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The Boltzmann equation

Of +v-Vxf = Q(f,f), t>0, xeQcRY veR? J

o f=1f(t,x,v): one-particle probability density function
— fdxdv gives the probability of finding a fixed particle at time t, position x and

velocity v in the phase space

o Q(f,f): Boltzmann collision operator
— a nonlinear integral operator modeling the binary collisions among particles

Jingwei Hu (Purdue) Spectral Method for the Boltzmann Equation Mar 22, 2021 3/17



The Boltzmann collision operator

QW) = [, [, BO= ) F W))W (w)ldodve |

(v, vy) and (v/,v]) are the velocity pairs

before and after a collision: v
V,=v+v,,+|v—v*|0 Vs
2 2
V,_v+v*_|v—v*| v
* 2 2

B(v = vyi,0) = B(|v — v.|,cos0)
cosf=0-(v—vi)/|v— v

v4u, =0+l

[0 + Jou|? = o[ + [0l

e.g. variable hard sphere (VHS) model®
B=|v-v|} 0<A<1

A =1: hard sphere; A = 0: Maxwell molecule

Figure: lllustration of a 2D
elastic collision.

1Bird, 1994.
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Properties of @

@ conservation of mass, momentum, and energy:

[RdQ(faf)dV=fRdQ(f,f)vdv:fRdQ(f,f)|v|2dv:0 J

@ Boltzmann’s H-theorem:

—fRdQ(f,f) Infdv>0

@ equilibrium function:

B B B p e
_AdQ(f,f) Infdv-0<=>Q(f,f)—0<=>f——(27r_,_)d/2e

with density p:= [ fdv; bulk velocity v := %f f vdv; temperature
T:=—+ [flv-uPdv
P
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Numerical challenge

The major difficulty of numerically solving the Boltzmann equation comes from
the collision operator

Q(f,f)(v)szded_l B(|v - va|,cosO)[F(V')F(V.) - £(v)F(vs)] do dvs J

o a five-fold (d = 3) integral that needs to be evaluated at every v, x and t

@ a nonlinear (quadratic) operator
@ better to preserve the physical structure: conservation, positivity, entropy
decay, etc.
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Probabilistic approach

o direct simulation Monte Carlo (DSMC) method?
— easy implementation, efficient, low accuracy, random fluctuations

Deterministic approach
e discrete velocity method (DVM)?3
— expensive, low accuracy, maintain physical properties (positivity, conservation,
and entropy decay)

o (Fourier) spectral method*
— relatively expensive, high accuracy, does not maintain most physical properties

2Bird, Nanbu, ...
3Boby|ev, Buet, Goldstein, Heintz, Palczewski, Panferov, Rogier, Schneider, ...
4Boby|ev, Filbet, Gamba, Mouhot, Pareschi, Perthame, Rjasanow, Russo, Tharkabhushanam,
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Fourier-Galerkin spectral method?®

Consider the spatially homogeneous Boltzmann equation:

Aef(t,v) = Q(f,f), veRY (d>2),
£(0,v) = fO(v).

o Truncate the domain R? to a torus D, = [-L, L]?.

o Change of variable v, > g=v — v, in Q(f,f), and truncate g to a ball Bg:

Q(F.)) = [ [, Blal.o- () (V) - F(F(v - @) dodg,
R
where |g| and § are the magnitude and direction of g.
@ Approximate f by a truncated Fourier series:

N/2 -
f(t,v)~fu(t,v)= Y. fi(t)e' Tk e Py,
k=—N/2
where k = (ki,...,kq), and -N/2 < k < N/2 means —N/2 < k; < N/2 for each

j=1,...,d.
5Pareschi and Russo, SIAM J. Numer. Anal., 2000.
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Fourier-Galerkin spectral method (cont'd)

o Substitute fy into the equation and conduct the Galerkin projection onto the

space Py:

d

—f =QRF

i N/2 < k < N/2,

fi(0) = ¢
where 0 is the k-th Fourier mode of the initial condition f°, and

N/2
Qf = Z g(/,m)ﬁfm,
I,m=—N/2
I+m=k

with the weight given by

G(.m = [ [ Blldlo-g[e mUmaiitii-me _ ¢ iEma) 454
R -1
:=G(l,m)- G(m,m).
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The direct Fourier spectral method

The algorithm then proceeds as follows:
0. precompute the weight G(/, m) — storage requirement O(N??);
1. prepare the initial data 0 — computational cost O(N?);
2. at each time step, evaluate QF — computational cost O(N?9);
3. time stepping to obtain f; at new time step — computational cost O(Nd);

repeat steps 2 and 3 until the final time.
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direct Fourier spectral method

The algorithm then proceeds as follows:
0. precompute the weight G(/, m) — storage requirement O(N?9);
1. prepare the initial data 0 — computational cost O(N?);
2. at each time step, evaluate QF — computational cost O(N?9);
3. time stepping to obtain f; at new time step — computational cost O(N?);
repeat steps 2 and 3 until the final time.

We have introduced a fast algorithm? to accelerate the direct Fourier spectral method as
well as to alleviate its memory constraint in the precomputation stage

@ move some offline computation to online using quadratures

@ weighted convolution is rendered to a few pure convolutions which can be evaluated
by FFT.

The idea has been generalized to multi-species Boltzmann equation®, inelastic

Boltzmann equation®, and non-cutoff Boltzmann equation?.

2Gamba, Haack, Hauck, and H., SIAM J. Sci. Comput., 2017.

b jaiswal, Alexeenko and H., Comput. Methods Appl. Mech. Engrg., 2019.
°H. and Ma, J. Comput. Phys., 2019.

9H. and Qi, J. Comput. Phys., 2020.

4
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Overview

© Stability and convergence of the Fourier spectral method
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Motivation

Now we have a spectral method for the Boltzmann equation
@ achieves a good accuracy-efficiency tradeoff

@ works well in practice

Jingwei Hu (Purdue) Spectral Method for the Boltzmann Equation Mar 22, 2021 11 /17



Motivation

Now we have a spectral method for the Boltzmann equation
@ achieves a good accuracy-efficiency tradeoff

@ works well in practice

Q: Can we say something about its stability and convergence?

Jingwei Hu (Purdue) Spectral Method for the Boltzmann Equation Mar 22, 2021 11 /17



Now we have a spectral method for the Boltzmann equation
@ achieves a good accuracy-efficiency tradeoff

@ works well in practice

Q: Can we say something about its stability and convergence?

@ ® The equation is nonlinear.
@ ® The method does not necessarily preserve the positivity of the solution.

Positivity is the key to many stability estimates of the Boltzmann equation

HfHL1 if £>0 f Fdv if mass conservation f fodv
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Now we have a spectral method for the Boltzmann equation
@ achieves a good accuracy-efficiency tradeoff

@ works well in practice

Q: Can we say something about its stability and convergence?

@ ® The equation is nonlinear.
@ ® The method does not necessarily preserve the positivity of the solution.

Positivity is the key to many stability estimates of the Boltzmann equation

HfHL1 if £>0 f Fdv if mass conservation f fodv

@ © The method does preserve the mass (1 lies in the expansion basis).
@ © The domain is bounded.
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Existing work and our contribution

o Pareschi and Russo, Transport Theory Statist. Phys., 2000.
— A positivity-preserving filter is applied to the equation to enforce the positivity of
the solution (then the proof for the continuous equation follows). Filtering
introduces too much smearing hence destroying the spectral accuracy.

o Filbet and Mouhot, Trans. Amer. Math. Soc., 2011.
— Use the “spreading” or “mixing” property of the gain term of the collision
operator to show that the solution will become everywhere positive after a certain

time if it is initially negative.
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— A positivity-preserving filter is applied to the equation to enforce the positivity of
the solution (then the proof for the continuous equation follows). Filtering
introduces too much smearing hence destroying the spectral accuracy.

o Filbet and Mouhot, Trans. Amer. Math. Soc., 2011.
— Use the “spreading” or “mixing” property of the gain term of the collision
operator to show that the solution will become everywhere positive after a certain
time if it is initially negative.

In our recent work®, we give a new proof

o estimate the L2 norm of the negative part of the solution and show that it
can be controlled (the solution is allowed to be negative for the method to
remain stable)

@ does not rely on sophisticated property of the collision operator

5H., Qi, and Yang, SIAM J. Numer. Anal., 2021.
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Main stability result

The Fourier spectral method can be written as’:

0:f = QR(f,f), veD, Oefy = PnQR (fu, fu), veDy
0 = (%) 0._ 0
f(Ov V) =f fN(O, V) = PNf = fN
Basic assumptions:
o B=|v-v,|*b(cosf), 0<A<1, [coyb(cos)do < oo (cut-off assumption).
o fO¢ [l HY(D,), periodic and non-negative.
o Forany e, 3Ng, s.t. N> No, [£3] 1 <22 and |£7] 2 <.

7Py is the projection operator onto the space Py. f~(v) := max(=f(v),0).
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Main stability result

The Fourier spectral method can be written as’:

0if = Q(f,f), veDy Oefy = PnQ" (fu, ), v e Dy
= (%)
£(0,v) = £ fu(0,v) = Puf® = fy

Basic assumptions:
o B=|v-v,|*b(cosf), 0<A<1, [coyb(cos)do < oo (cut-off assumption).
o fO¢ [l HY(D,), periodic and non-negative.

ol <20 and [fig 7]z <.

Theorem (H., Qi, and Yang, 2020)

o For any ¢, 3Ny, s.t. N> Ny, |

Under the above assumptions, there exists an integer Ny depending only on the
(arbitrary) final time T and initial condition f°, such that for all N > Ny, the
numerical system (*) admits a unique solution fy(t,-) € L n HY(D;) on [0, T].
Furthermore, fy satisfies the stability estimate

vee[0,T], Ifu(t)lp <210

7Py is the projection operator onto the space Py. f~(v) := max(=f(v),0).
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Main strategy of the proof

Step (i): Initially choose N such that |[f0] ;1 < 2[/f°| .1, then determine a small
time 7 such that there exists a unique solution fy on [0, 7] and satisfies

vee[0,7], [fn(t)] <41 .

Using this L! bound, one can show that

) - Ki(f°, T
veel0n) Il s kol D (1587 + G,

On the other hand,
(Ol = [ fu(evldv=2 [ fi(evydve [ fulev)dv
=2 fy ()] + f FO(v)dv <22L) 2| fy ()12 + | 7O 2.
Therefore, we can choose N large enough (depending only on T and f°) to obtain

Vte[0,7], |fw(t)| <2|f° . < back to the initial condition

Step (ii): Iterate the above process to build the solution to [7,27], [27,37], ...
until T.
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Elaboration of the key estimate of H;‘,\](t)HL2

We first rewrite the method as
defn = QR (fy, i) — Q% (fw, fv) + En(fw), J

with En(fy) == PnQF (fu, fn) — QR (fy, fv). We then estimate®:

f QR (f, ) vl (h<0p dv < Co || vl Iy ”iz + Col Al 1 ||i2
_ [ QR7_(fN’ fN)le{sto}dV < Cl H fN”Ll H fl\7 ||i2
L C :
/ En(fn)fnli<op dv < [En(fn)l 2 [ fa ]2 < WszNHiﬂ Il -

Note also
fvlify<0yOrfi = fy O:fy.

The Gronwall's inequality finally yields the desired estimate of | fy (t)],..

8Use fiy = ff — fy, [ful = fiy + 7, and [QF*(g, F)|1o < Clg|a|f] e
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Convergence and spectral accuracy

Basic assumptions:
o B=|v-v.|*b(cosh), 0<A<1, [coyb(cos)do < oo (cut-off assumption).
o fO¢ [l n H*(D,), periodic and non-negative.
o Forany e, 3Ng, s.t. N> No, [£3] 1 <22 and |£7] 2 <.

Define the error function ey(t,v) = Pnf(t,v) — fu(t,v), where f is the exact
solution and fy is the numerical solution. Then

Under the above assumptions, there exists Ny such that the Fourier spectral
method is convergent for all N > Ny and exhibits spectral accuracy, that is,

C(f°,7)

vee[0,T],  fen(t)l: € =i,

for all N > Nj.
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Conclusion

A new stability and convergence proof of the Fourier-Galerkin spectral method is
established for the spatially homogeneous (cutoff) Boltzmann equation.

Ongoing/Future work: 1) Obtain stability/convergence for the fast algorithms
where quadratures are added. 2) Stability/convergence in the non-cutoff case.

Thank you!

Papers and preprints can be found at
https://jingweihu-math.github.io/webpage/
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