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Landau Equation

Landau equation with unknown f = f(t,v) > 0:

O:f(t, v):divv/ a(v—w)(V, =V )(f(t,v)f(t,w))dw, veER3
R3

with the notation:

Nonconservative form

Ocf(t,v) = (aj »v f(t,v)) Ovia\,jf(t, v) + f(t, v)2

Open question global existence of classical solutions or finite-time
blow-up for the Cauchy problem with f|,_, = fi,?
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Villani's H-Solutions
H-solution 0 < f € C([0, T); D'(R%)) N L}((0, T); LL,(RY)) s.t.
/ (1,v, ]v|2) f(t,v)dv = / (1,v, |v[2) fin(t, v)dv
R3 R3
/ f(t,v)Inf(t,v)dv < / fin(v) In fin(v)dv
R3

R3

fora.e. t >0, and

/R3 fin(V)(0, v)dv + /OT/R3 F(t, v)0:(t, v)dv

T
/Rﬁ(d)(t, v)—=®(t,w))-N(v—w) (F(V,—Vy)F)(t, v, w)dvdw

g

with ®(t, v) == V,o(t,v),  F(t,v,w) = /LWty

8m|v—w]|

Notation |[|g]|7, := /(1+ [v[?)/2|g(v)|Pdv with p > 1 and k € R
k



Suitable Solutions

Definition
A (N, q, Cf)-suitable solution on [0, T) x R? is an H-solution s.t.

He(F(t2. ) + Ck / )

< Hy(f(t1,-) +2/~e/ / (t,v) L dvdt
R3

forall ty <t € [0, T)\ N and k > 1, where

Lr(tv)>w Vv f(t, v l/qH dt

Hgle) = [ on (B ) v, i) i= 2nz). (21
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Partial Regularity in Time

Definition A regular time of f, suitable solution on | C (0, +00), is
atimer € /st feL®(r—e7)xR3) for some e € (0,7).
The set of singular (i.e. nonregular) times of f on [ is denoted S|[f, /].

Main Thm Let f be a suitable solution to the Landau equation on
[0, T) x R3 for all T >0, with initial data f;, satisfying

/ 1+ v+ ]Infin(v))fin(v)dv < 0o forall k >3
R3

Then
Hausdorff dim S[f, (0, +00)] < 3
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Existence Theory

Prop 1 For all 0 < f, € L}(R3) s.t.

/ (1 + vk +[Infis(V)])fin(v)dv < 0o for some k > 3
R3

there exists an (N, g, Cg)-suitable solution f on [0, T] with initial
data f;, and

C/EEC,E[T7q7fIn]>Oa q ="
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Desvillettes Theorem

1/p
Notation [z = ( [ (14 M) 2le(v)”)
k RN
Thm For each 0 < f € L3(R3) s.t. fInf € L}(R3)

/ V/FO)Pdy CD+CD/ IN(v—w)(Vy—Vw)/F(V)F(w)|? dvdw
R

, VPP = s =

with

Cp=Cp [/R3(1, v, [v]?, [ In f(V))F(v)dv| >0

Corollary Let 0 < f;, € L}(R3?)) with k > 2 s.t. fi| In f;| € LY(R3).

f H-solution s.t. f|,_ = fi, = f € L0, T; Li(R®))
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(Formal) Truncated H Theorem

One has
d
H.(f(t,-
S H(F(t)IK)
F(tv)F(tw Liensn Vo (V) L) V(W)Y |2
+/ g.t67r|)v(—tw|)‘n(v_w)( f(’);(tyv) — )?(t,w) ) dvdw

Dy

:_/f(t, VF(E w)a(v—w) Y, (In FEDY . 0w, (In FE9)) gy

K K

:—/a(v—w):vvf(t, V)]-f(t,v)ZH ® wa(t7 W)lf(t,w)</4dVdW

:/— div, (divy a(v—w))(f(t,v)—k)+(k—(f(t,w)—k)_)dvdw
>0 ( in fact =6(v—w))

< Ii/(f(t, v) — k)4 dv
depleted NL
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Sketch of the Proof of Prop 1

eReplace a with its truncated variant

an(z) = & (|Z| AmM(z), satisfying div(diva,) >0

eUse the Desvillettes theorem to bound

[F(tv)[?
Cl,,/ Vv /F(E, V)] l,c(t7v)>,idv < Dy + / (f(t, W) — /4{/)+dW
R3

ATV .

eUsing the Desvillettes corollary with p’ = 2/q (recall g € (1,2))

Hlf t,v >nv f(t, V)l/q

L9(R3)

1/p
VoS F(t,V)[“Lfe,v)>
< QA ) (/ e Rl o d)

3p/2p/
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The 1st De Giorgi Type Lemma

Prop 2 Let f be a (VV, g, Cg)-suitable solution to the Landau equa-
tion for t € [0,1] with C£ >0 and g € (£,2)
Then there exists g = no[q, C£] > 0 s.t.

1
/ Hi(f(t,)|3)dt <mo = f(t,v) <2 ae. on[3 1] xR?
1/8
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Proof of Prop 2

Set

{tk =1-1.27k ki = (14 (2Y9 - 1)(1 - 279))7
fh(t,v) == u((f(t, v)a — mi/q)Jr) with p(r) :== min(r, r?)

The quantity

1
Ay i=esssup 3 /R3 fi (t,v)%dv + 3 C¢ /k VoA (t, V)H%"(W)dt
t

th<t<1
satisfies
A1 < Mlg, CEINA], Bi=5—-2>1andA:=2-47

1 1
so that Ag < M~ 1A -2 =— A, — 0as k — +o0

eControl Ag by truncated entropy + conclude by Fatou's lemma
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The Improved De Giorgi Type Lemma

Prop 3 Let f be a (N, g, Cf)-suitable solution to the Landau equa-

tion on [0,1] with g € (3,2). Let v := g’g—:g. Then there exists

m = mlq, C£] > 0 and é; € (0,1) such that

1
lim 6’\/3/ 1f(T7V)>€7"/va( T, V)% dT <m
1

e—0t —€Y

2
L9(R3)
— feL>®((1-61,1) xR3)

eProp 3 and a Vitali type covering argument imply that

HT s (S[F, [, 1]]) < oo

The Main Thm follows by translation+letting g — 2~
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Proof of Prop 3: (a) Scaling

oSet
fo(t,v) = €elf(l4+€(t—1),ev) withe,:=27"

Fo(t,v) = pu((Fa(t, V)9 = 1)4), /F,,(t, v)dv < €173

eObserve that f, is a suitable solution of the Landau eq. on [0,1]
with the same constant C as f
eThere exists N large enough so that

1 2/q
n>N = / </]V‘,Fn(t, v)|qdv> dt
0

1 2/q
< 462—3/ </ 1,0~ VVA(T, V)l/qqdv> dT < 8mp
1—ey ="
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Proof of Prop 3: (b) Iteration

eUse the Holder inequality + Sobolev inequality as in the proof of
Prop 2, isolating the term ||V Foi1l 2.9 = O(n1) shows that

Xm = esssup/ Fnim(t, v)dv

1
§<t<1

satisfies
Xm+1 < p(max(1, Xm)® + max(1, Xm—1)*), Xo,X1 <M
with o :=q/3,  p:= D(q)n?? M :=2(N+3)(3-7)

)

eWith 77 small so that p < % an easy induction shows that

1—a™ m g
Xom Xomi 1 gmax<2p, (2p)F55 Mo ) s X <2D(q)i <1

eHence fym,+3 satisfies the assumption in Prop 2, q.e.d.
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Final Remarks/Perspectives

eThe Desvillettes theorem puts the Landau equation in the same
class as 3d Navier-Stokes in terms of Lebesgue exponents — except
for the (1 + |v|)~3 weight

Navier-Stokes ue L2, Viu e 1212
Landau Viel®l2, v, /inl?l?,

ePartial regularity in (t,v) a la Caffarelli-Kohn-Nirenberg (1982)7
eConditional regularity a la Serrin (1962)7 for instance

\fELquW|th7+3<1 — felX?
p q

Yes for p = 0o and k > 5 [Silvestre 2017, Gualdani-Guillen 2016 for
radial nonincreasing solns, Ben Porath 2021 (local in (¢, v))]
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