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2 M-Monoids

An M-Monoid is a tuple (M, 4,0, €2,,) where

- (M, +,0) is a monoid
- Qp € Ops(M)

An operation is a map
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M-Monoids generalise semirings (.S, +, -, 0, 1)
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2 M-Monoids
M-Monoids generalise semirings (S, +,-,0, 1)
M(S):(Sv+70793) / Qg = {Ilx | k > 0}

M-Monoids are more general than semirings

e.g. average, weighted sums, ...
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3 Forests Y. - ranked alphabet

Tx(X,) treesover X with variablesin X,

Set of (m, n) - forests over Y.
F(X), = inp x Te(Xn)™

m-tuples of trees with variables in X,
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>, - ranked alphabet

3 Weighted Forest Automata M - Mmonoid

A weighted forest automaton over . and )M is a tuple
A — (Q,WL,”,F,M,V)

where
() alphabet of states

m  width of forests

n number of variables
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>, - ranked alphabet

3 Weighted Forest Automata M - Mmonoid

A weighted forest automaton over . and )M is a tuple
A=(Q,m,n, [, u,v)
where
F=(F,...,F,)
Fi:Q — Qg\z)

root distribution function
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>, - ranked alphabet

3 Weighted Forest Automata M - Mmonoid

A weighted forest automaton over . and )M is a tuple
A — (Q7m7n7F7ILL7V)

where

p=(ue: QF x 2™ % Q — QF | k> 0)

transition mappings

21.04.21 Kleene and Buchi for WEA over M-Monoids



>, - ranked alphabet

3 Weighted Forest Automata M - Mmonoid

A weighted forest automaton over . and )M is a tuple
A — (Q7m7n7F7/'L7V)

where

V:anQ%QE\?

variable assignment
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3 Weighted Forest Automata A =(Q,2,1, F,p,v)
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3 Weighted Forest Automata

How to combine values in wt(p)?2

M contains a semiring if

d binary operation - on M such that
(M,+,-,0,1) isa semiring and Vk: II; € Q)
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3 Weighted Forest Automata

The weighted language accepted by A

[Al() = > Tu(wt(p))

pERuns 4 (§)

arity = number of variable positions in §
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4 Rectangularity
Theorem:  Given A= (Q,m,n, F,u,v)
There exist weighted tree automata

Ay,... A,
over Y and M such that

[[A]] — Hm([[Al]]a SR [[Am]])
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4 Rectangularity A= (Q,m,n,F,u,v)

Theorem: FA;,..., A, : [A] =1L, ([A1],-. ., [An])

Proof idea:
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4 Rectangularity A= (Q,m,n,F,u,v)
Theorem: JA,,... A,.: [A] =11,.([41],. .., [An])
Proof idea: 1. Let F=(F,...,F,)

2. Choose A; = (Q,n, Fi,u,v)

A'm — (Q,.TL,Fm,,u,I/)
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4 Rectangularity A= (Q,m,n, F,u,v)
Theorem: JA,.....A,.: [A] = I ([A4], ..., [Am])
Proof idea: 1. Let F=(F,...,F,)
2. Choose A, = (Q,n, Fy, i, v)

A'm — (Q,.TL,Fm,,u,I/)

3. Use distributivity
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5 Kleene for WTA

From [FulMalVog09]:

Rec(X,n, M) Rat (>, n, M)
accepted by generated by
weighted tree automata rational tree expressions
W.ZIq topa,w (7717 e 777k)

M+ 72
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accepted by generated by
weighted tree automata rational tree expressions

w.x; 0Py, (M, Mk)
m—+mn2 N2

21.04.21 Kleene and Buchi for WEA over M-Monoids



5 Kleene for WTA

From [FulMalVog09]:

Rec(X,n, M) Rat (>, n, M)
accepted by generated by
weighted tree automata rational tree expressions

w.x; 0Py, (M, Mk)

*

m+n  mane ()]

21.04.21 Kleene and Buchi for WEA over M-Monoids



5 Kleene for WTA

From [FulMalVog09]:

Rec(X,n, M) 2 Rat(X,n, M)
accepted by generated by
weighted tree automata rational tree expressions

w.x; 0Py, (M, Mk)

*

m+n  mane ()]

21.04.21 Kleene and Buchi for WEA over M-Monoids



5 Kleene for WTA

From [FulMalVog09]:

Rec(X,n, M) 2 Rat(X,n, M)
Rec(S,n, M) € Rat(S,fin, M)|ry(x,
accepted by generated by
weighted tree automata rational tree expressions

w.x; 0Py, (M, Mk)

*

m+ne  muanz  (n);
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5 Kleene for WFA

Theorem:
Rec(X, m,n, M) D Rat(%, m,n, M)
Rec(X, m,n, M) C  Rat(X,m,fin, M)|pix)m
accepted by generated by
weighted forest automata rational forest expressions

Hm(nla R 777771)
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6 Bichi for WTA

From [FulStuVog12]:

Rect (22,0, M) MDef (X, M)

accepted by definable by
weighted tree automata

with final states

tree M-expressions

H(w) e1+e

2e 2
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6 Bichi for WTA

From [FulStuVog12]:
Rect (22,0, M) = MDef (X, M)

accepted by definable by
weighted tree automata tree M-expressions

with final states
H(w) e1+e2

Z Z o> e
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6 Bichi for WFA

Theorem:
Rece (2, m, 0, M) — MDef (X, m, M)
~ accepted by definable by
weighted forest automata forest M-expressions
with final states
IL,(e1,...,em)
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Thank you for your attention!
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