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____ lodicion]
Lévy Fokker Planck equation

atf+v'v1f:v’ll (’Uf) - (7A’U)Sf7 EES (07 1)7

=L5(f)
f(OﬂL‘/U) = fin(iU,U) )
o fractional Laplacian:
s (v) — f(w) 4°I'(d/2 + s)
—A, = Cs 4P V. = dw, sd = — o
( ) f(v) := CsaP.V a0 — w|T2s dw Cs,a Td/2|T(—s)]

(—A0)*f(v) := F [[KI* FIf1(%)] (v)

@ s =1 reduces to the classical Fokker-Planck operator

@ application: nonlocal effect in plasma turbulence
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- 000000000 i tredueil|
Properties of L£?

e conservation of mass
@ equilibrium

L5(M) =0, M@)dv =1, M(v)~ _Co_ as |v] = 0.

ol

e entropy dissipation: 9,f = L5f !

Gu(f) = /Rdfb(f)/\/ldvf ) </Rd f/\/ldv)

LGentil, Imbert Asymptotlc Analysis 2008.
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Fractional diffusion limit

x> ex, t— et

Ezsatfe +ev- vzfs =V, - ('Ufe) - (_Av)sfs’
fE(O,J?,’U) :fin(m,v)-
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Fractional diffusion limit

x> ex, t— et

Ezsatfe +ev- vzfs =V, - ('Ufe) - (_Av)sfs’
f5(07$7v) :fin(m,v)-

Q: why anomalous scaling?
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Fractional diffusion limit

x> ex, t— et

Ezsatfe +ev- vzfs =V, - ('Ufe) - (_Av)sfs’
fE(O,J?,’U) :fin(m,v)-

Q: why anomalous scaling?

20, +ev-Vaf =V, (0f)+ A f°
,U2
5—>Ozf—>pe_‘2‘

1
/ dv=0p+—-V,-57=0
RN 13

/v-dv:mfatj—!—Vx-/ U®1}fd1):—1j
RN RN 3

[v]2

= Op+ Vs - (DVyp)=0, D= /U Quve 2 dv
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Fractional diffusion limit

x> ex, t— et

Ezsatfe +ev- vzfs =V, - ('Ufe) - (_Av)sfs’
f2(0,2,v) = fin(z,v).
Theorem (Cesbron, Mellet, Trivisa 2012)

Assume that fo € L*(RN, M(v)~'dvdx), where M(v) is the unique normalized
equilibrium distribution. Then, up to a subsequence, the solution f€ converges weakly
in L°°(0,T; L*(R**, M(v)~dvdz)) to p(t,x)M(v) as € — 0, where p(t,x) solves

{3zp+ (=Az)’p =0,
p(ovx) = pln(m) = fRd fi”(xv U)dv .
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Fractional diffusion limit

x> ex, t— et

Ezsatfe +ev- vzfs =V, - ('Ufe) - (_Av)sfs’
fE(O,J?,’U) :fin(m,v)-

o f°(t,z,v) — p(t,z)M(v) , p=[fdv
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Fractional diffusion limit

x> ex, t— et

Ezsatfe +ev- vzfs =V, - (’Ufe) - (_Av)sfe’
fE(O,J?,’U) :fin(m,v)-

o fi(t,x,v) = p(t, z)M(v) »op=[fdv
@ consider a test function ¢(t, z,v) = p(t,x + cv)

/fs [EQS&d) +ev-Vaedp—v-Vyd+ (—Av)sqﬁ] dzdvdt

+ % /fo(x,v)¢(0,x,v)dxdv =0
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Fractional diffusion limit

x> ex, t— et
20, +ev - Vaf® =V (vf°) — (=AL)°f5,
f€(07xav) :fin(l',v)-
o f°(t,z,v) — p(t,z)M(v) , p=[fdv

@ consider a test function ¢(¢, z,v) = p(t, 2 + cv)

/fs [5258,5@ +ev-Vep—v-Vop+ (—A)°0 ]dmdvdt
———

=0 £25(—Ag)%e

+ &% /fo(m,v)¢(0,x,v)dxdv =0

== /fE [Orp + (—Ag) ] dzdudt + /fo(x,v)ap(O,x +ev)dzdv =0

=0

= / Pt 2) [0 + (— D) @) (t, 7)ddt + / po()(0, z)dz = 0
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Numerical challenges

X0 f +ev-Vaof =V, - (vf) = (A,)°f
f0,z,v) = fin(z,v)

@ Nonlocality (—Ar)gwﬁ

AP for nonlinear RTE
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p(0, ) /fmxv
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Numerical method

Numerical challenges

EQSatf +ev- Va:f =V,- (Uf) - (_Av)sf atp + (

f(0,2,v) = fin(x,v) p(0,x) /fm (z,v)

@ Nonlocality (—Ar)gwﬁ

o finite difference/finite element + domain truncation
[Huang, Oberman, 2014] [Zhang, Deng, Karniadakis, 2018]
e spectral method
[Mao, Shen, 2017] Hermite polynomial
[Cayama, Cuesta, Hoz, 2019] mapped Chebyshev polynomial
[Sheng, Shen, Tang, Wang, Yuan, 2020] Donford-Taylor formula
e review
[Bonito et al., 2018] [Lishke et al., 2020]
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Numerical method

Numerical challenges

EQSatf +ev- Va:f =V,- (Uf) - (_Av)sf atp + (

f(0,2,v) = fin(x,v) p(0,x) /fm (z,v)

@ Nonlocality (—Ar)gwﬁ

o finite difference/finite element + domain truncation
[Huang, Oberman, 2014] [Zhang, Deng, Karniadakis, 2018]
e spectral method
[Mao, Shen, 2017] Hermite polynomial
[Cayama, Cuesta, Hoz, 2019] mapped Chebyshev polynomial
[Sheng, Shen, Tang, Wang, Yuan, 2020] Donford-Taylor formula
e review
[Bonito et al., 2018] [Lishke et al., 2020]

@ Stiffness

[W., Yan, 2016], [Crouseilles, Hivert, Lemou, 2016], [W., Yan, 2019]
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Computation of (—A,)?

[Cayama, Cuesta, Hoz, 2019]

@ mapping v — &

g:ﬁe(—Ll)@uz%e(—o@w),
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Computation of (—A,)?

[Cayama, Cuesta, Hoz, 2019]

@ mapping v — &

g:ﬁe(—Ll)@uz%e(—o@w),

@ Chebyshev polynomials

Tk (€) = cos(k arccos(€)) , ¢ e[-1,1]
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Computation of (—A,)?

[Cayama, Cuesta, Hoz, 2019]

@ mapping v — &

g:ﬁe(—Ll)@uz%e(—o@w),

@ Chebyshev polynomials
Ti(€) = cos(karccos(§)), € € [1,1]
o further change of variable ¢ = arccos(§) € [0, 7]

Ty (§) = cos(kq)
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Computation of (—A,)?

[Cayama, Cuesta, Hoz, 2019]
@ mapping v — &
v L€
= (-, )= v= ——2
Y 7 Ay
@ Chebyshev polynomials
Ti(€) = cos(karccos(€)), € € [~1,1]

€ (—00, ),

o further change of variable ¢ = arccos(§) € [0, 7]

Ty (§) = cos(kq)

3 = —Lvf
@ In the new variable ¢ (v = W= L, cot(q))

4 S (p) -1
(7A )sf(q) — T Lym {O cot(q)—cot(p) dp’ §=13
a fﬁ sin®(p) £ (p)+2sin(p) cos(p) ' (p) 4 s# 1
2L255(1 2s) | cot(gq)—cot(p)|2s—1 D, 2"
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Computation of (—A,)?

@ even extension

i f(a), q €[0,7]
f(q)_{ f@r—gq),  q¢€[n 27
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Computation of (—A,)?

@ even extension

7 f(a), q € [0, ]
fo= { f@r—q),  q€[r2q]
@ discrete Fourier transform
Ny—1
2 ke, (25 +1 ,
f(qj):k;v fre™ qg:(va), 0<j<N, -1
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Computation of (—A,)?

@ even extension

7 f(@), q€[0,7]
@)= { f@r—q),  q¢&ln27]
@ discrete Fourier transform
Ny—1 .
N — 2 kg .:7r(2]+1) << B
f(qJ) k;\, fke ) QJ ZNU I O_]_N'u 1
@ compute (—A,)°f
No—1 .
(A fl@) = Y Je(=Ag)%e™,  j=0,---,2N, 1.
k=—N,

o compute (—A,)* (e"9)

AP for nonlinear RTE 13 / 32



Numerical method

Computation of L?

o Examples: (—A,)°f

6 Error vs number of mode A Error vs number of mode
1 1
0 —s=0.4| 0
I—s=0.6|
4 0,8 5=0.8]
®R10-10 (1)810-3
1 0-12
1071 10
0 100 200 300 400 500 600 0 100 200 300 400 500 600
Nv Nv
2 1—2s

flv)=e™ flo) =1+
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Numerical method

Computation of L?

o Examples: (—A,)°f

6 Error vs number of mode A Error vs number of mode
1 10"
0 —s=0.4] 0 —s=0.2
I—s=0.6| |—s=0.4]
4 0,8 5=0.8]
®R10-10 (1)810-3
1 0-12
1071 10
0 100 200 300 400 500 600 0 100 200 300 400 500 600
Nv Nv
2 1—2s

flo)y=e" f)= 0+

@ L in new variable ¢

L3(f) = f = cos(q)sin(q)0qf — (=Aq)" f

AP for nonlinear RTE 14 / 32



System decomposition

@ Micro-macro decomposition

n(t,z,v) = h(t,z + ev)
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System decomposition

@ Micro-macro decomposition

[t m,0) =n(t, z,0)M(v) + g(t, z,v)
n(t,z,v) = h(t,z + ev)

@ Plug the decomposition to the equation

20 (M + g) + evd. (MM + g) = L5(g) + L (pM)
= £°(g) + oM - Byn — M(=Ay)°n — I(n, M) +1.L° (M)
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System decomposition

@ Micro-macro decomposition

[t m,0) =n(t, z,0)M(v) + g(t, z,v)
n(t,z,v) = h(t,z + ev)

@ Plug the decomposition to the equation
20 (M + g) + 00, (MM + g) = L7(g) + L*(pM)
= L(g) + v M - 9,n — M(—=Ay)°n —I(n, M) +nL* (M)
—— ——
28 M(=Ag)n =0
I(f,9) = (=8u)°(f9) — 9(=A)°f — f(=Au)’g
—a, [ U= f0igt) —gw),,

"U _ w|d+23
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System decomposition

@ Micro-macro decomposition

[t m,0) =n(t, z,0)M(v) + g(t, z,v)
n(t,z,v) = h(t,x + €v)

@ Plug the decomposition to the equation

20 (MM + g) + v, (WM + g) = L°(g) + L (nM)

= L(g) + v M - 0 — M(=Ay)°n —I(n, M) +nL>(M)
—_———— ——

25 M(—Ag)®n =0
20, (MM + g) + evdpg = L5(g) — (= As)° M — I(n, M)
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System decomposition

@ Micro-macro decomposition
[tz v) =n(t,z,0)M() + g(t, z,v)
n(t,z,v) = h(t,x + €v)
@ Plug the decomposition to the equation

20 (MM + g) + v, (WM + g) = L°(g) + L (nM)
= L(g) + v M - 0 — M(=Ay)°n —I(n, M) +nL>(M)
—_———— ——
25 M(—Ag)®n =0

20, (MM + g) + evdpg = L5(g) — (= As)° M — I(n, M)

@ Split system
{525&9 +evd.g = L3(g) — I(n, M),
9m = —(=8az)n,
o Initial data

Nin (2, V) = pin(T + €v) Gin(x,v) = fin(x,v) = Nin(z,0)M(v) .
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System decomposition

@ Micro-macro decomposition
[tz v) =n(t,z,0)M() + g(t, z,v)
n(t,z,v) = h(t,x + €v)
@ Plug the decomposition to the equation

20 (MM + g) + v, (WM + g) = L°(g) + L (nM)
= L(g) + v M - 0 — M(=Ay)°n —I(n, M) +nL>(M)
—_———— ——
25 M(—Ag)®n =0

20, (MM + g) + evdpg = L5(g) — (= As)° M — I(n, M)

@ Split system
€2°0,9 + evdug = L5(g9) — I(n, M)
9 = — (1)

o Initial data
Nin(2,v) = pin(z + €v) Gin(x,v) = fin(x,v) = Nin(z, v)M(v)
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Energy stability

Proposition

If (n, g) solves split system, then f = nM + g solves the original equation. Both
system has the energy dissipation property. That is, define the total energy

2 M+g)2
E2://f—dvdx://(777dvdm,
T e e M ze M

dEy

Proposition

2
E? ://nQdedv, E? ://gﬂdmdv
RJR RJR

are both uniformly bounded in time.

Ll Wang (Minmesota) | ADTor HonTineas RTH 19 /) 52



Semi-discrete scheme

To solve

{5258,59 +evlag = L3(g) — I(n, M)

o =—(—Az)"n
we propose

(97— 9" = L9 — g — I M)
°(gn+1 g )—‘y—a’:"Ua gn+1 _’an+1

(" —n") = —(=A)n"

E\”

L
At

AP for nonlinear RTE 20 / 32



Semi-discrete scheme

To solve

{5258tg +evlag = L3(g) — I(n, M)

o =—(—Az)"n
we propose

Azt‘(g -9")=L(g") —vg" —I(n", M)
S (9" = g") + evdpg"t = gt
T =) = —(=AL) "
Compare to %Z(g"Jrl —g") +ev0g™ Tt = L (g™ — I(n™, M)

AP for nonlinear RTE
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Numerical methods

Semi-discrete scheme

To solve
e¥0vg + evdug = L(g) — I(n, M)
O = —(—Az)™n

2s

we propose

&)

(9" —9") = Lg") =g" = 1(n", M)
° (gn+1 g )+€1}8 gn+1 _ ’an+1
(" =) = —(=Au) "

2s
S (9" = g") +evdeg™ T = L2(g"Y) — 1(n", M)
@ alleviate ill-conditioning

®
ol
xS

Bl

Compare to

Cond(Ag) Cond(A1) Cond(Ay)
2

s=04,e=1 4.73 4.54 4.36

s=06,e=1 4.93 4.73 4.55

s=08,e=1 13.28 12.66 12.11
s=04,e=1le—3 7.74e3 158 52
s=10.6,eg=1le—3 1.24e5 187.42 63.44
s=0.8,e=1e—3 5.97e6 564.32 190.75
s=04,e=1le—5 3.57e5 181.66 55.84
s=0.6,e=1le—5 3.15e7 188.98 63.67
s=08,e=1le—5 9.46e9 564.62 190.79

(Minnesota) AP for nonlinear RTE
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Semi-discrete scheme

To solve

20,9 + evdag = L(g) — I(n, M) +nL>(M),
om = —(—=Az)"n,

we propose

£2s

o)
wb>
o~

(g"—9")=L(g") —vg" —I(n", M)
(¢"*" = g") + evdog™tt = 79" !

(" —n") = —(=A)n"

bl-&

Compare to % (g™t

—g") +evdeg" ™t = L2(g" ) — I(n", M)
@ alleviate ill-conditioning

@ reduce computational cost

AP for nonlinear RTE
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Semi-discrete scheme

To solve

20,9 + evdag = L(g) — I(n, M) +nL>(M),
om = —(—=Az)"n,

we propose

£2s

o)
wb>
o~

(g"—9")=L(g") —vg" —I(n", M)
(¢"*" = g") + evdog™tt = 79" !

(" —n") = —(=A)n"

bl-&

Compare to % (g™t

—g") +evdeg" ™t = L2(g" ) — I(n", M)
@ alleviate ill-conditioning

@ reduce computational cost

@ asymptotic property

AP for nonlinear RTE
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AP property

Proposition

The numerical solution p™ = (f™) = (n" M + g") satisfies

- (—Az)°p", as £—0.

Ll Wang (Minmesota) | ADTor HonTineas RTH
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AP property

Proposition

The numerical solution p™ = (f™) = (n" M + g") satisfies

- (—Az)°p", as £—0.

_ s n gttt — g
=A™ M>+<T>

_ s/m om gt —g"
= (_Ax) <f -9 > + <T
n+1

— (_ s no_ E] n g9 79”
= (—22)°p" — (—A2) (g>+<7At >
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AP property

Proposition

The numerical solution p™ = (f™) = (n" M + g") satisfies

- (—Az)°p", as £—0.

_ g2s

2s *
o (SF L)y = Rrg" — 10" M)

2s
lg* (2, Mzse S U™ M)llLse + e llg™ [l oo

2s
@ = (" = g") + evdpg" T = 4" 1!

2s *
lg" T (2, 0)] < 255 llg™ (L v)llege

AP for nonlinear RTE 23 / 32
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Q Numerical examples
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Numerical ex

Long time behavior

Of = 0u(vf) = (AN, fO,0)=e

s=0.5, M) =r"51+v*)""

06 Equilibrium o Tail o Relative entropy vs time
o = 10
05 foeact v 1429)
0.4 10?
=03 8 :\:5
8
02 10 B
0.1 \)
\
10 5
5 0 5 102 10° 107 1o
v

o o5 1 15 2 25 3
log v

Figure: Here At = 0.01 and N, = 128
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Long time behavior

0 Tail Relative entropy vs time
10 10°
\M‘
102 b
E £
kel 610'4
o
10 -
10°
10 5
-2 0 2 10
10 10 10 0 0.5 1 15 2 25 3
log v t
Tail . .
10° Relative entropy vs time
102
210"
10°
108 -8
2 0 2
10 10 10 0 o5 1 15 2 25
log v

w

AP for nonlinear RTE

3.5
Figure: Here use N, = 128, At = 0.01. top: s = 0.6. bottom: s =0.8
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Uniform accuracy in time

Of4+v-Vaof =V (vf) = (=A)°f:=L(f), s€(0,1)
f(0,z,v) = P = [—5,5]

)

1 -1
R e RS
e =1e3 e = 1e-3
~e=1e-5 ~e=1e-5
102 --slope = 1 102 --slope = 1
() _— )
103 / 102
107 107
102 102
At At

Figure: Convergence test for s = 0.4 (left) and s = 0.8 (right). L, =5, N, = 200,
L, =3 and N, = 128, At = 0.025,0.0125,0.00625,0.003125,0.0015625.
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Stability

N,
= f i, _7 L v
Ey = -wiAqAT,  wj = 5
’ T (sin(gy))?
=1 j= l J
Ny Ny 92 Ny Ny
i,J _ 2 D
E, = E E ijqAﬂc, b, = E E M, Mjijw; AqAz .
=1 j=1 =1 j=1
Energy stability with s=0.4 e=1 o Energy stability with s=0.4 e=1e-2 08 Energy stability with s=0.4 e=1e-5
08 — = . = . =
0.7 I 5 0.6 5
& 06 & - i &
06 \\ 04 ‘\‘
\
0.4 \
05 02 ‘\‘
04 02 A ——— \‘
0 002 004 006 008 0.1 “0 002 004 006 008 0.1 0 002 004 006 008 0.1
t t

Figure: Ly =5, Ly, = 3, N, = 100, N, = 128, At = 0.01.
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Numerical example
Kinetic regime

Reference solution:

LS 00, f" =0,

ntl_p* n s rn
Fgrt = 0u(of™) = (=Au)

4 e=15=041=0.1 4 e=15=061=0.1 4 e=15=081=0.1
AP scheme AP scheme AP scheme
reference p by IMEX| reference p by IMEX| reference p by IMEX|
08 08 0.8
06 06 06
0.4 0.4 0.4
0.2 0.2 0.2
3 2 1 0 1 2 3 3 2 1 0 1 2 3 3 2 1 0 1 2 3
x x x

Figure: For our AP scheme, N, = 200, N,, = 128, At = 0.01. For reference solution,
N, = 800, N, = 256, At = le — 4.
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Diffusive regime

) 1D LFP: asymptotic behavior with s=0.4 s=0.4
10 1
Te=te AP with ¢ = 1e-5|
) |--frac diff

0.8
10?2

0.6

Q

0.4
10

0.2
10° 0

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1 -3 -2 -1 0 1 2 3
Time X
) 1D LFP: asymptotic behavior with s=0.8 s=0.8

10
102

0.6

Q

0.4
10

0.2
10° 0

0 0.010.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1 -3 -2 -1 0 1 2 3
Time X

. T =0.1, N, = 100, At = 0.01, N, =128.
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@ Conclusion
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Conclusion

We have developed an asymptotic preserving scheme for Lévy Fokker Planck
equation with fractional diffusion limit.

Key ideas:
@ spectral method with nonlocal basis

@ a new macro-micro decomposition

@ an operator splitting
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Conclusion

We have developed an asymptotic preserving scheme for Lévy Fokker Planck
equation with fractional diffusion limit.

Key ideas:
@ spectral method with nonlocal basis

@ a new macro-micro decomposition

@ an operator splitting

Thank youl!
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