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The fast diffusion equation

Consider the fast diffusion equation in R?, d > 1, m < 1

ou

Frie Au™, up=o = uo > 0 (FDE)
With p = 721”1_1, u=f%
d d
al de =0, — " dr = 1) Vi|*d
o [ uda=o0. dt/Rdu r=(p+1) /Rd| fI2da
=[I£157 =[IFI51

Gagliardo-Nirenberg-Sobolev inequalities

IV £1l3 /157 = Cans(®) 112, (GNS)

t — 400 asymptotics: u(t,z) ~ B(t,x) =t~/ g(t=1/r g)2p
B Barenblatt self-similar solutions, y =2 —d (1 —m) > 1

1
g(z) = (1 + |x|2) »=1 Aubin-Talenti type function
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Fast diffusion equation
The subcritical Keller-Segel model

Nonlinear diffusion equation:
4 n ‘okker-P C . ~
A simple mean-field model

Vlasov-Poisson-Fokl Plancl

s

Self-similar variables, entropy-entropy production
inequality

In self-similar variables (FDE) becomes a Fokker-Planck type equation

%+V-(U(va_1—2x))zo (1)
with (GNS) <= J[v] > 4F[v] and LTF[v] = —I[v]

Generalized entropy (free energy) and Fisher information
Flv] ::/ (B™ ' (v—B)— V=B dr, ) = / v |Vt 4+ 23:‘2 dx
R4 Rd

m

1
where B(z) = g (z) = (1 + |z|*) ™™ (with appropriate normalizations)
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Linearized entropy-entropy production inequality

(BBDGYV)... Linearization: Let v. = B (1+&eB!=™ f)

I[ve] > 4 Floe]
~— ——
~e? fRd |V f|2Bdx ~ g2 fRd [£]2 B2—m da
HardyPoincaré inequality: with B2~™ = I nglZ

Apa [ B> ™dx < / |Vf*Bdr YV fecH (Bdz), / B ™Mdr =0
Rd Rd Rd
Q@ asymptotic decay rates = rates of the linearized FDE equation
0=+ (vV ("t =B
~eB2 (0 = (1—m) B2V - (BVY))

@ same rate in the nonlinear regime (Bakry-Emery)
@ much more (stability results)... but the difficulty lies in the
justification of the Taylor expansion
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The subcritical Keller-Segel model

(Campos, JD)
(Davila, JD, del Pino, Musso, Wei)
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The subcritical Keller-Segel model

M = [z, ngdx < 8m: global existence (W. Jéger, S. Luckhaus 1992),
(JD, B. Perthame 2004)
If u solves

ou

i V- lu (V(logu) — Vo)]
the free energy

1
Flu] ::/ ulogudm—f/ uv dz
R2 2 Jgre
d

& Plu(t, )] = - /]R |V (log u) — Vof? da

The logarithmic HLS inequality (E. Carlen, M. Loss 1992)
F is bounded from below if and only if M < 8=

satisfies
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Nonlinear diffusion equations et disinsion cepraiion
: e : >quations The subcritical Keller-Segel model
A simple mean-field model

Time-dependent rescaling

1 T

u(x,t):RQ(t)n(R(t),T(t)> and v(x,t)zc(Rg(Et),T(t))

with R(t) = +/1+ 2t and 7(t) = log R(?)
on

E:Anfvwn(ch:c)) reR? >0
1

c=——1logl|-|*n reR?, t>0
2m

n(-,t=0)=ng>0 r € R?

(A. Blanchet, JD, B. Perthame 2006)
The convergence in self-similar variables

Jim [, + 1) = noollLigay =0 and lim [Ve(-, + ) — Vewo|lz(gay =0
means intermediate asymptotics in original variables:
e t) — gy nec (% T(t)) It g2y N O
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The stationary solution in self-similar variables

¢ coo—lz?/2

=M
Joe~ PP

Moo = —Acts , coo:—glog|~|*noo

8 r(h-)
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Nonlinear dxﬁ\mlon eq\nnom
Vlasov-Po »n-Fokker-Planck

Linearization

We can introduce two functions f and g such that
n=ne(l+f) and c=ce(l+g)=(-A)"'n

and rewrite the Keller-Segel model as

of

3t Lf+_v(fnoo (Coog))

where the linearized operator is

Lf = LV (nocv(f — Coo g))

o0

and
—A(Co0 9) = N f
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Vlasov-Poisson-Fokker-Planck

The subcritical Keller-Segel model
A simple mean-field mode

Fast diffusion equation
Spectrum of £ (lowest eigenvalues only

9, qorietices of

Figure: The lowest eigenvalues of —£ = (—A)~(n f)
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Fast diffusion equation
Thc subcr]tlcal Kcllcr chcl model
nple mear

Nonlinear diffusion equations

Functional setting...

Lemma (A. Blanchet, JD, B. Perthame)

Sub-critical HLS inequality (A. Blanchet, JD, B. Perthame)

Fln] ::/Rznlog< m)dm—%/ﬂp(n—nm)(c—co@)dmzo

achieves its minimum for n = N

Qulf] = lim 5 Flnae(1+2 )] > 0

e—0 €

if fW fneodr = 0. Notice that fy generates the kernel of Qq

Lemma (J. Campos, JD)

Poincaré type inequality. For any f € H'(R? ne, dx) such that
s [ oo dx =0, we have

It
[ IVCA G ndr= [ 1V(ge)Pnde < [ |1 nacde
R2 R2 R2
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Fast diffusion equation
The subcritical Keller-Segel model
A simple mean-field model

Nonlinear diffusion equations

and eigenvalues

With g such that —A(g cs) = f Noo, Q1 determines a scalar product

(f1, f2) = /R2 fi f27”bood93—/]R2 f1 Moo (92 €o0) d

on the orthogonal space to fy in L?(ns dx)

Qlf) = [ IV(f = gen) oo with g=— o log||+(/ )

Coo 2T
is a positive quadratic form, whose polar operator is the self-adjoint
operator £

(£, 61) =Qaf] VfeD(Ly)

Lemma (J. Campos, JD)

L has pure discrete spectrum and its lowest eigenvalue is 1
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The subcritical Keller-Segel model
A simple mean-field mode

A simple Cucker-Smale mean-field model

(Xingyu Li)
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A simple version of the Cucker-Smale model

(J. Tugaut, 2014), (A. Barbaro, J. Canizo, J.A. Carrillo, and
P. Degond, 2016), (X. Li)
A model for bird flocking (simplified version)

% = DA+ Y, (Voo(v) f —uy f)
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Relative entropy and related quantities

—Fulf(t,)] = = I[/]

Q  Relative entropy with respect to a stationary solution fy

f

Talfl=D | 1 k’g(fu

)dv—|uf—u|2
@ Relative Fisher information

I f] ::/}Rd ’Dfo—I—av|v|2—|—(l—oz)v—uf

2

fdv

Q@ Non-equilibrium Gibbs state

o~ B (3lv—us P+ T o' =5 [0f)
Gf(’l)) =

1 (1 2, Qe Qo
Joae B Glomur PG =5 o) g,
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Stability and coercivity

(X. Li)

Q1,ulgl : hrn3 [fu(l—l—sg D/ g fudv—D2|V |2

e—=0¢

where vy := & [Lavg fudv

— i 1 _ N2 2
Qualg) = lim [ (14 29)] = D° [ Vg, fudo
Stability: Q1.4 >0 7

Coercivity: Qau > AQ1u for some A >0 2

Quli > €5 (1~ (D)) {220

Ql u[ ]
k(D) < 1 and as a special case, if u = u[f], then
Q2.ulg] = Cp (1= k(D)) Quulgl
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Fast diffusion equation
The subcritical Keller-Segel model
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Nonlinear diffusion equations

An exponential rate of convergence for partially
symmetric solutions in the polarized case

Proposition (X. Li)

Let a >0, D > 0 and consider a solution f € C° (RY,L}(R?)) with
initial datum fi, € LL(R?) such that F[fi] < F[fo] and

uy, = (u,0...0) for some uw # 0. We further assume that

fin(v1,v2, .. V;i—1,04...) = fin(v1,v2,...0;_1,—V;,...) for any i = 2,
3,...d. Then

0 < F[f(t,)] —Flful <Ce " Vt>0

holds with A = Cp (1 — k(D)) > 0
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Hypocoercivity methods
Linearized system and hypocoercivity
Results in the diffusion limit / non-linear case

Nonlinear diffusion equations
Vlasov-Poisson-Fokker-Planck

The Vlasov-Poisson-Fokker-Planck
system

> Hypocoercivity methods
> Linearized Vlasov-Poisson-Fokker-Planck system

> A result in the non-linear case, d = 1
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. . Hypocoercivity methods
Nonlinear diffu quatic h 2

i o x ; ‘ .
. Linearized system and hypocoercivity
Vlasov-Poisson-Fokker-Planck S¢S : 1d hypo Y
Results in the diffusion limit / non-linear case

The Vlasov-Poisson-Fokker-Planck system:
linearization and hypocoercivity

@ (JD, Mouhot, Schmeiser, 2015)

@ (Bouin, JD, Mischler, Mouhot, Schmeiser,2020) Hypocoercivity
without confinement

@ (Arnold, JD, Schmeiser, Wohrer) Sharpening of decay rates in
Fourier based hypocoercivity methods

@ (Addala, JD, Li, Tayeb) L2-Hypocoercivity and large time

asymptotics of the linearized Vlasov-Poisson-Fokker-Planck system.
Preprint hal-02299535 and arxiv: 1909.12762
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Linearized system and hypocoercivity
Results in the diffusion limit / non-linear case

Hypocoercivity methods
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Hypocoercivity methods
Linearized system and hypocoercivity

Vlasov-Poisson-Fokker-Planck 5 A A oy X
Results in the diffusion limit / non-linear case

H'-hypocoercivity: an example

)

8{+Tf Ayf+Vy-(vf), Tfi=v-Vof—a-V,f
(JD, X. Li) take h = (f/f.)*?, p € (1,2)

Oh |y _ gy 2P [VohP . Lhi=Ayh—v-Vyh

ot P h

Twisted Fisher information

I[N = (A1=N) [ou IVoh|? dut+(1=X) [pa [Voh|? dpt [o [Voh + Voh|? du

For an appropriate choice of t — A(t), there is a function t — p(t) > 1
a.e.

L, )] < = p(t) Ia [1(E,)] VE>0

and ) [A(t, )] < 31/2 ho) exp( fo )
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Hypocoercivity methods
Linearized system and hypocoercivity
Results in the diffusion limit / non-linear case

Nonlinear diffusion equatior
S S e

L?-hypocoercivity: the strategy

(JD, Mouhot, Schmeiser) IT is the orthogonal projection on Ker(L)
€ (fi—}: +TF = - LF
F.=Fy+eF +e2F +0(e?) ass—>0+, u=Fy=1IIF,
Opu+ (TIH* (T u =0
> Main assumption: macroscopic coercivity (Poincaré inequality)
ITILF|? > Aar [[ILF 2
e = 1: the estimate § £ ||F||> = (LF, F) < — A, [|(1 = II) F||? is not
enough to conclude that ||F(t,-)||* decays exponentially
The operator A := (1 + (TI)*TIT) " (TI)* is such that

A
(ATIIF, F) > ——M ||HF|\2
+

and we can use the L? entropy / Lyapunov functional
H[F] := % ||[F|* + 6 Re(AF, F)
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Nonlinear diffusion equations > ‘ 3 -
) Linearized system and hypocoercivity
Vlasov-Poisson-Fokker-Planck € £ Bl Ly Y
Results in the diffusion limit / non-linear case

Linearized Vlasov-Poisson-Fokker-Planck system

In collaboration with Lanoir Addala, Xingyu Li and Lazhar M. Tayeb

@ L2-Hypocoercivity and large time asymptotics of the linearized
Vlasov-Poisson-Fokker-Planck system. Preprint hal-02299535 and

arxiv: 1909.12762
(Hérau, Thomann, 2016), (Herda, Rodrigues, 2018)
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Vlasov-Poisson-Fokker-Planck ed system and hypo Y

Results in the diffusion limit / non-linear case

Linearized Vlasov-Poisson-Fokker-Planck system

The Viasov-Poisson-Fokker-Planck system in presence of an external
potential V' is
Of +v-Vof = (VaV + V) - Vo f = Ao f + V- (v )

EAVIOES Pf :/ fd’U
Rd
Linearized problem around f,: f = f. (1+nh), [[zu,ga b fedzdo =0
Oh+0-Vah— (Vo + Vads) - Voh 4+ 0 - Vatby — Agh+ - Voh = 1 Vathy - Voh
A= [ hfdo
Rd

Drop the O(n) term : linearized Viasov-Poisson-Fokker-Planck system
8th +v-Vih— (V’IV + VT¢*) -Vyh+v- vmlbh, - Avh +v-V,h=0

7A1¢h:\/ hfidv, // h fedrdv =20
Rd Rd xRd

Rates for mean field evolution equations as t — oo

(VPFP)

(VPFPlin)
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Hypocoercivity methods
Vlasov-Poisson-Fokker-Planck Lincarizedisystemiandihypocoercivity,
Results in the diffusion limit / non-linear case

Hypocoercivity

Let us define the norm

A = // th*dxvar/ Vot |? dz
R4 xR R4

Theorem

Let us assume that d > 1, V(x) = |z|® for some a > 1 and M > 0.
Then there exist two positive constants C and X such that any
solution h of (VPFPlin) with an initial datum hy of zero average with
lhol|* < oo is such that

Rt -2 <€ |lhol? e VE=0
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Hypocoercivity methods
Linearized system and hypocoercivity

Vlasov-Poisson-Fokker-Planck 5 A A oy Y
Results in the diffusion limit / non-linear case

Diffusion limit

Linearized problem in the parabolic scaling

1
£0uh v Voh — (VaV + Vo) - Voh+v- Vil =~ (Aph —v- Voh) =0

—Axwhzf Wi, dv, // hf.dedv =0
R4 R4 xRd

(VPFPscal)
Expand h. = hg +ehy + €2 hy + O0(e®) as ¢ — 0. With W, =V + ¢,
e~ Ayho —v-Vyho=0
el v-Vgho — VoW, - Vyho +v - Vap, = Ayhy —v - Vb
el Othg +v-Vihy — VoW, - Vyohy = Ayhe —v - Vihs

With u = IThg, =AY = u py, w = u + 1,
u=nhg, v-Vew=~Ayhy—v-Vyh
from which we deduce that hy = —v - V,w and
ou— Aw+ VW, -Vu=0
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Linearized system and hypocoercivity

Results in the diffusion limit / non-linear case

Rates of convergence
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Hypocoercivity methods

: Linearized system and hypocoercivity
Vlasov-Poisson-Fokker-Planck S oA RS Y
Results in the diffusion limit / non-linear case

Results in the diffusion limit / in the non-linear case

Theorem

Let us assume that d > 1, V(x) = |z|* for some a > 1 and M > 0.
For any € > 0 small enough, there exist two positive constants C
and X\, which do not depend on €, such that any solution h

of (VPFPscal) with an initial datum ho of zero average satisfies

”h(tv'v')HQ <€ HhO”2 eiAt Vt>0

Corollary

| A\

Assume that d =1, V(z) = |z|* for some a > 1 and M > 0. If f
solves (VPFP) with initial datum fo = (1 + hg) f« such that hy has
zero average, ||ho||> < oo and (1 + hg) > 0, then

”h(tv'v’)HQ <€ HhOH2 eiAt Vt>0

holds with h = f/f« — 1 for some positive constants C and A

v
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Hypocoercivity methods
Linearized system and hypocoercivity
Results in the diffusion limit / non-linear case

Nonlinear diffusion equations
Vlasov-Poisson-Fokker-Planck

These slides can be found at
http://www.ceremade.dauphine.fr/~dolbeaul /Lectures/
> Lectures
The papers can be found at
http://www.ceremade.dauphine.fr/~dolbeaul /Preprints/
> Preprints / papers

For final versions, use Dolbeault as login and Jean as password

Thank you for your attention !
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