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Quantum cohomology

» Quantum cohomology

» Frobenius manifolds

» Quantum differential equations
Riemann—Hilbert—Birkhoff problems

» Monodromy data

» RHB inverse problem
Dubrovin's conjecture

» Exceptional collections

» Dubrovin's conjecture



Leitmotiv: To study relations between
» the topology,
» the enumerative/symplectic geometry,
> the complex geometry,

of a smooth projective variety X over C.

Such a study is developed via the analysis of meromorphic connections on
P(C), and their isomonodromic deformations.



Gromov-Witten theory associates with any complex smooth projective variety
X a family of Frobenius algebras, its quantum cohomology QH*®(X).

QH*(X) is a deformation of H*(X), via counting numbers of rational curves on
X
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Gromov-Witten theory associates with any complex smooth projective variety
X a family of Frobenius algebras, its quantum cohomology QH*®(X).

QH*(X) is a deformation of H*(X), via counting numbers of rational curves on
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Two REMARKABLE PROPERTIES of F;‘
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Frobenius Manifolds are complex manifolds whose tangent spaces admit a
Frobenius algebra structure.

> FrorENIUS ALGEBRA

6 x(2) = ()2,

Xy = yXx,

” xe = x,
n(x, yz) = n(xy, z) VL FIAT
Examples coming from:

» Symplectic and Algebraic Geometry
» Singularity Theory

Milestones: Dubrovin, Hitchin, Kontsevich, Manin, Saito, Vafa, Witten, ...

Mirror Symmetry as isomorphism of Frobenius manifolds

QH*(X) = (V,f: V — C)



There is a local identification

def. param. of isomonodromic

. . families of differential systems n x n
semisimple points t of
. . dY(z,t) 1
Frobenius n-manifold M = U(t)+ =Vv(t) ) Y(z,t)
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U diagonal, V anti-symmetric
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To each point of QH®(X) there is an attached differential equation

% - (U(t) + %V(t)) Y, zeC*, teQH*(X).

Its solutions are multivalued, and they manifest a Stokes phenomenon.
— Monodromy data of gDE 6
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» |somonodromic property: monodromy data are locally constant wrt t.
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Several non-canonical choices of normalizations:
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RHB inverse problem
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Dubrovin Conjecture (as refined in [CDG18])
Let X be a Fano s.p.v./C, with h79(X) = 0 unless p = q.

[DC1]. QH*(X) is a semisimple iff D?(X) admits a full exceptional collection.
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Dubrovin Conjecture (as refined in [CDG18])
Let X be a Fano s.p.v./C, with h79(X) = 0 unless p = q.

[DC1]. QH*(X) is a semisimple iff D?(X) admits a full exceptional collection.
[DC2]. Fix £ = {argz = ¢}, ¢ € R. There is a map

{¢-chambers of QH*(X)} — {full exc. coll. in D®(X)}, Qs €q,

such that
1. the Stokes matrix in a chamber Q equals the inverse of the Gram matrix
of x: K(X)c x K(X)c — Z w.r.t. the basis [€q];

2. the central connection matrix C in a chamber Q equals the matrix
associated with the morphism
]

LT ue ™) ych(E),

Ox: Ko(X) ®zC — H*(X,C): E—~ B 7
T)2

Ch(E) := ™71 4's Chern roots of E,

J
Ty = H M(1—e¢), eys Chern roots of TX,
¢
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Historical evolutions of the statement of [DC]:

» Fano assumption: it was originally claimed that
X Fano <= QH*(X) semisimple

Both = and < are false.
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Historical evolutions of the statement of [DC]:
» Fano assumption: it was originally claimed that
X Fano <= QH*(X) semisimple
Both = and <« are false.
» Originally, it was claimed S; = x(E/, E;) for some ¢'=(E{,..., E).

There is no contradiction:

6/ :\/(6*) or @l — (e*)\/
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Historical evolutions of the statement of [DC]:

» Fano assumption: it was originally claimed that
X Fano <= QH*(X) semisimple
Both = and <« are false.

> Originally, it was claimed S; = x(E/, E) for some € = (Ef,..., E,).

There is no contradiction:

6/ :\/(6*) or @l — (6*)\/

» Originally, C was conjectured to be of the form
C — C/ C//
C’ — components of ch(E;),
C" — operator C"" € End(H*(X)) s.t. C"(a(X)Ua)=c(X)UC"(a)



The central connection matrix is computed w.r.t. the
topological-enumerative solution
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