |,mi ̸=1 A

ai
mi−1 if the frame

shape of τ is
∏

mai
i and Nτ/R is cyclic of order |τ |.

Set T be the set of pairs satisfying the conditions (C1) to (C3).
Define an equivalent relation ∼ on T as follows:
(τ, β̃) ∼ (τ ′, β̃′) if and only if

1 β̃ and β̃′ are equivalent deep holes of the Leech lattice Λ, i.e., there
are σ ∈ O(Λ) and λ ∈ Λ such that β̃′ = σ(β̃ − λ);

2 τ is conjugate to σ−1τ ′σ in O(N).

Note that τ and τ ′ are conjugate in O(Λ) since they have the same frame
shape by (2).
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Theorem

There is a one-to-one correspondence between the set of isomorphism
classes of holomorphic VOA V of central charge 24 having non-abelian V1

and the set T / ∼ of equivalence classes of pairs (τ, β̃) by ∼.

Let (τ, β̃) ∈ T . Set β = 1√
ℓ
φ−1(β̃) and define

g̃ = τ̂ exp(2πiβ(0)) ∈ Aut(VΛ).
Then one obtain a holomorphic VOA V = V [g̃ ] by an orbifold construction
from VΛ and g̃ .
Need to show: If (τ, β̃) ∼ (τ ′, β̃′), then they define isomorphic VOAs.

Theorem

Let h be the Coxeter number of N = Λβ̃ + Zβ̃. Then |g̃ | = h.
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Let V = V
[g̃ ]
Λ . Define L by Comm(Comm(H),V ),V ) ∼= VL.

Proposition
√
ℓL∗ ∼= Λτ

β̃
+ Zβ̃ = Nτ .

Lemma

CommV (H) = V τ̂
Λτ
.

Lemma

rank(V1) = rank(Λτ ).

Lemma

There is a W -element α̃ such that ⟨α̃, β⟩ = 1
h . In addition, τ̂ exp(2πiβ(0))

is a reverse automorphism of VΛ for exp(2πi α̃(0)).

That means we can recover the pair (τ, β̃) and a Niemeier lattice
N = Λβ̃ + Zβ̃. α̃ is obtained by modifying α =

√
ℓφ−1(π(ρ)/h).
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Orbit diagrams and Lie algebra structures of V1

Recall: β̃ = φ(
√
ℓβ) is a deep hole and N = ∪h−1

i=0 (−kβ̃ + Λβ̃) ≇ Λ. The

Coxeter number h = n = LCM(rih
∨
i ) and Nτ ∼=

√
ℓL∗.

Set Rk = {µ ∈ −kβ̃ + Λβ̃ | ⟨µ, µ⟩ = 2} and R = ∪h−1
k=1Rk (set of roots).

Since minimal norm of Λ ≥ 4, ⟨µ, ν⟩ = 0 or −1 for any µ, ν ∈ Rk with
µ ̸= ν.

One can associate a (simply laced) Dynkin diagram with Rk for each k :
the nodes are labeled by elements of Rk and
two nodes x and y are connected if and only if ⟨x , y⟩ = −1.

Note: τ acts on Rk for each k and acts as a diagram automorphism
associated with the diagram defined by Rk .

β̃ is a deep hole =⇒ R1 is a disjoint union of the affine diagrams
associated with N and τ acts on R1.
By the choice, τ ∈Weyl(R) and preserves irreducible components of
R(N).
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Let λ+ R(Nτ ) be a generator of Nτ/R(Nτ ). Then λ ∈ N and it
corresponds to a codeword of the glue code N/R.

Note that τ has a positive frame when viewing as an isometry of N.

We consider the quotient diagram as follows:

1 identify an orbit of nodes as one node and two nodes are connected if
the nodes in the corresponding orbits are connected.

2 By removing the node associated with the extended node, one obtain
a usual Dynkin diagram.

Diagram automorphisms of affine diagrams

Type An D2k D2k D2k+1 D2k+1 E6 E7

Root subsystem (A n+1
k

−1
)k Ak

1 A2
1 A3A

k−1
1 A2

1 A2
2 A3

1

Frame Shape 1−1( n+1
k

)k 2k 12k−422 1−12k−14 12k−322 32 1123

Quotient diagram Ak−1 Bk C2k−2 Ck−1 C2k−1 G2 F4

Fixed sublattice
√

n+1
k

Ak−1 Ak
1 D2k−2 Ak−1

1 D2k−1 A2 D4

Fixed simple roots ∅ A1 A2k−3 ∅ A2k−2 A1 A2
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Remark

(1) The fixed sublattice is the (scaled) root lattice of the quotient diagram.

(2) A fixed node (or fixed simple root) corresponds to a simple short root
of a full component, i.e., a simple Lie subalgebra Gi of V1 with
rih

∨
i = n = h.

Remark

Let Gi be a simple Lie subalgebra of V1 with rih
∨
i = n = h.

Then ℓ = riki and ki/h
∨
i = ℓ/h.

Therefore, the level kj of a simple Lie subalgebra Gj is given by
kj = ℓh∨j /h for any j .
Note that the short roots of Gi correspond to an irreducible (connected)
component Si of N

τ
2 .

Moreover, Si ∩ R1 corresponds to the simple short roots of Gi .
Therefore, Si and Si ∩ R1 determines the type of Gi uniquely.
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Remark

A notion of generalized hole diagrams was also introduced by Möller and
Scheithauer.

It was shown that a generalized hole diagram determines a

generalized deep hole up to conjugacy and that there are exactly 70 such
diagrams.

This notion of generalized hole diagrams essentially corresponds to the
diagram associated with simple short roots of the full components (i.e.,
elements in R1 ∩ Nτ

2 ).
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Possible pairs for (N , τ)

Case: τ ∈ 2A (1828). Nτ = SpanZ{A8
1,

1
2(α1 + · · ·+ α8)}.

The vector v = 1
2(α1 + · · ·+ α8) corresponds to a codeword c ∈ N/R, i.e,

v ∈ R∗.

Type Codeword c Embedding R(Nτ ) V1

A24
1 (18, 08) A8

1 ↪→ A8
1 A16

1 A16
1,2

A8
3 (22022000) (A2

1)
4 ↪→ A4

3 A4
3(
√
2A1)

4 A4
3,2A

4
1,1

D6
4 (233200) (A2

1)
4 ↪→ D4

4 D2
4C

4
2 D2

4,2C
4
2,1

A4
5D4 (3300|1) (A3

1)
2 + A2

1 ↪→ A2
5 + D4 A2

5C2(
√

2A2)
2 A2

5,2C2,1A
2
2,1

A2
7D

2
5 (44|00) (A4

1)
2 ↪→ A2

7 D2
5 (

√
2A3)

2 D2
5,2A

2
3,1

A2
7D

2
5 (20|33) (A4

1) + (A2
1)

2 ↪→ A7 + D2
5 A7C

2
3 (

√
2A3) A7,2C

2
3,1A3,1

D4
6 (2222) (A2

1)
4 ↪→ D4

6 C4
4 C4

4,1

D4
6 (1230) (A2

1) + (A3
1)

2 ↪→ D6 + D2
6 D6C4B

2
3 D6,2C4,1B

2
3,1

A2
9D6 (05|3) (A5

1) + (A3
1) ↪→ A9 + D6 A9(

√
2A4)B3 A9,2A4,1B3,1

A11D7E6 (620) A6
1 + A2

1 ↪→ A11 + D7 E6C5(
√
2A5) E6,2C5,1A5,1

D3
8 (033) (A4

1)
2 ↪→ D2

8 D8B
2
4 D8,2B

2
4,1

D3
8 (221) (A2

1)
2 + A4

1 ↪→ D2
8 + D8 C2

6B4 C2
6,1B4,1

A15D9 (80) A8
1 ↪→ A15 D9(

√
2A7) D9,2A7,1

E2
7D10 (11|2) (A3

1)
2 + A2

1 ↪→ E2
7 + D10 C8F

2
4 C8,1F

2
4,1

E2
7D10 (01|1) A3

1 + A5
1 ↪→ E7 + D10 E7B5F4 E7,2B5,1F4,1

D2
12 (21) A2

1 + A6
1 ↪→ D12 + D12 C10B6 C10,1B6,1

E8D16 (01) A8
1 ↪→ D16 B8E8 B8,1E8,2
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Case: τ ∈ 3B (1636). R(Nτ ) ∼= A6
2.

Type Codeword c Embedding R(Nτ ) V1

A12
2 (1606) A6

2 ↪→ A6
2 A6

2 A6
2,3

A4
5D4 (2220|0) (A2

2)
3 ↪→ A3

5 A5D4(
√
3A1)

3 A5,3D4,3A
3
1,1

A3
8 (630) (A3

2)
2 ↪→ A2

8 A8(
√

3A2)
2 A8,3A

2
2,1

E4
6 (0111) (A3

2)
3 ↪→ E3

6 E6G
3
2 E6,3G2,1

3

A11D7E6 (401) A4
2 + A2

2 ↪→ A11E6 D7(
√
3A3)G2 D7,3A3,1G2,1

A17E7 (60) A6
2 ↪→ A17 E7(

√
3A5) E7,3A5,1

Case: τ ∈ 5B (1844). R(Nτ ) ∼= A4
4.

Type Codeword c Embedding R(Nτ ) V1

A6
4 (123400) A4

4 ↪→ A4
4 A2

4 A2
4,5

A2
9D6 (24|0) (A2

4)
2 ↪→ A2

9 D6(
√
5A2

1) D6,5A
2
1,1
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Case: τ ∈ 7B (1373). R(Nτ ) ∼= A3
6.

Type Codeword c Embedding R(Nτ ) V1

A4
6 (0124) A3

6 ↪→ A3
6 A6 A6,7

Case: τ ∈ 2C (212). R(Nτ ) ∼= A12
1 .

Type Codeword c Embedding R(Nτ ) V1

A24
1 (112012) A12

1 ↪→ A12
1 A12

1 A12
1,4

D6
4 (111111) (A2

1)
6 ↪→ D6

4 B6
2 B6

2,2

D4
6 (2222) (A3

1)
4 ↪→ D4

6 B4
3 B4

3,2

D3
8 (111) (A4

1)
3 ↪→ D3

8 B3
4 B3

4,2

D2
12 (11) (A6

1)
2 ↪→ D2

12 B6
2 B2

6,2

D24 (1) A12
1 ↪→ D24 B12 B12,2

A4
5D4 (3333|0) (A3

1)
4 ↪→ A4

5 D4
√
2A4

2 D4,4A
4
2,2

A2
9D6 (55|2) (A5

1)
2 + A2

1 ↪→ A2
9 + D6 C4

√
2A2

4 C4,2A
2
4,2

A17E7 (9|1) A9
1 + A3

1 ↪→ A17 + E7 F4
√
2A8 A8,2F4,2
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Case: τ ∈ 4C (142244). R(Nτ ) ∼= A2
1A

4
3.

Type Codeword c Embedding R(Nτ ) V1

A8
3 (32001011) A4

3 + A2
1 ↪→ A4

3 + A3 A3
3

√
2A1 A3

3,4A1,2

A2
7D

2
5 (02|13) A2

3 + (A3A1)
2 ↪→ A7 + D2

5 A72A1A
2
1 A7,4A

3
1,1

A2
7D

2
5 (22|20) A2

3 + A2
3 + A2

1 ↪→ A7 + A7 + D5 D5C32A
2
1 D5,4C3,2A

2
1,1

A11D7E6 (310) A3
3 + A3A

2
1 ↪→ A11 + D7 E6B22A2 E6,4B2,1A2,1

A15D9 (4|2) A4
3 + A2

1 ↪→ A15 + D9 C72A3 C7,2A3,1

Case: τ ∈ 6E (12223262). R(Nτ ) ∼= A2
1A

2
2A

2
5.

Type Codeword c Embedding R(Nτ ) V1

A4
5D4 (0255|1) A2

5 + A2
2 + A2

1 ↪→ A2
5 + A5 + D4 A5

√
3A1B2 A5,6B2,3A1,1

A11D7E6 (222) A2
5 + A2

1 + A2
2 ↪→ A11 + D7 + E6

√
6A1C5G2 C5,3G2,2A1,1
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Case: τ ∈ 8E (12214182). R(Nτ ) ∼= A1A3A
2
7.

Type Codeword c Embedding R(Nτ ) V1

A2
7D

2
5 (37|10) A2

7 + A3A1 ↪→ A2
7 + D5 D5A1 D5,8A1,2

Case: τ ∈ 6G

Type Codeword c Embedding R(Nτ ) V1

A4
5D4 (31110) A3

5 + A3
1 ↪→ A3

5 + A5 D4
√
2A2 D4,12A2,6

A17E7 (3|1) A3
5 + A3

1 ↪→ A17 + E7 F4
√
6A2 F4,6A2,2

Case: τ ∈ 10F

Type Codeword c Embedding R(Nτ ) V1

A2
9D6 (79|2) A2

9 + A2
1 ↪→ A2

9 + D6 C4 C4,10

Remark

Since τ corresponds to an isometry associated with a codeword c of the
glue code N/R,

we can recover the same information as in [Höhn, Table 3].
In particular, there are exactly 46 possible Lie algebra structures for V1 if
0 < rank(V1) < 24. This gives an alternative proof for the Schellekens list.
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Thank you.
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