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Continued Fractions and Chopsticks.



Generating functions are important in combi-
natorics.

Orthogonal polynomials: Positive measure u
and consider the function

(1) PGy = [ 20

z—1
Formally 1/(t —2) = 271 3% #"/2". Thus

— — —n—1 n
(2)  F(2) _nzzjoz /R P du(t).

Essentially a generating function for the mo-
ments [pt"du(t). I could have started with

(3) /R du(t)

1 — 2t
Asymptotic series versus formal power series.

Important: No need to assume pu is positive,
just think of a linear functional L, with mo-
ments replaced by L(z™).



If {P,(x)} are monic orthogonal polynomials,
Po(x) =1,Pi(x) = x — ap then

a:Pn(:I:) — Pn—|—1(33) + Oénpn(x) + Bnpn—l(x)a

for n > 0, with ap € R,n > 0,6, > 0,n > O.
Converse is also true and is the spectral theo-
rem for orthogonal polynomials.

The recurrence relation or the orthogonality
measure generate the polynomials uniquely.

The transform in (1) is called the Stieltjes
transform.

Problem: Given the moments find the mea-
sure.

Inversion: F(z) = fRdZ“—_(? means the poles of
F are the mass points and we can find u/ by
using the behavior of F' above and below the
x-axis.



Given the orthogonal polynomials identifies the
moments. Just write

n
z" = Z Cn kP (), / z"du(x) = cn,o.
k=0 R

Thus the recurrence relation gives the mo-
ments. The measure may not be unique.

Continued Fractions: Define P} by the recur-
rence relation, namely

(D yn+1(z) = (2 — an)yn(x) — Bnyn—1(x)

but Pj(xz) = 0,P{(xz) = 1. So P, has degree
n—1.

Motivation:
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Theorem: If u is unique then

5)  lim n(?) :F(z)szd’u—(t)

n— 00 Pn(z)

Moreover F(z) is

z—1

(6)

The moment generating function >°>°

encodes the measure.

=0

2" Jrt"du(t)

Flajolet (1980) Combinatorial aspects of con-

tinued fractions.



Change of notation: Qn(z) = 2"P,(1/z). Then

Qna1(2) = (1 — zan)Qn(2) — Bnz?Qp_1(2)
and the continued fraction becomes
1
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J-fractions.

AN

a = (17 1)7b — (17_1)7C — (170)
The segments are:

ap, ajy, b27 b17 cp,ap, 1,01, b27 ai,an, b37 b27 bl'

Continued Fractions:

7= 1
- aob1z2
1 —cpoz — 5
a1boz
l—c1z—
1l —coz—---
Fact (Flajolet)
@
J= > Rpz",
n=0

where R,, is a polynomial. The sum of the
coefficients of R,, is the nth Motzkin number.



Flajolet:

@)
S — Z Snzn,
n=0

where Sy, is a polynomial. The sum of the
coefficients of Sy, is the nth Catalan number.



Types of Continued Fractions:
A J-fraction is

1
 —ag — 51
r—aq — B2
z— Qo —
or
7= 1
1 B122
— apz — 5272
l —a1z — 2



Orthogonal polynomials on the unit circle.

/OQW ¢m(€i6)¢n(€i9)dﬂ(9) = Om,n-

dn(z) = knz" + 2"~ 1 + lower order terms,

the polynomials {¢n(2z)} satisfy the recurrence
relations

kn2én(2) = kpg1Pn+1(2) — &p41(0)9;, 4 1(2),
Fn®n+1(2) = kpt120n(2) + ¢p41(0)dn(2).

Here



It is convenient to write the recurrence rela-
tions in terms of the monic polynomials

Pp(z) = (bn(z)/"?n

Indeed we have

D, 41(2) = 2Pp(2) — o P (2),
D4 1(2) = Pp(2) — anz®n(2),

where

an = —®,41(0) = —¢,41(0)/Kp41-

This can be written as a system

Cbn—l—l(z) _ z —Qn P (2)
Prr1(2))  \—anz 1 P (2))



Analogue of the J-fraction: Let

1—|apl?z 1 1—la1]?2
agz+ a1+ apz+ ’
with an = _qbn—l—l(o)/’%n—l—l then

/77 et + 2 1+ 2z f(2)

f(z) =ao0+

reld — d(e)_l—zf(z).

The combinatorics is not known.

A Special Feature: Chebyshev polynomials:
T(cosh) = cos(nb), Up(cosh) = Sm((s’frj'@l)e)
are orthogonal on [—1,1] with respect to the
weights (1 — 2z2)T1/2. On the other hand 2" is
orthogonal on the unit circle with respect to
w = 1. The Chebyshev polynomials are essen-
tially the real and imaginary parts of 2" = "0
This is a general phenomenon every orthog-
onal polynomial on the unite circle generates
two orthogonal polynomials on [—1, 1].

Can this be explaend combinatorially?




I want to rewrite the monic form

:Ian(a:) — Pn—|—1(33) + Oénpn(x) + 5npn—1(33)

in the orthonormal form. With a2 = 8,, it is

ag a3 O O ---\ [po PO
ay ayp az O - (p1|_ _[P1

O ap ap a3z -+ | |p2 P2
Formal eigenvalue problem.

Generalized eigenvalue problem AX = ABJX,
where A, B are tridiagonal and B is positive
definite.

Why not B~1AX = \X.



Ismail-Masson 1995 JAT.

R; Fractions.
P_y(z) =0, Pp(x) =1,
n = (r —cn)Pp_1(x) — An(x — an) Py—2(x).
R;; Fractions
P_i(z) =0, Pp(z) = 1,
Po,=(x—cn)P_1(x) — An(x —an)(x —bn)P,_>(x).
Let

Sn(z) = Pu(2)/ [] [(z — agg1)(x — bgy1)]
k=1

Theorem: Given Ng and Ny, there exits a linear
functional £ such that £(1) = Ng, L(zS1(x)) =
Ny, L£(z%S,(z)) = 0, for 0 < k < n holds.

The continued fraction:
1 Xo(z—a2)(z—0b2) A3(z—a3z)
zZ—C1— zZ — Cp— Z—C3 — -
equals L[1/(z —t)].




Zhedanov: Generalized eigenvalue problem JAT
2000.

Combinatorics: Jang Soo Kim and Dennis Stan-
ton.

Conjecture: Joseph Brennan
e 1T
q q
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A, 17,

IS a polynomial in g. The case g =1 is known.
Indeed

IS an integer.



