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(M,+, 0,⌦M )

<latexit sha1_base64="PKixolBCWa047QlC8NSjRnM0sNk="></latexit>

2 M-Monoids
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An M-Monoid is a tuple where
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-- is a monoid(M,+, 0)

<latexit sha1_base64="F55j78irFc9cGS7KS0c8u5eQ+E8="></latexit>

(M,+, 0,⌦M )

<latexit sha1_base64="PKixolBCWa047QlC8NSjRnM0sNk="></latexit>

2 M-Monoids

10

An M-Monoid is a tuple where

⌦M ✓ Ops(M)

<latexit sha1_base64="453EmfOA0DvBeZSmZboq2VfsBc4="></latexit>
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-- is a monoid(M,+, 0)

<latexit sha1_base64="F55j78irFc9cGS7KS0c8u5eQ+E8="></latexit>

(M,+, 0,⌦M )

<latexit sha1_base64="PKixolBCWa047QlC8NSjRnM0sNk="></latexit>

2 M-Monoids

11

An M-Monoid is a tuple where

⌦M ✓ Ops(M)

<latexit sha1_base64="453EmfOA0DvBeZSmZboq2VfsBc4="></latexit>

--

! : Mk ! M

<latexit sha1_base64="pEN7FGADiM3ER7ibsaRXAyvD//I="></latexit>

An operation is a map
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M-Monoids generalise semirings (S,+, ·, 0, 1)

<latexit sha1_base64="IYftx0vEtcfCtumTtUH6W+Iz3Qs="></latexit>
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M-Monoids generalise semirings (S,+, ·, 0, 1)

<latexit sha1_base64="IYftx0vEtcfCtumTtUH6W+Iz3Qs="></latexit>

M(S) = (S,+, 0,⌦S)

<latexit sha1_base64="vYUtUTc40b+JItUpS2zWhhaGz3w="></latexit>

,
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2 M-Monoids

14

M-Monoids generalise semirings (S,+, ·, 0, 1)

<latexit sha1_base64="IYftx0vEtcfCtumTtUH6W+Iz3Qs="></latexit>

M-Monoids are more general than semirings

e.g. average, weighted sums, …

M(S) = (S,+, 0,⌦S)

<latexit sha1_base64="vYUtUTc40b+JItUpS2zWhhaGz3w="></latexit>

,
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A = (Q,n, F, µ, ⌫)

<latexit sha1_base64="uWaIHSV2xeWUQc8KpfRxrUf2W40="></latexit>
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WTA over semirings

�

�

↵ ↵

�

↵

<latexit sha1_base64="o7YK+PrOo9nIskrpbbQ2mg7Xe3o="></latexit>

A = (Q,n, F, µ, ⌫)

<latexit sha1_base64="uWaIHSV2xeWUQc8KpfRxrUf2W40="></latexit>
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�

�
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�

↵

q

q

q q

q

q

<latexit sha1_base64="NmaAsReCm58RJj+rRBhsSu/h5Eo="></latexit>

A = (Q,n, F, µ, ⌫)

<latexit sha1_base64="uWaIHSV2xeWUQc8KpfRxrUf2W40="></latexit>
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WTA over semirings

�

�

↵ ↵

�

↵

q

q

q q

q

q

<latexit sha1_base64="NmaAsReCm58RJj+rRBhsSu/h5Eo="></latexit>

a

<latexit sha1_base64="Gd0EqOeTI0Vox/iWxcYNEN3Y76g="></latexit>

b

<latexit sha1_base64="N1PQVA0Zrjo7bS+akXgXNgKWRS0="></latexit>

c

<latexit sha1_base64="lU7p3tHsrUl6UTR/63BdwkFMfA4="></latexit>

d

<latexit sha1_base64="TFViOELVqsuKHv/WFxTYHkvVsO8="></latexit>

e

<latexit sha1_base64="5RD43mmruMQjLaGBD/vWf/mx5wk="></latexit>

f

<latexit sha1_base64="ArDZoR84qdt6dwUo8IScmTIgXAc="></latexit>

A = (Q,n, F, µ, ⌫)

<latexit sha1_base64="uWaIHSV2xeWUQc8KpfRxrUf2W40="></latexit>
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WTA over semirings

�

�

↵ ↵

�

↵

q

q

q q

q

q

<latexit sha1_base64="NmaAsReCm58RJj+rRBhsSu/h5Eo="></latexit>

a

<latexit sha1_base64="Gd0EqOeTI0Vox/iWxcYNEN3Y76g="></latexit>

b

<latexit sha1_base64="N1PQVA0Zrjo7bS+akXgXNgKWRS0="></latexit>

c

<latexit sha1_base64="lU7p3tHsrUl6UTR/63BdwkFMfA4="></latexit>

d

<latexit sha1_base64="TFViOELVqsuKHv/WFxTYHkvVsO8="></latexit>

e

<latexit sha1_base64="5RD43mmruMQjLaGBD/vWf/mx5wk="></latexit>

f

<latexit sha1_base64="ArDZoR84qdt6dwUo8IScmTIgXAc="></latexit>

a · b · c · d · e · f

<latexit sha1_base64="sFep//i7Cc2Qe6yp8VNjA9spwVc="></latexit>

A = (Q,n, F, µ, ⌫)

<latexit sha1_base64="uWaIHSV2xeWUQc8KpfRxrUf2W40="></latexit>
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WTA over semirings WTA over M-monoids

�

�

↵ ↵

�

↵

q

q

q q

q

q

<latexit sha1_base64="NmaAsReCm58RJj+rRBhsSu/h5Eo="></latexit>

a

<latexit sha1_base64="Gd0EqOeTI0Vox/iWxcYNEN3Y76g="></latexit>

b

<latexit sha1_base64="N1PQVA0Zrjo7bS+akXgXNgKWRS0="></latexit>

c

<latexit sha1_base64="lU7p3tHsrUl6UTR/63BdwkFMfA4="></latexit>

d

<latexit sha1_base64="TFViOELVqsuKHv/WFxTYHkvVsO8="></latexit>

e

<latexit sha1_base64="5RD43mmruMQjLaGBD/vWf/mx5wk="></latexit>

f

<latexit sha1_base64="ArDZoR84qdt6dwUo8IScmTIgXAc="></latexit>

a · b · c · d · e · f

<latexit sha1_base64="sFep//i7Cc2Qe6yp8VNjA9spwVc="></latexit>

�

�

↵ ↵

�

↵

<latexit sha1_base64="o7YK+PrOo9nIskrpbbQ2mg7Xe3o="></latexit>

A = (Q,n, F, µ, ⌫)

<latexit sha1_base64="uWaIHSV2xeWUQc8KpfRxrUf2W40="></latexit>
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WTA over semirings WTA over M-monoids

�

�

↵ ↵

�

↵

q

q

q q

q

q

<latexit sha1_base64="NmaAsReCm58RJj+rRBhsSu/h5Eo="></latexit>

a

<latexit sha1_base64="Gd0EqOeTI0Vox/iWxcYNEN3Y76g="></latexit>

b

<latexit sha1_base64="N1PQVA0Zrjo7bS+akXgXNgKWRS0="></latexit>

c

<latexit sha1_base64="lU7p3tHsrUl6UTR/63BdwkFMfA4="></latexit>

d

<latexit sha1_base64="TFViOELVqsuKHv/WFxTYHkvVsO8="></latexit>

e

<latexit sha1_base64="5RD43mmruMQjLaGBD/vWf/mx5wk="></latexit>

f

<latexit sha1_base64="ArDZoR84qdt6dwUo8IScmTIgXAc="></latexit>

a · b · c · d · e · f

<latexit sha1_base64="sFep//i7Cc2Qe6yp8VNjA9spwVc="></latexit>
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q

q

q q

q

q

<latexit sha1_base64="NmaAsReCm58RJj+rRBhsSu/h5Eo="></latexit>

A = (Q,n, F, µ, ⌫)

<latexit sha1_base64="uWaIHSV2xeWUQc8KpfRxrUf2W40="></latexit>
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WTA over semirings WTA over M-monoids

�

�

↵ ↵

�

↵

q

q

q q

q

q

<latexit sha1_base64="NmaAsReCm58RJj+rRBhsSu/h5Eo="></latexit>

a

<latexit sha1_base64="Gd0EqOeTI0Vox/iWxcYNEN3Y76g="></latexit>

b

<latexit sha1_base64="N1PQVA0Zrjo7bS+akXgXNgKWRS0="></latexit>

c

<latexit sha1_base64="lU7p3tHsrUl6UTR/63BdwkFMfA4="></latexit>

d

<latexit sha1_base64="TFViOELVqsuKHv/WFxTYHkvVsO8="></latexit>

e

<latexit sha1_base64="5RD43mmruMQjLaGBD/vWf/mx5wk="></latexit>

f

<latexit sha1_base64="ArDZoR84qdt6dwUo8IScmTIgXAc="></latexit>

a · b · c · d · e · f

<latexit sha1_base64="sFep//i7Cc2Qe6yp8VNjA9spwVc="></latexit>

�

�

↵ ↵

�

↵

q

q

q q

q

q

<latexit sha1_base64="NmaAsReCm58RJj+rRBhsSu/h5Eo="></latexit>

!a

<latexit sha1_base64="/iQlJ1rcXyVDKEgzAobPS0px94I="></latexit>

!b

<latexit sha1_base64="TLtNuF5IrR4fVW3aBbG2wNTiZyc="></latexit>

!c

<latexit sha1_base64="U6A0cBnZxbzejqy7oGrRaFOOHDI="></latexit>

!d

<latexit sha1_base64="Dz79fb9a4EAuaYwncEWFzP8ijGI="></latexit>

!e

<latexit sha1_base64="iBtuvPEazO7714HeeI3cufTN18Q="></latexit>

!f

<latexit sha1_base64="P3z3IP6Pjbe08LnbQbwv7ktJPeM="></latexit>

A = (Q,n, F, µ, ⌫)

<latexit sha1_base64="uWaIHSV2xeWUQc8KpfRxrUf2W40="></latexit>
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WTA over semirings WTA over M-monoids

�

�

↵ ↵

�
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q

q

q q

q

q

<latexit sha1_base64="NmaAsReCm58RJj+rRBhsSu/h5Eo="></latexit>

a

<latexit sha1_base64="Gd0EqOeTI0Vox/iWxcYNEN3Y76g="></latexit>

b

<latexit sha1_base64="N1PQVA0Zrjo7bS+akXgXNgKWRS0="></latexit>

c

<latexit sha1_base64="lU7p3tHsrUl6UTR/63BdwkFMfA4="></latexit>

d

<latexit sha1_base64="TFViOELVqsuKHv/WFxTYHkvVsO8="></latexit>

e

<latexit sha1_base64="5RD43mmruMQjLaGBD/vWf/mx5wk="></latexit>

f

<latexit sha1_base64="ArDZoR84qdt6dwUo8IScmTIgXAc="></latexit>

a · b · c · d · e · f

<latexit sha1_base64="sFep//i7Cc2Qe6yp8VNjA9spwVc="></latexit>

�

�

↵ ↵

�

↵

q

q

q q

q

q

<latexit sha1_base64="NmaAsReCm58RJj+rRBhsSu/h5Eo="></latexit>

!a

<latexit sha1_base64="/iQlJ1rcXyVDKEgzAobPS0px94I="></latexit>

!b

<latexit sha1_base64="TLtNuF5IrR4fVW3aBbG2wNTiZyc="></latexit>

!c

<latexit sha1_base64="U6A0cBnZxbzejqy7oGrRaFOOHDI="></latexit>

!d

<latexit sha1_base64="Dz79fb9a4EAuaYwncEWFzP8ijGI="></latexit>

!e

<latexit sha1_base64="iBtuvPEazO7714HeeI3cufTN18Q="></latexit>

!f

<latexit sha1_base64="P3z3IP6Pjbe08LnbQbwv7ktJPeM="></latexit>

!a(!b(!c,!d),!e(!f ))

<latexit sha1_base64="483k3Um0JkJ67wU/jLQLfUey0eg="></latexit>

A = (Q,n, F, µ, ⌫)

<latexit sha1_base64="uWaIHSV2xeWUQc8KpfRxrUf2W40="></latexit>
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-- ranked alphabet ⌃

<latexit sha1_base64="xLWSesLb6xFedyNnJnf6oyX9wYg="></latexit>
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-- ranked alphabet ⌃

<latexit sha1_base64="xLWSesLb6xFedyNnJnf6oyX9wYg="></latexit>

T⌃(Xn)

<latexit sha1_base64="OQCjBEkGJXS6gAthn73wuQzvOx0="></latexit>

trees over      with variables in⌃

<latexit sha1_base64="8Fo4Zd/6JIu8I5OFKX2zolhc6H4="></latexit>

Xn

<latexit sha1_base64="jdwJQJy/DvojawUyj1DhNEEiW98="></latexit>
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3 Forests
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-- ranked alphabet ⌃

<latexit sha1_base64="xLWSesLb6xFedyNnJnf6oyX9wYg="></latexit>

T⌃(Xn)

<latexit sha1_base64="OQCjBEkGJXS6gAthn73wuQzvOx0="></latexit>

trees over      with variables in⌃

<latexit sha1_base64="8Fo4Zd/6JIu8I5OFKX2zolhc6H4="></latexit>

Xn

<latexit sha1_base64="jdwJQJy/DvojawUyj1DhNEEiW98="></latexit>

F(⌃)mn

<latexit sha1_base64="TaOzhJ0KHw/v0Mv8HiFN9mzzqek="></latexit>

{n}⇥ T⌃(Xn)
m

<latexit sha1_base64="pjs9l9etSsgw92tCENsBLljEy14="></latexit>

:=

<latexit sha1_base64="DpdG2LhWzZftxR/oCvklAYRdTAU="></latexit>

Set of            - forests over ⌃

<latexit sha1_base64="8Fo4Zd/6JIu8I5OFKX2zolhc6H4="></latexit>

(m,n)

<latexit sha1_base64="VmnCENqoTykB9ty3MCgwzlh0/64="></latexit>
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-- ranked alphabet ⌃

<latexit sha1_base64="xLWSesLb6xFedyNnJnf6oyX9wYg="></latexit>

T⌃(Xn)

<latexit sha1_base64="OQCjBEkGJXS6gAthn73wuQzvOx0="></latexit>

trees over      with variables in⌃

<latexit sha1_base64="8Fo4Zd/6JIu8I5OFKX2zolhc6H4="></latexit>

Xn

<latexit sha1_base64="jdwJQJy/DvojawUyj1DhNEEiW98="></latexit>

F(⌃)mn

<latexit sha1_base64="TaOzhJ0KHw/v0Mv8HiFN9mzzqek="></latexit>

{n}⇥ T⌃(Xn)
m

<latexit sha1_base64="pjs9l9etSsgw92tCENsBLljEy14="></latexit>

:=

<latexit sha1_base64="DpdG2LhWzZftxR/oCvklAYRdTAU="></latexit>

- tuples of trees with variables in Xn

<latexit sha1_base64="jdwJQJy/DvojawUyj1DhNEEiW98="></latexit>

m

<latexit sha1_base64="uDv6Nam2N5xh65B1h/+bwvJYt9A="></latexit>

Set of            - forests over ⌃

<latexit sha1_base64="8Fo4Zd/6JIu8I5OFKX2zolhc6H4="></latexit>

(m,n)

<latexit sha1_base64="VmnCENqoTykB9ty3MCgwzlh0/64="></latexit>
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-- ranked alphabet 
-- M-monoid

⌃

<latexit sha1_base64="xLWSesLb6xFedyNnJnf6oyX9wYg="></latexit>

M

<latexit sha1_base64="rTDkIbyrOrRLOU+DOz1mh/2pjow="></latexit>

A weighted forest automaton over     and      is a tuple⌃

<latexit sha1_base64="xLWSesLb6xFedyNnJnf6oyX9wYg="></latexit>

M

<latexit sha1_base64="rTDkIbyrOrRLOU+DOz1mh/2pjow="></latexit>
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3 Weighted Forest Automata

29

A = (Q,m, n, F, µ, ⌫)

<latexit sha1_base64="6t4SWFZ/Yp1lGbRpwEFNZRICrkM="></latexit>

-- ranked alphabet 
-- M-monoid

⌃

<latexit sha1_base64="xLWSesLb6xFedyNnJnf6oyX9wYg="></latexit>

M

<latexit sha1_base64="rTDkIbyrOrRLOU+DOz1mh/2pjow="></latexit>

A weighted forest automaton over     and      is a tuple⌃

<latexit sha1_base64="xLWSesLb6xFedyNnJnf6oyX9wYg="></latexit>

M

<latexit sha1_base64="rTDkIbyrOrRLOU+DOz1mh/2pjow="></latexit>
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3 Weighted Forest Automata
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-- ranked alphabet 
-- M-monoid

⌃

<latexit sha1_base64="xLWSesLb6xFedyNnJnf6oyX9wYg="></latexit>

M

<latexit sha1_base64="rTDkIbyrOrRLOU+DOz1mh/2pjow="></latexit>

A weighted forest automaton over     and      is a tuple⌃

<latexit sha1_base64="xLWSesLb6xFedyNnJnf6oyX9wYg="></latexit>

M

<latexit sha1_base64="rTDkIbyrOrRLOU+DOz1mh/2pjow="></latexit>

where

alphabet of statesQ

<latexit sha1_base64="mc3sDH0/UsBfzERUEQWirxsxFXM="></latexit>

number of variablesn

<latexit sha1_base64="RpfEe+xKl4oMmOUF5jghFHwhdWc="></latexit>

m

<latexit sha1_base64="uDv6Nam2N5xh65B1h/+bwvJYt9A="></latexit>

width of forests

A = (Q,m, n, F, µ, ⌫)

<latexit sha1_base64="KJ2sKO1ubMaVrVHFj9Hozj08M3E="></latexit>
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3 Weighted Forest Automata

31

-- ranked alphabet 
-- M-monoid

⌃

<latexit sha1_base64="xLWSesLb6xFedyNnJnf6oyX9wYg="></latexit>

M

<latexit sha1_base64="rTDkIbyrOrRLOU+DOz1mh/2pjow="></latexit>

A weighted forest automaton over     and      is a tuple⌃

<latexit sha1_base64="xLWSesLb6xFedyNnJnf6oyX9wYg="></latexit>

M

<latexit sha1_base64="rTDkIbyrOrRLOU+DOz1mh/2pjow="></latexit>

where

A = (Q,m, n, F , µ, ⌫)

<latexit sha1_base64="hn/GND93Qn3P2Y77Dk0pAnBcU+A="></latexit>

F = (F1, . . . , Fm)

<latexit sha1_base64="uhgx2N2P5bcXxNGhhbGkLXgENIw="></latexit>

Fi : Q ! ⌦(1)
M

<latexit sha1_base64="4NW3OVIKkKw7gZ+nIeJGNtbZpoI="></latexit>

root distribution function
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3 Weighted Forest Automata

32

-- ranked alphabet 
-- M-monoid

⌃

<latexit sha1_base64="xLWSesLb6xFedyNnJnf6oyX9wYg="></latexit>

M

<latexit sha1_base64="rTDkIbyrOrRLOU+DOz1mh/2pjow="></latexit>

A weighted forest automaton over     and      is a tuple⌃

<latexit sha1_base64="xLWSesLb6xFedyNnJnf6oyX9wYg="></latexit>

M

<latexit sha1_base64="rTDkIbyrOrRLOU+DOz1mh/2pjow="></latexit>

where

A = (Q,m, n, F, µ, ⌫)

<latexit sha1_base64="r4LRWQE38b+l4QO+sGLnRCUMtfA="></latexit>

transition mappings

µ = (µk : Q
k ⇥ ⌃(k) ⇥Q ! ⌦(k)

M | k � 0)

<latexit sha1_base64="Oswvbv++49CdWwESfgg8ywHT1GQ="></latexit>
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-- ranked alphabet 
-- M-monoid

⌃

<latexit sha1_base64="xLWSesLb6xFedyNnJnf6oyX9wYg="></latexit>

M

<latexit sha1_base64="rTDkIbyrOrRLOU+DOz1mh/2pjow="></latexit>

A weighted forest automaton over     and      is a tuple⌃

<latexit sha1_base64="xLWSesLb6xFedyNnJnf6oyX9wYg="></latexit>

M

<latexit sha1_base64="rTDkIbyrOrRLOU+DOz1mh/2pjow="></latexit>

where

A = (Q,m, n, F, µ, ⌫)

<latexit sha1_base64="FzLfRZ3vKkJ0k5tIrBky8EbrLiU="></latexit>

variable assignment

⌫ : Xn ⇥Q ! ⌦(1)
M

<latexit sha1_base64="EdfUe/i++uGRm+X7LiCegJkgYOU="></latexit>
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A = (Q, 2, 1, F, µ, ⌫)

<latexit sha1_base64="ebLF4sgJ2/klPat4IwtmdDDTNKs="></latexit>
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✓
1,

<latexit sha1_base64="P/HcATn+Ib9tV6pJtFikTwWukUE="></latexit>

◆

<latexit sha1_base64="xBVFiDxBNt9mvSTDMOZF24nf5/4="></latexit>

,

<latexit sha1_base64="rXCVJLufXDALw/iXgS5iwy2AjjA="></latexit>

A = (Q, 2, 1, F, µ, ⌫)

<latexit sha1_base64="ebLF4sgJ2/klPat4IwtmdDDTNKs="></latexit>
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�

�

↵ ↵

�

↵

<latexit sha1_base64="o7YK+PrOo9nIskrpbbQ2mg7Xe3o="></latexit>

�

�

� x1

<latexit sha1_base64="e0SNZ4GAQR1RXIvGnvj6L+mTSeU="></latexit>

✓
1,

<latexit sha1_base64="P/HcATn+Ib9tV6pJtFikTwWukUE="></latexit>

◆

<latexit sha1_base64="xBVFiDxBNt9mvSTDMOZF24nf5/4="></latexit>

,

<latexit sha1_base64="rXCVJLufXDALw/iXgS5iwy2AjjA="></latexit>

A = (Q, 2, 1, F, µ, ⌫)

<latexit sha1_base64="ebLF4sgJ2/klPat4IwtmdDDTNKs="></latexit>
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�

�

↵ ↵

�

↵

q

q

q q

q

q

<latexit sha1_base64="NmaAsReCm58RJj+rRBhsSu/h5Eo="></latexit>

�

�

↵ ↵

�

↵

<latexit sha1_base64="o7YK+PrOo9nIskrpbbQ2mg7Xe3o="></latexit>

�

�

� x1

<latexit sha1_base64="e0SNZ4GAQR1RXIvGnvj6L+mTSeU="></latexit>

✓
1,

<latexit sha1_base64="P/HcATn+Ib9tV6pJtFikTwWukUE="></latexit>

◆

<latexit sha1_base64="xBVFiDxBNt9mvSTDMOZF24nf5/4="></latexit>

,

<latexit sha1_base64="rXCVJLufXDALw/iXgS5iwy2AjjA="></latexit>

A = (Q, 2, 1, F, µ, ⌫)

<latexit sha1_base64="ebLF4sgJ2/klPat4IwtmdDDTNKs="></latexit>

�

�

� x1

p

p

p p

<latexit sha1_base64="liVtR+kmErmxURDdE43V8GM05Y0="></latexit>
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�

�

↵ ↵

�

↵

q

q

q q

q

q

<latexit sha1_base64="NmaAsReCm58RJj+rRBhsSu/h5Eo="></latexit>

�

�

↵ ↵

�

↵

<latexit sha1_base64="o7YK+PrOo9nIskrpbbQ2mg7Xe3o="></latexit>

!a

<latexit sha1_base64="/iQlJ1rcXyVDKEgzAobPS0px94I="></latexit>

!b

<latexit sha1_base64="TLtNuF5IrR4fVW3aBbG2wNTiZyc="></latexit>

!c

<latexit sha1_base64="U6A0cBnZxbzejqy7oGrRaFOOHDI="></latexit>

!d

<latexit sha1_base64="Dz79fb9a4EAuaYwncEWFzP8ijGI="></latexit>

!e

<latexit sha1_base64="iBtuvPEazO7714HeeI3cufTN18Q="></latexit>

!f

<latexit sha1_base64="P3z3IP6Pjbe08LnbQbwv7ktJPeM="></latexit>

�

�

� x1

<latexit sha1_base64="e0SNZ4GAQR1RXIvGnvj6L+mTSeU="></latexit>

✓
1,

<latexit sha1_base64="P/HcATn+Ib9tV6pJtFikTwWukUE="></latexit>

◆

<latexit sha1_base64="xBVFiDxBNt9mvSTDMOZF24nf5/4="></latexit>

,

<latexit sha1_base64="rXCVJLufXDALw/iXgS5iwy2AjjA="></latexit>

!0
a

<latexit sha1_base64="gInEFpYT+lqZ3wEUWzYZ2U3n6zo="></latexit>

!0
b

<latexit sha1_base64="x4f5SSy4bgGq/rbGEZPDrlEdMEo="></latexit>

!0
c

<latexit sha1_base64="Ho0hGNjFVoNzK05YrQtxMMUlaiA="></latexit>

!0
d

<latexit sha1_base64="7r3PTRBWLPh4ujzOcObNf+TlH/E="></latexit>

A = (Q, 2, 1, F, µ, ⌫)

<latexit sha1_base64="ebLF4sgJ2/klPat4IwtmdDDTNKs="></latexit>

�

�

� x1

p

p

p p

<latexit sha1_base64="liVtR+kmErmxURDdE43V8GM05Y0="></latexit>
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�

�

↵ ↵

�

↵

q

q

q q

q

q

<latexit sha1_base64="NmaAsReCm58RJj+rRBhsSu/h5Eo="></latexit>

�

�

↵ ↵

�

↵

<latexit sha1_base64="o7YK+PrOo9nIskrpbbQ2mg7Xe3o="></latexit>

!a

<latexit sha1_base64="/iQlJ1rcXyVDKEgzAobPS0px94I="></latexit>

!b

<latexit sha1_base64="TLtNuF5IrR4fVW3aBbG2wNTiZyc="></latexit>

!c

<latexit sha1_base64="U6A0cBnZxbzejqy7oGrRaFOOHDI="></latexit>

!d

<latexit sha1_base64="Dz79fb9a4EAuaYwncEWFzP8ijGI="></latexit>

!e

<latexit sha1_base64="iBtuvPEazO7714HeeI3cufTN18Q="></latexit>

!f

<latexit sha1_base64="P3z3IP6Pjbe08LnbQbwv7ktJPeM="></latexit>

�

�

� x1

<latexit sha1_base64="e0SNZ4GAQR1RXIvGnvj6L+mTSeU="></latexit>

✓
1,

<latexit sha1_base64="P/HcATn+Ib9tV6pJtFikTwWukUE="></latexit>

◆

<latexit sha1_base64="xBVFiDxBNt9mvSTDMOZF24nf5/4="></latexit>

,

<latexit sha1_base64="rXCVJLufXDALw/iXgS5iwy2AjjA="></latexit>

!0
a

<latexit sha1_base64="gInEFpYT+lqZ3wEUWzYZ2U3n6zo="></latexit>

!0
b

<latexit sha1_base64="x4f5SSy4bgGq/rbGEZPDrlEdMEo="></latexit>

!0
c

<latexit sha1_base64="Ho0hGNjFVoNzK05YrQtxMMUlaiA="></latexit>

!0
d

<latexit sha1_base64="7r3PTRBWLPh4ujzOcObNf+TlH/E="></latexit>

f1

<latexit sha1_base64="ZPLJwJ43p6N5HtXSIcK4/Y0iSxo="></latexit>

f2

<latexit sha1_base64="63Y9EC2SlhgLhzDnh3qP5ejq3y0="></latexit>

A = (Q, 2, 1, F, µ, ⌫)

<latexit sha1_base64="ebLF4sgJ2/klPat4IwtmdDDTNKs="></latexit>

�

�

� x1

p

p

p p

<latexit sha1_base64="liVtR+kmErmxURDdE43V8GM05Y0="></latexit>
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�

�

↵ ↵

�

↵

q

q

q q

q

q

<latexit sha1_base64="NmaAsReCm58RJj+rRBhsSu/h5Eo="></latexit>

�

�

↵ ↵

�

↵

<latexit sha1_base64="o7YK+PrOo9nIskrpbbQ2mg7Xe3o="></latexit>

!a

<latexit sha1_base64="/iQlJ1rcXyVDKEgzAobPS0px94I="></latexit>

!b

<latexit sha1_base64="TLtNuF5IrR4fVW3aBbG2wNTiZyc="></latexit>

!c

<latexit sha1_base64="U6A0cBnZxbzejqy7oGrRaFOOHDI="></latexit>

!d

<latexit sha1_base64="Dz79fb9a4EAuaYwncEWFzP8ijGI="></latexit>

!e

<latexit sha1_base64="iBtuvPEazO7714HeeI3cufTN18Q="></latexit>

!f

<latexit sha1_base64="P3z3IP6Pjbe08LnbQbwv7ktJPeM="></latexit>

�

�

� x1

p

p

p p

<latexit sha1_base64="liVtR+kmErmxURDdE43V8GM05Y0="></latexit>

�

�

� x1

<latexit sha1_base64="e0SNZ4GAQR1RXIvGnvj6L+mTSeU="></latexit>

✓
1,

<latexit sha1_base64="P/HcATn+Ib9tV6pJtFikTwWukUE="></latexit>

◆

<latexit sha1_base64="xBVFiDxBNt9mvSTDMOZF24nf5/4="></latexit>

,

<latexit sha1_base64="rXCVJLufXDALw/iXgS5iwy2AjjA="></latexit>

!0
a

<latexit sha1_base64="gInEFpYT+lqZ3wEUWzYZ2U3n6zo="></latexit>

!0
b

<latexit sha1_base64="x4f5SSy4bgGq/rbGEZPDrlEdMEo="></latexit>

!0
c

<latexit sha1_base64="Ho0hGNjFVoNzK05YrQtxMMUlaiA="></latexit>

!0
d

<latexit sha1_base64="7r3PTRBWLPh4ujzOcObNf+TlH/E="></latexit>

f1

<latexit sha1_base64="ZPLJwJ43p6N5HtXSIcK4/Y0iSxo="></latexit>

f2

<latexit sha1_base64="63Y9EC2SlhgLhzDnh3qP5ejq3y0="></latexit>

F

<latexit sha1_base64="mki2kZ+cbwCBUq6OqeJiq27IEGY="></latexit>

A = (Q, 2, 1, F, µ, ⌫)

<latexit sha1_base64="ebLF4sgJ2/klPat4IwtmdDDTNKs="></latexit>



Kleene and Büchi for WFA over M-Monoids /9221.04.21

3 Weighted Forest Automata

41

�

�

↵ ↵

�

↵

q

q

q q

q

q

<latexit sha1_base64="NmaAsReCm58RJj+rRBhsSu/h5Eo="></latexit>

�

�

↵ ↵

�

↵

<latexit sha1_base64="o7YK+PrOo9nIskrpbbQ2mg7Xe3o="></latexit>

!a

<latexit sha1_base64="/iQlJ1rcXyVDKEgzAobPS0px94I="></latexit>

!b

<latexit sha1_base64="TLtNuF5IrR4fVW3aBbG2wNTiZyc="></latexit>

!c

<latexit sha1_base64="U6A0cBnZxbzejqy7oGrRaFOOHDI="></latexit>

!d

<latexit sha1_base64="Dz79fb9a4EAuaYwncEWFzP8ijGI="></latexit>

!e

<latexit sha1_base64="iBtuvPEazO7714HeeI3cufTN18Q="></latexit>

!f

<latexit sha1_base64="P3z3IP6Pjbe08LnbQbwv7ktJPeM="></latexit>

�

�

� x1

p

p

p p

<latexit sha1_base64="liVtR+kmErmxURDdE43V8GM05Y0="></latexit>

�

�

� x1

<latexit sha1_base64="e0SNZ4GAQR1RXIvGnvj6L+mTSeU="></latexit>

✓
1,

<latexit sha1_base64="P/HcATn+Ib9tV6pJtFikTwWukUE="></latexit>

◆

<latexit sha1_base64="xBVFiDxBNt9mvSTDMOZF24nf5/4="></latexit>

,

<latexit sha1_base64="rXCVJLufXDALw/iXgS5iwy2AjjA="></latexit>

!0
a

<latexit sha1_base64="gInEFpYT+lqZ3wEUWzYZ2U3n6zo="></latexit>

!0
b

<latexit sha1_base64="x4f5SSy4bgGq/rbGEZPDrlEdMEo="></latexit>

!0
c

<latexit sha1_base64="Ho0hGNjFVoNzK05YrQtxMMUlaiA="></latexit>

!0
d

<latexit sha1_base64="7r3PTRBWLPh4ujzOcObNf+TlH/E="></latexit>

f1

<latexit sha1_base64="ZPLJwJ43p6N5HtXSIcK4/Y0iSxo="></latexit>

f2

<latexit sha1_base64="63Y9EC2SlhgLhzDnh3qP5ejq3y0="></latexit>

F

<latexit sha1_base64="mki2kZ+cbwCBUq6OqeJiq27IEGY="></latexit>

µ

<latexit sha1_base64="CQB9pRfI8aojUYwCns2f4BzUS2o="></latexit>

A = (Q, 2, 1, F, µ, ⌫)

<latexit sha1_base64="ebLF4sgJ2/klPat4IwtmdDDTNKs="></latexit>
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�

�

↵ ↵

�

↵

q

q

q q

q

q

<latexit sha1_base64="NmaAsReCm58RJj+rRBhsSu/h5Eo="></latexit>

�

�

↵ ↵

�

↵

<latexit sha1_base64="o7YK+PrOo9nIskrpbbQ2mg7Xe3o="></latexit>

!a

<latexit sha1_base64="/iQlJ1rcXyVDKEgzAobPS0px94I="></latexit>

!b

<latexit sha1_base64="TLtNuF5IrR4fVW3aBbG2wNTiZyc="></latexit>

!c

<latexit sha1_base64="U6A0cBnZxbzejqy7oGrRaFOOHDI="></latexit>

!d

<latexit sha1_base64="Dz79fb9a4EAuaYwncEWFzP8ijGI="></latexit>

!e

<latexit sha1_base64="iBtuvPEazO7714HeeI3cufTN18Q="></latexit>

!f

<latexit sha1_base64="P3z3IP6Pjbe08LnbQbwv7ktJPeM="></latexit>

�

�

� x1

p

p

p p

<latexit sha1_base64="liVtR+kmErmxURDdE43V8GM05Y0="></latexit>

�

�

� x1

<latexit sha1_base64="e0SNZ4GAQR1RXIvGnvj6L+mTSeU="></latexit>

✓
1,

<latexit sha1_base64="P/HcATn+Ib9tV6pJtFikTwWukUE="></latexit>

◆

<latexit sha1_base64="xBVFiDxBNt9mvSTDMOZF24nf5/4="></latexit>

,

<latexit sha1_base64="rXCVJLufXDALw/iXgS5iwy2AjjA="></latexit>

!0
a

<latexit sha1_base64="gInEFpYT+lqZ3wEUWzYZ2U3n6zo="></latexit>

!0
b

<latexit sha1_base64="x4f5SSy4bgGq/rbGEZPDrlEdMEo="></latexit>

!0
c

<latexit sha1_base64="Ho0hGNjFVoNzK05YrQtxMMUlaiA="></latexit>

!0
d

<latexit sha1_base64="7r3PTRBWLPh4ujzOcObNf+TlH/E="></latexit>

f1

<latexit sha1_base64="ZPLJwJ43p6N5HtXSIcK4/Y0iSxo="></latexit>

f2

<latexit sha1_base64="63Y9EC2SlhgLhzDnh3qP5ejq3y0="></latexit>

F

<latexit sha1_base64="mki2kZ+cbwCBUq6OqeJiq27IEGY="></latexit>

µ

<latexit sha1_base64="CQB9pRfI8aojUYwCns2f4BzUS2o="></latexit>

⌫

<latexit sha1_base64="G/H5PPD7pxoYpLOQ/FUccaLsu0w="></latexit>

A = (Q, 2, 1, F, µ, ⌫)

<latexit sha1_base64="ebLF4sgJ2/klPat4IwtmdDDTNKs="></latexit>
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�

�

↵ ↵

�

↵

q

q

q q

q

q

<latexit sha1_base64="NmaAsReCm58RJj+rRBhsSu/h5Eo="></latexit>

�

�

↵ ↵

�

↵

<latexit sha1_base64="o7YK+PrOo9nIskrpbbQ2mg7Xe3o="></latexit>

!a

<latexit sha1_base64="/iQlJ1rcXyVDKEgzAobPS0px94I="></latexit>

!b

<latexit sha1_base64="TLtNuF5IrR4fVW3aBbG2wNTiZyc="></latexit>

!c

<latexit sha1_base64="U6A0cBnZxbzejqy7oGrRaFOOHDI="></latexit>

!d

<latexit sha1_base64="Dz79fb9a4EAuaYwncEWFzP8ijGI="></latexit>

!e

<latexit sha1_base64="iBtuvPEazO7714HeeI3cufTN18Q="></latexit>

!f

<latexit sha1_base64="P3z3IP6Pjbe08LnbQbwv7ktJPeM="></latexit>

�

�

� x1

p

p

p p

<latexit sha1_base64="liVtR+kmErmxURDdE43V8GM05Y0="></latexit>

�

�

� x1

<latexit sha1_base64="e0SNZ4GAQR1RXIvGnvj6L+mTSeU="></latexit>

✓
1,

<latexit sha1_base64="P/HcATn+Ib9tV6pJtFikTwWukUE="></latexit>

◆

<latexit sha1_base64="xBVFiDxBNt9mvSTDMOZF24nf5/4="></latexit>

,

<latexit sha1_base64="rXCVJLufXDALw/iXgS5iwy2AjjA="></latexit>

!0
a

<latexit sha1_base64="gInEFpYT+lqZ3wEUWzYZ2U3n6zo="></latexit>

!0
b

<latexit sha1_base64="x4f5SSy4bgGq/rbGEZPDrlEdMEo="></latexit>

!0
c

<latexit sha1_base64="Ho0hGNjFVoNzK05YrQtxMMUlaiA="></latexit>

!0
d

<latexit sha1_base64="7r3PTRBWLPh4ujzOcObNf+TlH/E="></latexit>

f1

<latexit sha1_base64="ZPLJwJ43p6N5HtXSIcK4/Y0iSxo="></latexit>

f2

<latexit sha1_base64="63Y9EC2SlhgLhzDnh3qP5ejq3y0="></latexit>

F

<latexit sha1_base64="mki2kZ+cbwCBUq6OqeJiq27IEGY="></latexit>

µ

<latexit sha1_base64="CQB9pRfI8aojUYwCns2f4BzUS2o="></latexit>

⌫

<latexit sha1_base64="G/H5PPD7pxoYpLOQ/FUccaLsu0w="></latexit>

f1(!a(!b(!c,!d),!e(!f )))

<latexit sha1_base64="kjXHZ/6kWeNMi3DhEsmkuE1zP90="></latexit>

A = (Q, 2, 1, F, µ, ⌫)

<latexit sha1_base64="ebLF4sgJ2/klPat4IwtmdDDTNKs="></latexit>
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�

�

↵ ↵

�

↵

q

q

q q

q

q

<latexit sha1_base64="NmaAsReCm58RJj+rRBhsSu/h5Eo="></latexit>

�

�

↵ ↵

�

↵

<latexit sha1_base64="o7YK+PrOo9nIskrpbbQ2mg7Xe3o="></latexit>

!a

<latexit sha1_base64="/iQlJ1rcXyVDKEgzAobPS0px94I="></latexit>

!b

<latexit sha1_base64="TLtNuF5IrR4fVW3aBbG2wNTiZyc="></latexit>

!c

<latexit sha1_base64="U6A0cBnZxbzejqy7oGrRaFOOHDI="></latexit>

!d

<latexit sha1_base64="Dz79fb9a4EAuaYwncEWFzP8ijGI="></latexit>

!e

<latexit sha1_base64="iBtuvPEazO7714HeeI3cufTN18Q="></latexit>

!f

<latexit sha1_base64="P3z3IP6Pjbe08LnbQbwv7ktJPeM="></latexit>

�

�

� x1

p

p

p p

<latexit sha1_base64="liVtR+kmErmxURDdE43V8GM05Y0="></latexit>

�

�

� x1

<latexit sha1_base64="e0SNZ4GAQR1RXIvGnvj6L+mTSeU="></latexit>

✓
1,

<latexit sha1_base64="P/HcATn+Ib9tV6pJtFikTwWukUE="></latexit>

◆

<latexit sha1_base64="xBVFiDxBNt9mvSTDMOZF24nf5/4="></latexit>

,

<latexit sha1_base64="rXCVJLufXDALw/iXgS5iwy2AjjA="></latexit>

!0
a

<latexit sha1_base64="gInEFpYT+lqZ3wEUWzYZ2U3n6zo="></latexit>

!0
b

<latexit sha1_base64="x4f5SSy4bgGq/rbGEZPDrlEdMEo="></latexit>

!0
c

<latexit sha1_base64="Ho0hGNjFVoNzK05YrQtxMMUlaiA="></latexit>

!0
d

<latexit sha1_base64="7r3PTRBWLPh4ujzOcObNf+TlH/E="></latexit>

f1

<latexit sha1_base64="ZPLJwJ43p6N5HtXSIcK4/Y0iSxo="></latexit>

f2

<latexit sha1_base64="63Y9EC2SlhgLhzDnh3qP5ejq3y0="></latexit>

F

<latexit sha1_base64="mki2kZ+cbwCBUq6OqeJiq27IEGY="></latexit>

µ

<latexit sha1_base64="CQB9pRfI8aojUYwCns2f4BzUS2o="></latexit>

⌫

<latexit sha1_base64="G/H5PPD7pxoYpLOQ/FUccaLsu0w="></latexit>

f1(!a(!b(!c,!d),!e(!f )))

<latexit sha1_base64="kjXHZ/6kWeNMi3DhEsmkuE1zP90="></latexit>

f2(!
0
a(!

0
b(!

0
c,!

0
d))

<latexit sha1_base64="kbFdDWhjoYfdTMcSuJIuDZAuBMI="></latexit>

A = (Q, 2, 1, F, µ, ⌫)

<latexit sha1_base64="ebLF4sgJ2/klPat4IwtmdDDTNKs="></latexit>
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�

�

↵ ↵

�

↵

q

q

q q

q

q

<latexit sha1_base64="NmaAsReCm58RJj+rRBhsSu/h5Eo="></latexit>

�

�

↵ ↵

�

↵

<latexit sha1_base64="o7YK+PrOo9nIskrpbbQ2mg7Xe3o="></latexit>

!a

<latexit sha1_base64="/iQlJ1rcXyVDKEgzAobPS0px94I="></latexit>

!b

<latexit sha1_base64="TLtNuF5IrR4fVW3aBbG2wNTiZyc="></latexit>

!c

<latexit sha1_base64="U6A0cBnZxbzejqy7oGrRaFOOHDI="></latexit>

!d

<latexit sha1_base64="Dz79fb9a4EAuaYwncEWFzP8ijGI="></latexit>

!e

<latexit sha1_base64="iBtuvPEazO7714HeeI3cufTN18Q="></latexit>

!f

<latexit sha1_base64="P3z3IP6Pjbe08LnbQbwv7ktJPeM="></latexit>

�

�

� x1

p

p

p p

<latexit sha1_base64="liVtR+kmErmxURDdE43V8GM05Y0="></latexit>

�

�

� x1

<latexit sha1_base64="e0SNZ4GAQR1RXIvGnvj6L+mTSeU="></latexit>

✓
1,

<latexit sha1_base64="P/HcATn+Ib9tV6pJtFikTwWukUE="></latexit>

◆

<latexit sha1_base64="xBVFiDxBNt9mvSTDMOZF24nf5/4="></latexit>

,

<latexit sha1_base64="rXCVJLufXDALw/iXgS5iwy2AjjA="></latexit>

!0
a

<latexit sha1_base64="gInEFpYT+lqZ3wEUWzYZ2U3n6zo="></latexit>

!0
b

<latexit sha1_base64="x4f5SSy4bgGq/rbGEZPDrlEdMEo="></latexit>

!0
c

<latexit sha1_base64="Ho0hGNjFVoNzK05YrQtxMMUlaiA="></latexit>

!0
d

<latexit sha1_base64="7r3PTRBWLPh4ujzOcObNf+TlH/E="></latexit>

f1

<latexit sha1_base64="ZPLJwJ43p6N5HtXSIcK4/Y0iSxo="></latexit>

f2

<latexit sha1_base64="63Y9EC2SlhgLhzDnh3qP5ejq3y0="></latexit>

F

<latexit sha1_base64="mki2kZ+cbwCBUq6OqeJiq27IEGY="></latexit>

µ

<latexit sha1_base64="CQB9pRfI8aojUYwCns2f4BzUS2o="></latexit>

⌫

<latexit sha1_base64="G/H5PPD7pxoYpLOQ/FUccaLsu0w="></latexit>

f1(!a(!b(!c,!d),!e(!f )))

<latexit sha1_base64="kjXHZ/6kWeNMi3DhEsmkuE1zP90="></latexit>

f2(!
0
a(!

0
b(!

0
c,!

0
d))

<latexit sha1_base64="kbFdDWhjoYfdTMcSuJIuDZAuBMI="></latexit>

)

<latexit sha1_base64="22kZ0Xe9l6UwJObIqzymwsyybuI="></latexit>

⇧2(

<latexit sha1_base64="TeTgKCszWPP7xZX8Xs938CZKP38="></latexit>

,

<latexit sha1_base64="rXCVJLufXDALw/iXgS5iwy2AjjA="></latexit>

A = (Q, 2, 1, F, µ, ⌫)

<latexit sha1_base64="ebLF4sgJ2/klPat4IwtmdDDTNKs="></latexit>

wt(⇢) =

<latexit sha1_base64="PGhRZV+ZFISU9rgHYz5AneGXIoY=">AAACjHicbVFdT9swFHXDNiBsrLDHvUSrkJjEqoRVggohISaNPbKJAlJTVY5zQ606cbBvgM7yX9nr+Ev7NzhtHyjdlSwdn/t9T1IKrjEM/zW8lVev36yurfsbb99tvm9ubV9qWSkGPSaFVNcJ1SB4AT3kKOC6VEDzRMBVMv5W+6/uQGkuiwuclDDI6U3BM84oOmrY3I5ziiOVm3u0u7Eayc/Hw2YrbIdTC5ZBNActMrfz4VYjiV PJqhwKZIJq3Y/CEgeGKuRMgPXjSkNJ2ZjeQN/BguagB2Y6vA12HJMGmVTuFRhM2ecZhuZaT/LERdaj6pe+mvyfr19hdjgwvCgrhILNGmWVCFAG9SWClCtgKCYOUKa4mzVgI6ooQ3evhS51bZRS6IVVzMNsAz9OIXPnn/5MWlrz6+zUmm53Lwo7e/tfI+svpCEf/7b+znNKVwmjZa2IXQr9cosKwDpVopcaLIPL/XbUaXd/dlonp3N91shH8onskogckBPyg5yTHmHkgfwhf8mjt+l1vCPveBbqNeY5H8iCed+fAKt/yUI=</latexit>



Kleene and Büchi for WFA over M-Monoids /9221.04.21

3 Weighted Forest Automata

46

How to combine values in          ?wt(⇢)

<latexit sha1_base64="CARD3KZXZPGXrJNsts5Y+5P13MI="></latexit>
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M

<latexit sha1_base64="vQ3ayv4Aikm2fqKKAIgGu4GDtt8="></latexit>

contains a semiring if

How to combine values in          ?wt(⇢)

<latexit sha1_base64="CARD3KZXZPGXrJNsts5Y+5P13MI="></latexit>
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binary operation   on      such that·

<latexit sha1_base64="K73vQFL+wKIkN1Cn7S6LhQhdjcQ="></latexit>

9

<latexit sha1_base64="e65+GoJcyGKAo6G0PNIDeKb9CxE="></latexit>

M

<latexit sha1_base64="vQ3ayv4Aikm2fqKKAIgGu4GDtt8="></latexit>

M

<latexit sha1_base64="vQ3ayv4Aikm2fqKKAIgGu4GDtt8="></latexit>

contains a semiring if

How to combine values in          ?wt(⇢)

<latexit sha1_base64="CARD3KZXZPGXrJNsts5Y+5P13MI="></latexit>
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binary operation   on      such that·

<latexit sha1_base64="K73vQFL+wKIkN1Cn7S6LhQhdjcQ="></latexit>

9

<latexit sha1_base64="e65+GoJcyGKAo6G0PNIDeKb9CxE="></latexit>

M

<latexit sha1_base64="vQ3ayv4Aikm2fqKKAIgGu4GDtt8="></latexit>

(M,+, ·, 0, 1)

<latexit sha1_base64="jdQ0O6X4rwyiHHho0YJOuwJUHpw="></latexit>

is a semiring and 8k : ⇧k 2 ⌦M

<latexit sha1_base64="zCblARd5cmQUCu4DHpusBR1gHVk="></latexit>

M

<latexit sha1_base64="vQ3ayv4Aikm2fqKKAIgGu4GDtt8="></latexit>

contains a semiring if

How to combine values in          ?wt(⇢)

<latexit sha1_base64="CARD3KZXZPGXrJNsts5Y+5P13MI="></latexit>
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The weighted language accepted by A

<latexit sha1_base64="4PEYkpS6gRvEwu4iix9ob8yf4hk="></latexit>
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The weighted language accepted by A

<latexit sha1_base64="4PEYkpS6gRvEwu4iix9ob8yf4hk="></latexit>

[[A]](⇠) =
X

⇢2RunsA(⇠)

⇧m(wt(⇢))

<latexit sha1_base64="ZZFT/I5GftTYLbspX4gDst+yzF4="></latexit>
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The weighted language accepted by A

<latexit sha1_base64="4PEYkpS6gRvEwu4iix9ob8yf4hk="></latexit>

[[A]](⇠) =
X

⇢2RunsA(⇠)

⇧m(wt(⇢))

<latexit sha1_base64="ZZFT/I5GftTYLbspX4gDst+yzF4="></latexit>

⇠

<latexit sha1_base64="6h84R442ZBsxEwcqfubRVagBSS4="></latexit>

arity = number of variable positions in 
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A = (Q,m, n, F, µ, ⌫)

<latexit sha1_base64="vEevtp3FPp3AAHufWz3sNN99RyM="></latexit>

Given
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A = (Q,m, n, F, µ, ⌫)

<latexit sha1_base64="vEevtp3FPp3AAHufWz3sNN99RyM="></latexit>

There exist weighted tree automata

Given
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A = (Q,m, n, F, µ, ⌫)

<latexit sha1_base64="vEevtp3FPp3AAHufWz3sNN99RyM="></latexit>

There exist weighted tree automata

A1, . . . , Am

<latexit sha1_base64="vsJ7Ra55FOi+Kjlb8T2Qya2DbA4="></latexit>

over     and      such that⌃

<latexit sha1_base64="OvXw60UAL1lh3UllwqrDujS+Ymw="></latexit>

M

<latexit sha1_base64="vQ3ayv4Aikm2fqKKAIgGu4GDtt8="></latexit>

Given
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A = (Q,m, n, F, µ, ⌫)

<latexit sha1_base64="vEevtp3FPp3AAHufWz3sNN99RyM="></latexit>

[[A]] = ⇧m([[A1]], . . . , [[Am]])

<latexit sha1_base64="yW5WWiYbKls+YRju9PbPA2wWIRA="></latexit>

There exist weighted tree automata

A1, . . . , Am

<latexit sha1_base64="vsJ7Ra55FOi+Kjlb8T2Qya2DbA4="></latexit>

over     and      such that⌃

<latexit sha1_base64="OvXw60UAL1lh3UllwqrDujS+Ymw="></latexit>

M

<latexit sha1_base64="vQ3ayv4Aikm2fqKKAIgGu4GDtt8="></latexit>

Given
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A = (Q,m, n, F, µ, ⌫)

<latexit sha1_base64="vEevtp3FPp3AAHufWz3sNN99RyM="></latexit>

[[A]] = ⇧m([[A1]], . . . , [[Am]])

<latexit sha1_base64="yW5WWiYbKls+YRju9PbPA2wWIRA="></latexit>

9A1, . . . , Am :

<latexit sha1_base64="ED9a79VjSqaJA2vlUrL7Q4xU0Iw="></latexit>

Theorem:

Proof idea:
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A = (Q,m, n, F, µ, ⌫)

<latexit sha1_base64="vEevtp3FPp3AAHufWz3sNN99RyM="></latexit>

[[A]] = ⇧m([[A1]], . . . , [[Am]])

<latexit sha1_base64="yW5WWiYbKls+YRju9PbPA2wWIRA="></latexit>

9A1, . . . , Am :

<latexit sha1_base64="ED9a79VjSqaJA2vlUrL7Q4xU0Iw="></latexit>

Theorem:

F = (F1, . . . , Fm)

<latexit sha1_base64="uhgx2N2P5bcXxNGhhbGkLXgENIw="></latexit>

Proof idea: 1. Let
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A = (Q,m, n, F, µ, ⌫)

<latexit sha1_base64="vEevtp3FPp3AAHufWz3sNN99RyM="></latexit>

[[A]] = ⇧m([[A1]], . . . , [[Am]])

<latexit sha1_base64="yW5WWiYbKls+YRju9PbPA2wWIRA="></latexit>

9A1, . . . , Am :

<latexit sha1_base64="ED9a79VjSqaJA2vlUrL7Q4xU0Iw="></latexit>

Theorem:

F = (F1, . . . , Fm)

<latexit sha1_base64="uhgx2N2P5bcXxNGhhbGkLXgENIw="></latexit>

Proof idea:

A1 = (Q,n, F1, µ, ⌫)

<latexit sha1_base64="VsR/OT0/KsQfJemcEWS4NC8a1IE="></latexit>

Am = (Q,n, Fm, µ, ⌫)

<latexit sha1_base64="jqfptvVJEp3hVz1ZMrRw7Vvpxcs="></latexit>

...

<latexit sha1_base64="CIExRTebHQALd/Nb3Mjt+MNQXG8="></latexit>

1. Let

2. Choose
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A = (Q,m, n, F, µ, ⌫)

<latexit sha1_base64="vEevtp3FPp3AAHufWz3sNN99RyM="></latexit>

[[A]] = ⇧m([[A1]], . . . , [[Am]])

<latexit sha1_base64="yW5WWiYbKls+YRju9PbPA2wWIRA="></latexit>

9A1, . . . , Am :

<latexit sha1_base64="ED9a79VjSqaJA2vlUrL7Q4xU0Iw="></latexit>

Theorem:

F = (F1, . . . , Fm)

<latexit sha1_base64="uhgx2N2P5bcXxNGhhbGkLXgENIw="></latexit>

Proof idea:

A1 = (Q,n, F1, µ, ⌫)

<latexit sha1_base64="VsR/OT0/KsQfJemcEWS4NC8a1IE="></latexit>

Am = (Q,n, Fm, µ, ⌫)

<latexit sha1_base64="jqfptvVJEp3hVz1ZMrRw7Vvpxcs="></latexit>

...

<latexit sha1_base64="CIExRTebHQALd/Nb3Mjt+MNQXG8="></latexit>

1. Let

2. Choose

3. Use distributivity
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From [FulMalVog09]:
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From [FulMalVog09]:

Rec(⌃, n,M)

<latexit sha1_base64="1n08/nrsyq7fMuELuUnSl7J/DeU="></latexit>

accepted by
weighted tree automata
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From [FulMalVog09]:

Rat(⌃, n,M)

<latexit sha1_base64="u0Hh7yk2PT8B6nvOLvE7noRSSuU="></latexit>

Rec(⌃, n,M)

<latexit sha1_base64="1n08/nrsyq7fMuELuUnSl7J/DeU="></latexit>

accepted by
weighted tree automata

generated by 
rational tree expressions
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From [FulMalVog09]:

Rat(⌃, n,M)

<latexit sha1_base64="u0Hh7yk2PT8B6nvOLvE7noRSSuU="></latexit>

Rec(⌃, n,M)

<latexit sha1_base64="1n08/nrsyq7fMuELuUnSl7J/DeU="></latexit>

accepted by
weighted tree automata

generated by 
rational tree expressions
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From [FulMalVog09]:

Rat(⌃, n,M)

<latexit sha1_base64="u0Hh7yk2PT8B6nvOLvE7noRSSuU="></latexit>

Rec(⌃, n,M)

<latexit sha1_base64="1n08/nrsyq7fMuELuUnSl7J/DeU="></latexit>

accepted by
weighted tree automata

generated by 
rational tree expressions
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From [FulMalVog09]:

Rat(⌃, n,M)

<latexit sha1_base64="u0Hh7yk2PT8B6nvOLvE7noRSSuU="></latexit>

Rec(⌃, n,M)

<latexit sha1_base64="1n08/nrsyq7fMuELuUnSl7J/DeU="></latexit>

accepted by
weighted tree automata

generated by 
rational tree expressions
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From [FulMalVog09]:

Rat(⌃, n,M)

<latexit sha1_base64="u0Hh7yk2PT8B6nvOLvE7noRSSuU="></latexit>

Rec(⌃, n,M)

<latexit sha1_base64="1n08/nrsyq7fMuELuUnSl7J/DeU="></latexit>

accepted by
weighted tree automata

generated by 
rational tree expressions
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From [FulMalVog09]:

Rat(⌃, n,M)

<latexit sha1_base64="u0Hh7yk2PT8B6nvOLvE7noRSSuU="></latexit>

Rec(⌃, n,M)

<latexit sha1_base64="1n08/nrsyq7fMuELuUnSl7J/DeU="></latexit>

accepted by
weighted tree automata

generated by 
rational tree expressions
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From [FulMalVog09]:

Rat(⌃, n,M)

<latexit sha1_base64="u0Hh7yk2PT8B6nvOLvE7noRSSuU="></latexit>

Rec(⌃, n,M)

<latexit sha1_base64="1n08/nrsyq7fMuELuUnSl7J/DeU="></latexit>

◆

<latexit sha1_base64="am3q9HNx5XkvRxObV7GL9Cl9yDY="></latexit>

accepted by
weighted tree automata

generated by 
rational tree expressions
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From [FulMalVog09]:

Rat(⌃, n,M)

<latexit sha1_base64="u0Hh7yk2PT8B6nvOLvE7noRSSuU="></latexit>

Rec(⌃, n,M)

<latexit sha1_base64="1n08/nrsyq7fMuELuUnSl7J/DeU="></latexit>

Rat(⌃, fin,M)|T⌃(Xn)

<latexit sha1_base64="WvWLtXLwVTD18Y4/0KeWjEyO/So="></latexit>

Rec(⌃, n,M)

<latexit sha1_base64="1n08/nrsyq7fMuELuUnSl7J/DeU="></latexit>

✓

<latexit sha1_base64="8CiwltpoeoPmjzM0Th18SK+SgPc="></latexit>

◆

<latexit sha1_base64="am3q9HNx5XkvRxObV7GL9Cl9yDY="></latexit>

accepted by
weighted tree automata

generated by 
rational tree expressions
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Theorem:
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Theorem:

accepted by
weighted forest automata
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Theorem:

accepted by
weighted forest automata
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Theorem:

accepted by
weighted forest automata
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Theorem:

accepted by
weighted forest automata
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Theorem:

accepted by
weighted forest automata
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