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Adiabatic Quantum Approximation

e Time dependent Hamiltonian  [0.1] 3¢~ H() € Z(%)

e Slow time scale 1/¢ iedyp (1) = Hyy (), w(0) =y,
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Adiabatic Quantum Approximation

e Time dependent Hamiltonian  [0.1] 3¢~ H() € Z(%)

e Slow time scale 1/¢ iedyp (1) = Hyy (), w(0) =y,

+ Simple ev. in o(H(1)) [Z‘W

HOp(t) = A0 Pl

[

* Phase normalization ’
(@) [dp(n) =0, to incorporate the Berry phase
B & Fock ‘28,
Thm: Kato 50, -

[ we(0) = p(0) = wo@t) = e o ey 4 O(e), V1 [OJ]J
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Motivation for Nonlinear Extension

e Tunnelling of BEC in double well potentials
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Motivation for Nonlinear Extension
e Tunnelling of BEC in double well potentials

Gross-Pitaevskii eq.

i0¥(r,1) = —% +V, () +g|¥Y(, 1) |2] Y(r, 1) \ / R
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Motivation for Nonlinear Extension

e Tunnelling of BEC in double well potentials

. . A ext
Gross-Pitaevskii eq.
. Ar 2
10W(r,1) = -y +V, () +g|¥YT || P(, 1)
Ansatz YL PR

lIJ(},«, t) = vl(t)gﬂL(ra t) + VZ(t)CDR(ra t)
. A
»1-¢r gnd. states in each well of H=——=+Vy (0
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Motivation for Nonlinear Extension

e Tunnelling of BEC in double well potentials

. .o A ext
Gross-Pitaevskii eq.
. Ar 2
10W(r,1) = -y +V, () +g|¥YT || P(, 1)
Ansatz YL PR

Y(r, 1) =~ vi([@®@ (r, ) + vy(O)g(r, 1)
¢-9r gnd. states in each well of H=- % + Ve, 1)
w> Milburn et al ‘97
0y, =R+ C(n|* = |v )W + Wy,
{iar"z =Wy, = R+ C(Iv, 1> = v, )1,

where R,C,W are (time-dep.) parameters
CIRM, Sept. 14-18, 2020



Nonlinear Setup

e H depends on t and p parameters x = (x,x,,...,X))
0,11 X[0,117 > (1,x) = H(t,x) € Z(Z)  smooth

s.t. Htx)=H*t,x) Vit,x) & p<dm
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Nonlinear Setup

e H depends on t and p parameters x = (x,x,,...,X))

[0,1] X [0,1)P 5 (,x) = H(t,x) € Z(Z)  smooth

s.t. Htx)=H*t,x) Vit,x) & p<dm

e Nonlinear Adiabatic Schrodinger Eq. in L(#)

igdve(t) = H(t, |[vi®) |7, |50 17, ... [VE@D) [P @)
vE(0) = v, rel0,1], -0
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Nonlinear Setup

e H depends on t and p parameters x = (x,x,,...,X))

[0,1] X [0,1)P 5 (,x) = H(t,x) € Z(Z)  smooth

s.t. Htx)=H*t,x) Vit,x) & p<dm
e Nonlinear Adiabatic Schrodinger Eq. in L(#)

igdve(t) = H(t, |[vi®) |7, |50 17, ... [VE@D) [P @)
vE(0) = v, rel0,1], -0

e Example in C*

> <Vf) R+ C(|v51* = [v{1*) W <Vf)
lE —
"\ W ~(R+C(V1P = Ivf1Pn )\
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First properties

Shorthand

ied vei(t) = Ht, [ve@O)ve(@), ve() € L(H).
(NLS) {vg(O) =, t€[0,1]
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First properties

Shorthand

ied vei(t) = Ht, [ve@O)ve(@), ve() € L(H).
(NLS) {VS(O) =, t€[0,1]

e Norm conservation H(t,x) = H*(t,x) = [[v@| = [[v*(0)||
e Global solution vi(r) exists & is unique Vr e [0,1]
e Gauge invariance H(z, [e"Vv]) = H(z, [v])
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Nonlinear Eigenvectors

e Gap assumption  V(t,x) € [0,1] X [0,1] é%

3 A(t,x) simple ev. o(H(, x))

AT, X) > !

H(t, x)p(t, x) = At, x)p(t,x), @(t,x)e L(H)
X
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3 A(t,x) simple ev. o(H(, x))
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Nonlinear Eigenvectors

e Gap assumption  V(t,x) € [0,1] X [0,1] é%

3 A(t,x) simple ev. o(H(, x))

AT, X) > !

H(t, x)p(t, x) = At, x)p(t,x), @(t,x)e L(H)
X

e “Technicality” max [|9, H(1, )l <6
<jisp

Prop:  If ssmall, 30<7z<1 and

3 smooth [07]2t+~ w(t) € #, normalised, s.t.

[H(r, [w(ODw(®) = At, [ )o@ J Vi€ [0,7]
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Nonlinear Eigenvectors

e Gap assumption  V(t,x) € [0,1] X [0,1] é%

3 A(t,x) simple ev. o(H(, x))

AT, X) > !

H(t, x)p(t, x) = At, x)p(t,x), @(t,x)e L(H)
X

e “Technicality” max [|9, H(1, )l <6
<jisp

Prop:  If ssmall, 30<7z<1 and

3 smooth [07]2t+~ w(t) € #, normalised, s.t.

[H(r, [w(ODw(®) = At, [ )o@ } Vi€ [0,7]

Moreover, (o(H)|dw®)) =0 & o(t) x ¢(t, [w(D)])
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Nonlinear Eigenvectors

e Example in C* with p=1, x € [0,1]
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Nonlinear Eigenvectors

e Example in C* with p=1, x € [0,1]

Let x—~6(x)eR and

(cos(ZtQ(x)) sin(2t9(x))

H(t,x) = sin(216(x)) —cos(2t0(x))

>s.’r. o(H(t, %)) = {—1,1)
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Nonlinear Eigenvectors

e Example in C* with p=1, x € [0,1]
Let x—~6(x)eR and

_ [cos(2t0(x))  sin(210(x)) o
Hit, x) = (sin(Zté’(x)) —Cos(2t9(x))> st olHtx) = {=11]
_ [ cos(t6(x)) B
Q(t,x) = <sin(t(9(x))> o AMt,x) =1
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Nonlinear Eigenvectors

e Example in C* with p=1, x € [0,1]
Let x—~6(x)eR and

_ [cos(2t0(x))  sin(210(x)) g
Ht, x) = <sin(2t6’(x)) —Cos(2t9(x))> s.1. o(H@x) = {=11]

cos(t0(x))

sin(t@(x))) e MLx) =1

@(t, x) = <

w, = cos(t(w?))

e Ansatz w(t) = o, v (D)%) {

w, = sin(t@(w?))
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Nonlinear Eigenvectors

e Example in C* with p=1, x € [0,1]
Let x—~6(x)eR and

_ [cos(2t0(x))  sin(210(x)) g
Ht, x) = <sin(2t«9(x)) —cos(2t9(x))) s.1. o(H@x) = {=11]

cos(t0(x))

sin(re(x))> e MLx) =1

@(t, x) = <

w; = cos(t(w?)) &
w, = sin(t@(w?))

e Ansatz w(t) = o, v (D)%) {
Al

t ixed /\ ﬁ cos(10(w?))
—1 1 >
\J |
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Nonlinear Eigenvectors

e Example in C* with p=1, x € [0,1]
Let x—~6(x)eR and

_ [cos(2t0(x))  sin(210(x)) g
Ht, x) = <sin(2t«9(x)) —cos(2t9(x))) st olHtx) = {=11]
cos(t0(x))

sin(re(x))> e MLx) =1

@(t, x) = <

w; = cos(t(w?)) &
w, = sin(t@(w?))

e Ansatz w(t) = o, v (D)%) {

11 o,

t fixed /\ cos(t0(w?))
—1 1 >
J |
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Nonlinear Eigenvectors

e Example in C* with p=1, x € [0,1]
Let x—~6(x)eR and

_ [cos(2t0(x))  sin(210(x)) _
Ht, x) = <sin(2t«9(x)) —cos(2t9(x))) s.1. o(H@x) = {=11]

_ [ cos(t6(x)) B
Q(t,x) = <sin(t(9(x))> o AMt,x) =1
= cos(t(w?))
 Ansatz o(1) = p(t, »,(1)°) & {Zl _ Sin(té,(z;)) <
2 1
41 o;
t fixed < cos(tb(w?)
—1 . . 1 >
. j o,
—1 CIRM, Sept. 14-18, 2020




Nonlinear Adiabatic Theorem

e Real Hamiltonian V(,x) €[0,1]x[0,1]”
H(t,x) = (5,0 where 7= Y de; if W= )
j j
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Nonlinear Adiabatic Theorem

e Real Hamiltonian V(,x) €[0,1]x[0,1]”

H(z,x) = H(z, x) where ¥ = Z ae; if ¥ = Z ae;
e Generalized gap assumption J /
o(H(t,x)) simple and finite (co-dim. cases below)

o(H(t,x) — A(t,x)) No(—H(t,x) + A(t,x)) = {0}

Rem: true for A ground or most excited state
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Nonlinear Adiabatic Theorem

e Real Hamiltonian V(,x) €[0,1]x[0,1]”

H(z,x) = H(z, x) where ¥ = Z ae; if ¥ = Z ae;
e Generalized gap assumption J /
o(H(t,x)) simple and finite (co-dim. cases below)

o(H(t,x) — A(t,x)) No(—H(t,x) + A(t,x)) = {0}

Rem: true for A ground or most excited state

Thm:  If ssmall, 30<7 <1 s.t. the sol. to

(NLS) {iedtvg(t) = H(t, [v¢(®)])vi(), t € [0,7] sqtisfies

vi(0) = w(0)

[ Vg(t) — e—if(t)ﬁ(u,[a)(u)])du/ea)(t) + @t(g) J e—>0, te [O,TO]
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Energy Content of a Solution

e Definition For u®(r) sol. to (NLS) with uf(0) = y,
E () .= (u“(O) | H@, [u*(@®)Du(®))
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Energy Content of a Solution

e Definition For u®(r) sol. to (NLS) with uf(0) = y,
E () .= (u“(O) | H@, [u*(@®)Du(®))

e In general — sup [HEOul? < E,() < sup  [IHE ) llugll

x| <lluol [l <o
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Energy Content of a Solution

e Definition For u®(r) sol. to (NLS) with uf(0) = y,
E () .= (u“(O) | H@, [u*(@®)Du(®))

e In general — sup [H&O)|ull® < E.(6) < sup  [[H( )|l [|uoll”
el <l el <l
'
O(¢)
— A

E (1) /b ’
v/\v > [
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Energy Content of a Solution

e Definition For u®(r) sol. to (NLS) with uf(0) = y,
E () .= (u“(O) | H@, [u*(@®)Du(®))

e In general — sup [IH@)|lupll> < E(6) < sup  [[H(E, ) [|uoll”
el <l el <l
/'y

A

0
E,.(f) &

E (1) /\f\[\/\/\/) /\ '

v » [

Cor:  For vi(t) = e thruwlowbduey, )y 4 6 () an adiabatic sol.

[Evg(t) = A, [w(?)]) + @t(e)J
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Remarks
e Extensions to

dim# = co & H(t,x) unbounded, o(H(t,x)) discrete
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Remarks
e Extensions to

dim# = co & H(t,x) unbounded, o(H(t,x)) discrete

e PDE sefting 3 similar results for weak nonlinearities

and/or small initial data carles et al ‘11-12, Sparber ‘16, Gang et al ‘17
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Remarks
e Extensions to

dim# = co & H(t,x) unbounded, o(H(t,x)) discrete

e PDE sefting 3 similar results for weak nonlinearities

and/or small initial data carles et al ‘11-12, Sparber ‘16, Gang et al ‘17

e Method of proof

Schauder fixed point theorem for w()
Linear approx. v» non self-adjoint generator

"Integration by parts” & control of remainders

CIRM, Sept. 14-18, 2020



Nonlinear eigenvector
e Setup dm#Z =0 & H(t,x) € L(F) smooth
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Nonlinear eigenvector
e Setup dm#Z =0 & H(t,x) € L(F) smooth

V(t,x) € [0,1] X [0,1]7 é%

3 A(t,x) simple ev. o(H(t, x))

H(t, ), x) = At, )p(t,x), @(t,x) € I A2, %) > 1

X
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Nonlinear eigenvector
e Setup dm#Z =0 & H(t,x) € L(F) smooth

V(t,x) € [0,1] X [0,1]7 é%

3 A(t,x) simple ev. o(H(t, x))

H(t, ), x) = At, )p(t,x), @(t,x) € I A2, %) > 1

X
Fix 1, let B (F)={ve ||| <1} convexX

S: B(KH) —> B(F) s.t. S») = p([v]) continuous
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Nonlinear eigenvector
e Setup dm#Z =0 & H(t,x) € L(F) smooth

V(t,x) € [0,1] X [0,1]7 é%

3 A(t,x) simple ev. o(H(t, x))

H(t, ), x) = At, )p(t,x), @(t,x) € I A2, %) > 1

X
Fix 1, let B (F)={ve ||| <1} convexX

S: B(KH) —> B(F) s.t. S») = p([v]) continuous
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and S(%(Z)) CK, compact
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Nonlinear eigenvector
e Setup dm#Z =0 & H(t,x) € L(F) smooth

V(t,x) € [0,1] X [0,1]7 é%

3 A(t,x) simple ev. o(H(t, x))

H(t, ), x) = At, )p(t,x), @(t,x) € I A2, %) > 1

X
Fix 1, let B (F)={ve ||| <1} convexX

S: B(KH) —> B(F) s.t. S») = p([v]) continuous

= K,={¢(x]) | x €[0,1}"} compact

and S(%(Z)) CK, compact
By Schauder: Jdw € B(X) s.t. p([w]) = w.
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Nonlinear eigenvector
e Setup dm#Z =0 & H(t,x) € L(F) smooth

V(t,x) € [0,1] X [0,1]7 é%

3 A(t,x) simple ev. o(H(t, x))

H(t, ), x) = At, )p(t,x), @(t,x) € I A2, %) > 1

X
Fix 1, let B (F)={ve ||| <1} convexX

S: B(KH) —> B(F) s.t. S») = p([v]) continuous

= K,={¢(x]) | x €[0,1}"} compact

and S(%(Z)) CK, compact
By Schauder: Jdw € B(X) s.t. p([w]) = w.

Then, Implicit Function Thm. for & small  cirm, sept. 14-18, 2020



Linearisation I

e Normalisation
w.l.0.g: At,x) =0, (via H(t,x) — H(t,x) — A(t, X))

= H(t, [o()])Do(t) =0 & (w(t) | w(t)) = 0.
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Linearisation I

e Normalisation
w.l.0.g: At,x) =0, (via H(t,x) — H(t,x) — A(t, X))

= H(t, [o()])Do(t) =0 & (w(t) | w(t)) = 0.

A(t) =v(t)—w(), AW0)=0

ieA(t) = H(t, [v(O)VEQR) — iea(t)
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Linearisation I

e Normalisation
w.l.0.g: At,x) =0, (via H(t,x) — H(t,x) — A(t, X))

= H(t, [o()])Do(t) =0 & (w(t) | w(t)) = 0.

A@) =v() —w(@), AQO) =
ieA(r) = H(t, [ve@)])ve(r) — iea')(t)
= H(t, [w(1)]AQ) + Z 0, H(t, [o()Dw(®) 2R (A, (D))

—iew(t) + 0(||A(f)||2)
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Linearisation I

e Normalisation
w.l.0.g: At,x) =0, (via H(t,x) — H(t,x) — A(t, X))

= H(t, [o()])Do(t) =0 & (w(t) | w(t)) = 0.

A(t) :=v() —w(), A0)=

ieA(t) = H(t, [V ()])ve(r) — zea)(t) @ <f>A O+ <f>A (1)

= H(t, [w(1)]AQ) + Z 0, H(t, [o()Dw(®) 2R (A, (D))

—iew(t) + 0(||A(f)||2)
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Linearisation I

e Normalisation
w.l.0.g: At,x) =0, (via H(t,x) — H(t,x) — A(t, X))

= H(t, [o()])Do(t) =0 & (w(t) | w(t)) = 0.

A(t) :=v() —w(), A0)=

ieA(t) = H(t, [V ()])ve(r) — zea)(t) » <f>A O+ <f>A (1)

= H(t, [w(1)]AQ) + Z 0, H(t, [o()Dw(®) 2R (A, (D))

—iew(t) + 0(||A(f)||2)

> Sysfem for (A, A) Recall: H(t,x) = H(t,x)
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Linearisation 11
e System

.. [ O HE [o@Dw() [ o
o o Ht wonen ) T w0,
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Linearisation I1I

e System
. | 6xjH(t, [aw(t)])w(t) B a)j(t)ej
T = Lo H leoben ) T o
™ A . A =)
. _ (o 2 _
i€ (Z) = _ e (a)) + Fr) (K) +O(IAID).  A®0)=0
N Z
with
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Linearisation I1I

e System

. | 6xjH(t, [aw(t)])w(t) B a)j(t)ej
>e K= —axjH(t, [aw(t)])w(?) i wj(f)ej
( A . A )

. o (w 2 _

i€ (Z) = _ e (a)) + F() (K) +O(IAID).  A®0)=0
N y
with F(@t) = Fy(t) + G(1)

_(HGo@D 0 N\ _ Lo sy
Folt) = ( 0 -HG [w(t)])) ~ )

o(Fo(1) = o(H(, [w()]) U —o(H(, [o(?)])

and
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Linearisation I1I

e System
. | %H(t, [aw(t)])w(t) B a)j(t)ej
>e K= —axjH(t, [aw(t)])w(?) i wj(f)ej
( A . A ")
. _ . (o 2 _
i€ (Z) = _ e (a)) + F() (K) +O(IAID).  A®0)=0
N vy
with F(t) = Fyo(H) + G()
H(t, 4 0
FO(t)z( ( [g) o —H(t [a)(t)])) =R ST
o(Fy(1) = o(H(t, [w(1)]) U —o(H(t, [w(1)])
P
and G = ) 1)y # GO* finite rank
j=1
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Linearisation I1I

e System
. | %H(t, [aw(t)])w(t) B a)j(t)ej
>e K= —axjH(t, [aw(t)])w(?) i wj(f)ej
( A . A ")
. _ . (o 2 _
i€ (Z) = _ e (a)) + F() (K) +O(IAID).  A®0)=0
N vy
with F(t) = Fyo(H) + G()
H(t, 4 0
FO(t)z( ( [g) o —H(t [a)(t)])) =R ST
o(Fy(1) = o(H(t, [w(1)]) U —o(H(t, [w(1)])
P
and G = ) 1)y # GO* finite rank
j=1

e Fact: (a)

w

) ekerFt & 1IGOI = 0@
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Integration by parts I
e Spectral prop.

Lemma  Assume o(H(t,x)) Nno(—H(t x)) = {0}, H(t,x) real

If H(t,x) has N simple eigenval. matrix case
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Integration by parts I
e Spectral prop.

Lemma  Assume o(H(1,x)) Nno(—H(t,x)) = {0}, H(x) real
If H(t,x) has N simple eigenval. matrix case

( or o(Fy(t) essential, p =1, #{c(FE)\o(Fy())} =2(N—-1))
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Integration by parts I
e Spectral prop.

Lemma  Assume o(H(t,x) No(—H(t,x) = {0}, H(x) real
If H(t,x) has N simple eigenval. matrix case

( or o(Fy(t) essential, p =1, #{c(FE)\o(Fy())} =2(N—-1))

Then, for 6 small enough,

[ o(F() ={-L) <..<=-[O <0< (@) < <L)} CR J
all simple, except 0 of mult.2
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Integration by parts I
e Spectral prop.

Lemma  Assume o(H(1,x)) Nno(-H(:,x)) = {0}, H(x) real

If H(t,x) has N simple eigenval. matrix case

(or o(Fy(») essential, p=1, #{o(F()\o(Fy(1)} =2(N—-1))
Then, for 6 small enough,

[ o(F() ={-L) <..<=-[O <0< (@) < <L)} CR J
all simple, except 0 of mult.2

and, with l i) = -1

F(f) = Z L(OP(1) (F(r) semisimple)

j=—N’

CIRM, Sept. 14-18, 2020



Integration by parts I
e Spectral prop.

Lemma  Assume o(H(1,x)) Nno(-H(:,x)) = {0}, H(x) real

If H(t,x) has N simple eigenval. matrix case

( or o(Fy(1) essential, p=1, #{c(F®)\o(Fy())} =2(N-1))
Then, for 6 small enough,

[ o(F() ={-L) <..<=-[O <0< (@) < <L)} CR J
all simple, except 0 of mult.2

and, with l i) = -1

F(f) = Z L(OP(1) (F(r) semisimple)

j=—N’

~ consequence of Aronszajn-Weinstein theory
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Integration by parts II

e Kato's approach of linear approx.

. (A A D
i (K) ~ +F(1) (Z) e <w> where  F( _]_Z L(OP (1)
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Integration by parts II

e Kato's approach of linear approx.

. (A A D
i (K) ~ +F(1) (Z) e <w> where  F( _]_Z L(OP (1)
1€0,1°(t,s) = F(O)T(t,s), T°(s,s) =1

Adiabatic approx.
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Integration by parts II

e Kato's approach of linear approx.

. (A A D
i (K) ~ +F(1) (Z) e <w> where  F( _]_Z L(OP (1)

1€0,1°(t,s) = F(O)T(t,s), T°(s,s) =1

Adiabatic approx.
W) st W) =) PP W), WO) =1 (Kato's op.)
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Integration by parts II

e Kato's approach of linear approx.

. (A A D
i <K> ~ +F(1) (Z) e <w> where  F( _]_Z L(OP (1)

1€0,1°(t,s) = F(O)T(t,s), T°(s,s) =1
Adiabatic approx.
W) st W) =) PP W), WO) =1 (Kato's op.)

Let Vi(t5) st
Ve(t, )P (s) = PA)VE(t, s) = WP (0)e L Hdoleyy=1(s)
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Integration by parts II

e Kato's approach of linear approx.

. (A A D
i <K> ~ +F(1) (Z) e <w> where  F( _]_Z L(OP (1)

1€0,1°(t,s) = F(O)T(t,s), T°(s,s) =1
Adiabatic approx.
W) st W) =) PP W), WO) =1 (Kato's op.)

Let Vi(t5) st
Ve(t, )P (s) = PA)VE(t, s) = WP (0)e L Hdoleyy=1(s)

Lemma

T(t,s) = V(1, 5) + O, (€) J & |IT( 5)|| = 0(1)
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Integration by parts III

e Duhamel's formula

MO\ _ (e [N, [ 2
(Z(t)) = J;)T (1,5) (a’)(s)) ds + ; LT (1, $)O(||A(s)||*)ds
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(

A(?)
A7)

)

Integration by parts III

e Duhamel's formula

[

T¢(t,s)

(

@(s)
@ (s)
@ (s)
@(s)

[

[

T(t, )OIl A(s)||*)dls
70

O(|| A(s)]1*)ds + O((€)
Jo
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Integration by parts III

e Duhamel's formula

AN (T (0N [ :
(Z(t)) = dOT (1,5) (d)(s)) ds + ; UOT (1, $)O(||A(s)||*)ds

+

A (“@) ds + = | 0(1A®IPds + 0e)
J @(S) € Jg

e Integration by parts
I]Do(t)(d)(t)> =0 = J Ve, s)<d)@) ds = Oe)
0

(1) @(S)
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A(r) Jy

rl

Integration by parts III

e Duhamel's formula

(A(t)) _ T(t.5)

@(S)
@(S)

e Integration by parts

Po(t)(gig) —0 = Lve(t,s)< .

e Control of remainder

T(t, )OIl A(s)||*)dls

70
rl

O(|A)I*)ds + Ofe)

J0

d)@) ds = O(¢)

S

sup ||A®)|| < ae + br( sup ||A®@)||)?/e vields

0<tr

dabt <1 =

0<tr

sup ||A®)|| < 2ace

0<tr
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Integration by parts III

e Duhamel's formula

(A(O) I s>(d)(S)) ds + | 7,501 A)[Pds

@(S)

A7) € Jo
. ot

O(|| A(s)]1*)ds + O((€)
Jo

70

e Integration by parts

Po(®) (Zig) =0 = L VEe(t, s) (Zg;) ds = O[€)

e Control of remainder
sup ||A®)|| < ae + br( sup ||A®@)||)?/e vields

0<tr 0<tr

dabr <1 = sup |[AQ)| <2ae = [ve(z) — w(t) + Oc) ]

0<tr
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Unbounded extension

e Unbounded case dim # = o

H(t,x) = Hy+ W(t,x) Where

rea
W(t, x) = W*(t,x) € L(#) smooth
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Unbounded extension

e Unbounded case dim # = o

H(t,x) = Hy+ W(t,x) Where

rea
W(t, x) = W*(t,x) € L(#) smooth

o(Hy) = {4};en Simple, and 4 — 4 2 ¢j" for a>1/2, ¢, >0
W0l <6, llo,W(r, 0|l <6
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Unbounded extension

e Unbounded case dim # = o

H(t,x) = H,+ W(t,x) Where
real
W(t, x) = W*(t,x) € Z(#) smooth
o(Hy) = {4};en Simple, and 4 — 4 2 ¢j" for a>1/2, ¢, >0

WDl <6, 19, W2 <6

e Perturbation in 6§
Same holds for o(H(1,x)) = {4, %)} ;en
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Unbounded extension

e Unbounded case dim # = o

H(t,x) = Hy+ W(t,x) Where

rea
W(t, x) = W*(t,x) € L(#) smooth

o(Hy) = {4};en Simple, and 4 — 4 2 ¢j" for a>1/2, ¢, >0
W0 <6, llo,W(t,0)|l <6

e Perturbation in 6§
Same holds for o(H(1,x)) = {4, %)} ;en

e Same statement generated gap hyp.

weak derivatives
CIRM, Sept. 14-18, 2020



