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Transductions: some history

Early notion in formal language theory, motivated by coding theory, 
compiling, linguistics…


Moore 1956 “Gedankenexperiments on sequential machines”


Church 1957, Schützenberger 1961, Ginsburg-Rose 1966, Nivat 1968, Aho-
Hopcroft-Ullman 1969, Engelfriet 1972, Eilenberg 1976, Choffrut 1977, Berstel 
1979.

Word transducers are weighted automata over the language semi-ring 
(sum=union, product=concatenation)
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Transducers

transform objects -  here: words

transduction: mapping (or relation) from words to words
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Transducers

one-way (non-)deterministic finite-state transducers

two-way (non-)deterministic finite-state transducers

erase vowels

mirror

doubling

mtmrphssmetamorphosis

metamorphosis sisohpromatem

metamorphosis metamorphosismetamorphosis

Transduction:  binary relation over words



2.2.2 Separating examples

Given a 2NFT there are two natural questions to ask: is it possible to com-
pute the same function with a transducer that would be one-way, or one that
would be deterministic ? There is also natural intermediate questions: func-
tionality and disambiguation for the deterministic part; sweepingness for the
one-wayness aspect. We show here that most of these classes are separated.

One-wayness

We first show that the definitions of sweeping and one-way transducers
are relevant in the sense that they describe di↵erent classes of relations than
two-way transducers. Note that the transductions considered are functions.

Example 12. Let g be the mirror transduction, that is the function on ta, bu˚

such that for any w “ a1 ¨ ¨ ¨ an P ta, bu˚ we have hpwq “ w “ an ¨ ¨ ¨ a1 . One
can refer to Figure 2.5 for a sweeping transducer computing this function.
Unlike the sweeping transducer, a one-way transducer would have to store
the entire input to be able to produce the correct letters after it has seen the
first output an, that is at the end of the word (remember it can not go back).

Indeed, assume that there is a 1NFT T computing h and let wi “ aibi be
an input word for any i P N. Let ⇢i “ ⇢p1q

i ⌧i⇢
p2q
i be an accepting run of T on

wi such that ⌧i is the first transition reading b. As the number of transitions
is finite, there exist i † j such that ⌧i “ ⌧j “ ⌧ . This implies that ⇢p1q

i ⌧⇢p2q
j is

a valid run of T on the input aibj. Thus, the output of ⇢p1q
i is a prefix of biai

and of bjai, that is bk for some k § i. As ⇢p1q
i ⌧⇢p2q

j is an accepting run of T
the output of ⌧⇢p2q

j is bj´kai. Since j ´ k ° 0 this word is not a su�x of bjaj

which is in contradiction with the fact that ⇢j “ ⇢p1q
j ⌧⇢p2q

j is a run producing
the output bjaj.

qi q1 q2 q3 qf

c, right|✏

%, right|✏$, right|✏

c, left|c c, right|✏

%, left|✏ $, right|✏

Figure 2.5: A transducer G computing the mirror transduction g

This mirror transduction is the first example that comes to mind when it
comes to exploiting the right-to-left passes. Note that it is an example of a
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deterministic, 2-way transducer computing the mirror
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Logic MSOT: monadic second-order transductions

maps structures into structures

❖ output consists of fixed number of copies of input 
positions

[Courcelle, Engelfriet]

❖ domain formula:  unary MSO formula


       “c-th copy of input position x occurs in the output  and 
is labeled by symbol a”

❖ order formula:     binary MSO formula 

       “c-th copy of input position x precedes d-th copy of input 
position y in the output”



Logic
MSOT: monadic second-order transductions

Example: <latexit sha1_base64="ts9yYWXRRUAzTPbUOWyT2+NGoaY=">AAAB+XicdZDLSgMxFIYzXmu9jbp0EyyCCxlmBlvrruDGZQV7gXYomTTThiaZIcm0lKFv4saFIm59E3e+jWk7BRX9IfDxn3PIOX+YMKq0635aa+sbm1vbhZ3i7t7+waF9dNxUcSoxaeCYxbIdIkUYFaShqWaknUiCeMhIKxzdzuutMZGKxuJBTxMScDQQNKIYaWP1bHsCuxwlSsfQ0CWc9OyS63g3Zb9ShTn4KyhDz3EXKoFc9Z790e3HOOVEaMyQUh3PTXSQIakpZmRW7KaKJAiP0IB0DArEiQqyxeYzeG6cPoxiaZ7QcOF+n8gQV2rKQ9PJkR6q37W5+Vetk+qoGmRUJKkmAi8/ilIGzZ3zGGCfSoI1mxpAWFKzK8RDJBHWJqyiCWF1Kfwfmr7jVRz//qpUq+VxFMApOAMXwAPXoAbuQB00AAZj8AiewYuVWU/Wq/W2bF2z8pkT8EPW+xeaJJMB</latexit>w 7! ww

❖ 2 copies

❖ domain formula: 

❖ order formula:

<latexit sha1_base64="bftEUBIaEf/YnQs5ywU5dLKitbw="></latexit>

doma,1(x) = doma,2(x) ⌘ a(x)
<latexit sha1_base64="ig8U+I3rsKrypiQoCyKtrqObo6o="></latexit>

before1,1(x, y) = before2,2(x, y) ⌘ (x < y)
<latexit sha1_base64="3V9U0eEbI47NtFrlojIhGa51LAg=">AAACFHicdVDLSgNBEJyNrxhfUY9eBoOgKGF3MRpvAS8eI5goZEOYnXR0yOzDmV5JWPIRXvwVLx4U8erBm3/j5AUqWtBQVHXT3eXHUmi07U8rMzM7N7+QXcwtLa+sruXXN+o6ShSHGo9kpK58pkGKEGooUMJVrIAFvoRLv3s69C/vQGkRhRfYj6EZsOtQdARnaKRWft9D6GHqQydSMGilzoE72O0d9PeoB7eJuKNjH1Vi3HzBLjonJfeoTCfEnZISdYr2CAUyQbWV//DaEU8CCJFLpnXDsWNspkyh4BIGOS/REDPeZdfQMDRkAehmOnpqQHeM0qbmLFMh0pH6fSJlgdb9wDedAcMb/dsbin95jQQ75WYqwjhBCPl4USeRFCM6TIi2hQKOsm8I40qYWym/YYpxNDnmTAjTT+n/pO4WnaOie35YqFQmcWTJFtkmu8Qhx6RCzkiV1Agn9+SRPJMX68F6sl6tt3FrxprMbJIfsN6/AJSznzE=</latexit>

before1,2(x, y) ⌘ true



Logic
MSOT: monadic second-order transductions

   MSOT = deterministic, two-way transducers (2DFT)

[Engelfriet-Hoogeboom 2001]

Example: <latexit sha1_base64="ts9yYWXRRUAzTPbUOWyT2+NGoaY=">AAAB+XicdZDLSgMxFIYzXmu9jbp0EyyCCxlmBlvrruDGZQV7gXYomTTThiaZIcm0lKFv4saFIm59E3e+jWk7BRX9IfDxn3PIOX+YMKq0635aa+sbm1vbhZ3i7t7+waF9dNxUcSoxaeCYxbIdIkUYFaShqWaknUiCeMhIKxzdzuutMZGKxuJBTxMScDQQNKIYaWP1bHsCuxwlSsfQ0CWc9OyS63g3Zb9ShTn4KyhDz3EXKoFc9Z790e3HOOVEaMyQUh3PTXSQIakpZmRW7KaKJAiP0IB0DArEiQqyxeYzeG6cPoxiaZ7QcOF+n8gQV2rKQ9PJkR6q37W5+Vetk+qoGmRUJKkmAi8/ilIGzZ3zGGCfSoI1mxpAWFKzK8RDJBHWJqyiCWF1Kfwfmr7jVRz//qpUq+VxFMApOAMXwAPXoAbuQB00AAZj8AiewYuVWU/Wq/W2bF2z8pkT8EPW+xeaJJMB</latexit>w 7! ww

❖ 2 copies

❖ domain formula: 

❖ order formula:

<latexit sha1_base64="bftEUBIaEf/YnQs5ywU5dLKitbw="></latexit>

doma,1(x) = doma,2(x) ⌘ a(x)
<latexit sha1_base64="ig8U+I3rsKrypiQoCyKtrqObo6o="></latexit>

before1,1(x, y) = before2,2(x, y) ⌘ (x < y)
<latexit sha1_base64="3V9U0eEbI47NtFrlojIhGa51LAg=">AAACFHicdVDLSgNBEJyNrxhfUY9eBoOgKGF3MRpvAS8eI5goZEOYnXR0yOzDmV5JWPIRXvwVLx4U8erBm3/j5AUqWtBQVHXT3eXHUmi07U8rMzM7N7+QXcwtLa+sruXXN+o6ShSHGo9kpK58pkGKEGooUMJVrIAFvoRLv3s69C/vQGkRhRfYj6EZsOtQdARnaKRWft9D6GHqQydSMGilzoE72O0d9PeoB7eJuKNjH1Vi3HzBLjonJfeoTCfEnZISdYr2CAUyQbWV//DaEU8CCJFLpnXDsWNspkyh4BIGOS/REDPeZdfQMDRkAehmOnpqQHeM0qbmLFMh0pH6fSJlgdb9wDedAcMb/dsbin95jQQ75WYqwjhBCPl4USeRFCM6TIi2hQKOsm8I40qYWym/YYpxNDnmTAjTT+n/pO4WnaOie35YqFQmcWTJFtkmu8Qhx6RCzkiV1Agn9+SRPJMX68F6sl6tt3FrxprMbJIfsN6/AJSznzE=</latexit>

before1,2(x, y) ⌘ true



Transducers with registers

SST: streaming string transducers

❖ one-way automata  + 
❖ finite number of registers:   output can be appended 

left or right, registers can be concatenated

doubling

[Alur-Cerny 2010]

DSST: deterministic copyless streaming string transducers = MSOT



 
 
 
 
 
 
 


 
 

1DFT 2DFT = DSST = MSOT

1NFT 2NFT

NSST = NMSOT

w ↦ Σ|w| w ↦ w*

u v ↦ v u

w ↦ w w

decidable equivalence
undecidable equivalence

a w ↦ w  a

Landscape with transducers



A transducer is single-valued if there is at most one output 
per input word

here: transductions are functions from words to words

2DFT = DSST = NSST  = MSOT

regular word functions

Functions

[Alur-Cerny 2010]
[Engelfriet-Hoogeboom 2001]
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Word functions

sequential word functions: 1DFT (one-way, deterministic)

rational word functions: 1NFT (one-way, non-deterministic)

regular word functions: 2DFT = 2NFT = DSST = NSST = MSOT

[Filiot, Gauwin, Reynier, Servais  2013]

non-elementary

poly



Lower bounds


❖ PSPACE for the decision procedure

❖ the size of the one-way transducer is optimal

Remark: undecidable for relations

Given a single-valued two-way transducer T:

❖ it is decidable in ExpSPACE whether an equivalent one-way 

transducer  exists

❖ if “yes”: construction of 2-exp size equivalent one-way transducer 

[Baschenis, Gauwin, M., Puppis 2017]

Regular vs rational



Given a single-valued two-way transducer T, the existence of 
an equivalent one-way transducer is decidable in ExpSPACE.

Example:                           with                 <latexit sha1_base64="3PmmfjO1tWiBE+WZvyN031DLVkA=">AAAB+XicbZDLSgMxFIbP1Futt1GXboJFcFVmiqjgpuDGZQV7gXYomTTThiaZIcm0lKFv4saFIm59E3e+jWk7C239IfDxn3PIOX+YcKaN5307hY3Nre2d4m5pb//g8Mg9PmnqOFWENkjMY9UOsaacSdowzHDaThTFIuS0FY7u5/XWmCrNYvlkpgkNBB5IFjGCjbV6rjtBXYETbWJk6Q5Nem7Zq3gLoXXwcyhDrnrP/er2Y5IKKg3hWOuO7yUmyLAyjHA6K3VTTRNMRnhAOxYlFlQH2WLzGbqwTh9FsbJPGrRwf09kWGg9FaHtFNgM9Wptbv5X66Qmug0yJpPUUEmWH0UpR/bOeQyozxQlhk8tYKKY3RWRIVaYGBtWyYbgr568Ds1qxb+uVB+vyrVaHkcRzuAcLsGHG6jBA9ShAQTG8Ayv8OZkzovz7nwsWwtOPnMKf+R8/gA3XZK8</latexit>w 7! w w
<latexit sha1_base64="qFnFOj0FBP6FAeZSb8KQjSvR0cw=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeCF49V7Ae0oWy2m3bpZhN2J0oJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il9hPpCUXu++WKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn83PnZIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieO1nQiUpcsUWi8JUEozJ7HcyEJozlBNLKNPC3krYiGrK0CZUsiF4yy+vklat6l1Wa3cXlXo9j6MIJ3AK5+DBFdThFhrQBAZjeIZXeHMS58V5dz4WrQUnnzmGP3A+fwB5vI8B</latexit>

w 2 R

❖ if                        : no equivalent  one-way transducer

❖ if                    :  an equivalent one-way transducer exists

<latexit sha1_base64="D2ji24ClNRzg4eUdgB5Te063FDg=">AAAB8XicdZDLSgMxFIbP1Futt6pLN8EiVBdlphY7XQgFNy6r2Au2Y8mkaRuayQxJRihD38KNC0Xc+jbufBvTi6CiPwQ+/nMOOef3I86Utu0PK7W0vLK6ll7PbGxube9kd/caKowloXUS8lC2fKwoZ4LWNdOctiJJceBz2vRHF9N6855KxUJxo8cR9QI8EKzPCNbGur1G5yiP/eO7k242ZxdObbfiVJABp+QWywZcu2QQOQV7phwsVOtm3zu9kMQBFZpwrFTbsSPtJVhqRjidZDqxohEmIzygbYMCB1R5yWzjCToyTg/1Q2me0Gjmfp9IcKDUOPBNZ4D1UP2uTc2/au1Y910vYSKKNRVk/lE/5kiHaHo+6jFJieZjA5hIZnZFZIglJtqElDEhfF2K/odGseCcFYpXpVy1uogjDQdwCHlwoAxVuIQa1IGAgAd4gmdLWY/Wi/U6b01Zi5l9+CHr7ROnDY+e</latexit>

R = (ab)⇤

<latexit sha1_base64="fTngnXsup4Fi0btslh7jKMKv6BQ=">AAAB8nicdVDLSgMxFM34rPVVdekmWISqMGRabceFUHDjsop9wHQsmTTThmYeJBmhDP0MNy4UcevXuPNvzLQVVPTAhcM593LvPV7MmVQIfRgLi0vLK6u5tfz6xubWdmFntyWjRBDaJBGPRMfDknIW0qZiitNOLCgOPE7b3ugy89v3VEgWhbdqHFM3wIOQ+YxgpSXnBl7AEj7xju6Oe4UiMquoVrGrEJkIlc9rtiYVC51ZNrS0kqEI5mj0Cu/dfkSSgIaKcCylY6FYuSkWihFOJ/luImmMyQgPqKNpiAMq3XR68gQeaqUP/UjoChWcqt8nUhxIOQ483RlgNZS/vUz8y3MS5dtuysI4UTQks0V+wqGKYPY/7DNBieJjTTARTN8KyRALTJROKa9D+PoU/k9aZdOqmuXr02K9Po8jB/bBASgBC9RAHVyBBmgCAiLwAJ7As6GMR+PFeJ21LhjzmT3wA8bbJwa6j80=</latexit>

R = (a+ b)⇤

Remark: doubling and mirror are typically two-way



Given a single-valued two-way transducer T, 
the existence of an equivalent one-way 
transducer is decidable in ExpSPACE.

Key tool: inversions + word combinatorics



Given a single-valued two-way transducer T, 
the existence of an equivalent one-way 
transducer is decidable in ExpSPACE.

The output between the red dots has exponentially-bounded period

Key tool: inversions + word combinatorics



Weighted automata: One-way vs Two-way 


❖ Two-way computation adds power


❖ It can be decided if a two-way WA is equivalent to a one-way WA 

(over commutative semiring)                                                


❖ One-way WA = restricted weighted MSO logic          


❖ Two-way WA with pebbles = weighted FO logic + transitive closure                                                                        

[Anselmo 1990]

[Droste, Gastin 2009]

[Bollig, Gastin, Monmege, Zeitoun 2014]   



Translations

❖ a one-way transducer T labels the input word by the accepting run 
of the DSST


❖ a 2DFT can build the output from the annotated input …

Poly

Exp

DSST = 2DFT 



Translations

❖ a one-way transducer T labels the input word by the accepting run 
of the DSST


❖ a 2DFT can build the output from the annotated input …

Poly

Exp

DSST = 2DFT 

… if T is reversible, so co-deterministic (and deterministic)



Translations 

Poly

Exp

DSST = 2DFT 

Deterministic one-way transducers can be simulated by reversible 
two-way transducers with quadratic blow-up.

reversible = deterministic and co-deterministic

[Dartois, Fournier, Jecker, Lhote 2017]



Reversible computations
reversible: deterministic and co-deterministic

[Hopcroft-Ullman’67, Sipser’78]

DFS of computation tree of co-deterministic one-way automata
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Reversible computations
reversible: deterministic and co-deterministic

DFS of computation tree of co-deterministic one-way automata

1

a, b, c

a

b

2

a       b       c      a       b

1

1 2

21

1

1 2

21

a a

b b

c

a a

b b

reversible



Reversible transducers
reversible: deterministic and co-deterministic

Computation tree of co-deterministic 
transducers
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b b



Reversible transducers
reversible: deterministic and co-deterministic

Computation tree of co-deterministic 
transducers

When to produce the output?
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Reversible transducers
reversible: deterministic and co-deterministic

Computation tree of co-deterministic 
transducers

When to produce the output?

1

1 2

21

1

1 2

21

a a

b b

c

a a

b b

Double DFS “surrounding” accepting run

[Dartois, Fournier, Jecker, Lhote’17]

1DFT can be made reversible with 
quadratic blow-up



Reversible transducers
reversible: deterministic and co-deterministic

Computation tree of co-deterministic 
transducers

Double DFS “surrounding” accepting run

When to produce the output?

1

1 2

21

1

1 2

21

a a

b b

c

a a

b b

[Dartois, Fournier, Jecker, Lhote’17]

2DFT can be made reversible with 
exponential blow-up



Some open problems

❖ PSPACE lower bound for decision procedure “two-way 

transducers to one-way”  -  better lower bound?

❖ Better complexity for “two-way to deterministic one-way”?   

❖ Extension from single-valued transducers to finitely-valued ones?



Overview

Word transductions 

automata  = logic

translations between models

algebra?

expressions

Equivalence problem

finitely valued transducers

origin equivalence 

Ehrenfeucht & Hilbert



Rational expressions
One-way (rational) string functions equivalent to simple 

expressions f, g ::= (u, v) | f + g | f · g | f⇤
<latexit sha1_base64="Cuz2JFi2hca9+M+tVCIp4+5vQdc=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0WoWkpSBaUoFNy4rGAf0MQymUzSoZMHM5NCCf0LN/6KGxeKuNWdf+O0jaDVAwPnnnMvd+5xYkaFNIxPLbewuLS8kl8trK1vbG7p2zstESUckyaOWMQ7DhKE0ZA0JZWMdGJOUOAw0nYGVxO/PSRc0Ci8laOY2AHyQ+pRjKSSenrFK/uwVruEpaQ8PIRWQF3oHfsZgRZ2Iwm/y7ujnl40KsYU8C8xM1IEGRo9/cNyI5wEJJSYISG6phFLO0VcUszIuGAlgsQID5BPuoqGKCDCTqd3jeGBUtTaiKsXSjhVf06kKBBiFDiqM0CyL+a9ifif102kd26nNIwTSUI8W+QlDMoITkKCLuUESzZSBGFO1V8h7iOOsFRRFlQI5vzJf0mrWjFPKtWb02L9IosjD/bAPigBE5yBOrgGDdAEGNyDR/AMXrQH7Ul71d5mrTktm9kFv6C9fwFECpxC</latexit>

2DFT equivalent to rational expressions plus 

❖ composition

❖ mirror transduction 

❖ doubling transduction or Hadamard product 

(unambiguous)

[Gastin’19, Dave, Gastin, Krishna’18, Alur et al.’14]




Polyregular word functions
[Bojanczyk’18]


squaring    abcd           abcd abcd abcd abcd

Polyregular word functions: functions computed by

❖ two-way deterministic transducers with pebbles

❖ smallest class of functions containing functions  

computed by 1DFT, and closed under composition, 

iterated reverse and squaring

❖ for-transducers, polynomial list functions

❖ MSO interpretations

[Bojanczyk, Kiefer, Lhote’19]




Algebra

Long line of research on algebra for regular languages:  
❖ algebra offers machine-independent characterizations, 

canonical objects (minimization), decision procedures 
for subclasses

❖ prominent example: decide whether a regular language 
is star-free 

star-free = aperiodicity

star-free = first-order logic

[Schützenberger’65] 

[McNaughton, Papert’71] 



Algebra for transducers?
❖ A Myhill-Nerode theorem for deterministic one-way transducers … 

           

   … thus a canonical (minimal) transducer

[Choffrut’79]




Algebra for transducers?
❖ A Myhill-Nerode theorem for deterministic one-way transducers … 

           

   … thus a canonical (minimal) transducer

[Choffrut’79]


Bimachine:  as above + output   

[Reutenauer, Schützenberger’91]

For every one-way transducer there is a family of canonical 
bimachines.

❖ Non-deterministic one-way transducers 

[Elgot, Mezei’65] 

Any one-way transducer is equivalent to the composition of a 
deterministic left2right and a deterministic right2left transducer



First-order transductions
❖ One-way transducers:  equivalent to order-preserving MSOT

Decidable whether a one-way transducer is equivalent to 
some order-preserving first-order transduction.

                                                               

                                                                 [Filiot,Gauwin,Lhote’16]

       proof uses canonical bimachines



First-order transductions
❖ One-way transducers:  equivalent to order-preserving MSOT

Decidable whether a one-way transducer is equivalent to 
some order-preserving first-order transduction.

                                                               

                                                                 [Filiot,Gauwin,Lhote’16]

       proof uses canonical bimachines

❖ Two-way transducers:    no decision procedure for first-order 
transductions so far, but …

[Carton, Dartois’15], [Filiot, Krishna, Trivedi’15]

First-order transductions  = aperiodic two-way transducers = 
aperiodic streaming transducers



More open problems

Can we decide whether a regular word function is 

aperiodic / first-order definable?

Same for polyregular word functions.



Overview

Word transductions 

automata  = logic

translations between models

algebra?

expressions

Equivalence problem

finitely valued transducers

origin equivalence 

Ehrenfeucht & Hilbert



Equivalence problem
Given two transducers, do they compute the same relation?

Equivalence of non-deterministic one-way transducers (1NFT) is 
undecidable. 

[Fischer-Rosenberg, Griffiths’68]  
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Equivalence problem
Given two transducers, do they compute the same relation?

Equivalence of non-deterministic one-way transducers (1NFT) is 
undecidable. 

[Fischer-Rosenberg, Griffiths’68]  

[Ibarra]  
PCP   h, g : A* maps-to B*

inputs from A* $ B*, output alphabet c

Take h. On input  u $ z output 

either a number of c’s different from |h(u)|  (and smaller than |h(u)z|)

or, for some u = u’ a u’’ and z = z’ t z’’:  number of c = |h(u’a)z’’|, t not= h(a)

Same for g.  Equivalence with “universal” 1NFT iff PCP has a no solution.



Equivalence problem
Given two transducers, do they compute the same relation?

Equivalence of non-deterministic one-way transducers (1NFT) is 
undecidable. 

[Fischer-Rosenberg, Griffiths’68]  

[Ibarra]  
PCP   h, g : A* maps-to B*

inputs from A* $ B*, output alphabet c

Take h. On input  u $ z output 

either a number of c’s different from |h(u)|  (and smaller than |h(u)z|)

or, for some u = u’ a u’’ and z = z’ t z’’:  number of c = |h(u’a)z’’|, t not= h(a)

Same for g.  Equivalence with “universal” 1NFT iff PCP has a no solution.

linearly ambiguous



Equivalence problem
Given two transducers, do they compute the same relation?

Equivalence of non-deterministic one-way transducers (1NFT) is 
undecidable. 

[Fischer-Rosenberg, Griffiths’68]  

1NFT

undecidabledecidable

2DFT

PSPACE-c
[Gurari’82] [Filiot-Reynier’17]

copyful 2DSST

  decidable

[Benedikt et al.’17]

2DSST

PSPACE
[Alur-Cerny’10]



Equivalence problem

Single-valued transducer: at most one output per input word



Equivalence problem
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To check equivalence, single-valuedness is as good as determinism!



Equivalence problem

Single-valued transducer: at most one output per input word

To check equivalence, single-valuedness is as good as determinism!

PTime
[Blattner-Head’79]

1NFT

PSPACE-c: equivalence of 2NFA 
is in PSPACE [Vardi’89]

[Culik-Karhumäki’87] 

2NFT

decidable
[Alur-Deshmukh’11] 

2NSST

PSPACE-c

single-valued relational



Equivalence problem
Single-valued transducer: at most one output per input word

single-valuedness is not yet the end for equivalence problem



Equivalence problem
Single-valued transducer: at most one output per input word

single-valuedness is not yet the end for equivalence problem

k-valued transducer: for every input word at most k outputs 
finitely-valued transducer: k-valued for some k

Equivalence of k-valued 1DFT (and 2DFT) is decidable. 

[Culik-Karhumäki’86] 



Overview

Word transductions 

automata  = logic

translations between models

algebra?

expressions

Equivalence problem

finitely valued transducers

origin equivalence

Ehrenfeucht & Hilbert



Finitely valued 

k-valued transducer: for every input at most k different outputs

Equivalence of k-valued one-way transducers is decidable. 

[Culik-Karhumäki’86] 

[shown in 1986 by Albert & Lawrence, and Guba]

Proof based on the Ehrenfeucht’s conjecture:

Every infinite system of word equations has a finite, equivalent subsystem

word equation   x y = z t             solution    x = b c    y = z = b   t = c b  



Equivalence of k-valued one-way transducers is decidable. 

k =  3

a   |    b  c

a   |    b 

a   |    b 

a   |   c   b 

a   |    b 



Equivalence of k-valued one-way transducers is decidable. 

k =  3

[Culik-Karhumäki’86] 

1. show that there exists some m such that for any k-valued 
transducers with at most n states, their equivalence needs to be 
tested only on words up to length m


2. show that m can be computed effectively

a   |    b  c

a   |    b 

a   |    b 

a   |   c   b 

a   |    b 



Equivalence of k-valued one-way transducers is decidable. 

k =  3

[Culik-Karhumäki’86] 

1. show that there exists some m such that for any k-valued 
transducers with at most n states, their equivalence needs to be 
tested only on words up to length m


2. show that m can be computed effectively

step 1: Ehrenfeucht’s conjecture step 2: Makanin’s algorithm for word equations

a   |    b  c

a   |    b 

a   |    b 

a   |   c   b 

a   |    b 



Equivalence of k-valued one-way transducers is decidable. 
[Culik-Karhumäki’86] 

a   |   x1

a   |    x2 

a   |    x3 

a   |   x4 

a   |    x5 



Equivalence of k-valued one-way transducers is decidable. 
[Culik-Karhumäki’86] 

a   |   x1

a   |    x2 

a   |    x3 

a   |   x4 

a   |    x5 
k-valued, one-way implies 
bounded outdegree 



Equivalence of k-valued one-way transducers is decidable. 
[Culik-Karhumäki’86] 

a   |   x1

a   |    x2 

a   |    x3 

a   |   x4 

a   |    x5 

x1  x3   x5 …  x5   = x2  x4  x5  …  x5         on input              
| {z }

m
<latexit sha1_base64="1OLxaSBZ72fMcnCYHd8t3JBAU70=">AAACDXicbVC7SgNBFJ31GeMramkzGAWrsKsGLUUbywgmEbJLmJ3cmMGZ2WXmrhiW/ICNv2JjoYitvZ1/4+RRaPTAwOGce7hzT5xKYdH3v7yZ2bn5hcXCUnF5ZXVtvbSx2bBJZjjUeSITcx0zC1JoqKNACdepAaZiCc349nzoN+/AWJHoK+ynECl2o0VXcIZOapd2w0x3wMSGccjDtMc0Jiq/r9Kwk6Cl99XBoK3apbJf8Uegf0kwIWUyQa1d+nRxninQyCWzthX4KUY5Myi4hEExzCykjN+yG2g5qpkCG+WjawZ0zykd2k2MexrpSP2ZyJmytq9iN6kY9uy0NxT/81oZdk+iXOg0Q9B8vKibSYoJHVZDO8IAR9l3hHEj3F8p7zHXDLoCi66EYPrkv6RxUAkOK/7lUfn0bFJHgWyTHbJPAnJMTskFqZE64eSBPJEX8uo9es/em/c+Hp3xJpkt8gvexzdD75xL</latexit>

| {z }
m

<latexit sha1_base64="1OLxaSBZ72fMcnCYHd8t3JBAU70=">AAACDXicbVC7SgNBFJ31GeMramkzGAWrsKsGLUUbywgmEbJLmJ3cmMGZ2WXmrhiW/ICNv2JjoYitvZ1/4+RRaPTAwOGce7hzT5xKYdH3v7yZ2bn5hcXCUnF5ZXVtvbSx2bBJZjjUeSITcx0zC1JoqKNACdepAaZiCc349nzoN+/AWJHoK+ynECl2o0VXcIZOapd2w0x3wMSGccjDtMc0Jiq/r9Kwk6Cl99XBoK3apbJf8Uegf0kwIWUyQa1d+nRxninQyCWzthX4KUY5Myi4hEExzCykjN+yG2g5qpkCG+WjawZ0zykd2k2MexrpSP2ZyJmytq9iN6kY9uy0NxT/81oZdk+iXOg0Q9B8vKibSYoJHVZDO8IAR9l3hHEj3F8p7zHXDLoCi66EYPrkv6RxUAkOK/7lUfn0bFJHgWyTHbJPAnJMTskFqZE64eSBPJEX8uo9es/em/c+Hp3xJpkt8gvexzdD75xL</latexit>

am+2
<latexit sha1_base64="tIiAxYOHmC4rU3RVOLHUK8llV9I=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSIIQtmtgh48FLx4rGA/oN2WbJptQ5PskmSVsuz/8OJBEa/+F2/+G9N2D9r6YODx3gwz84KYM21c99tZWV1b39gsbBW3d3b39ksHh00dJYrQBol4pNoB1pQzSRuGGU7bsaJYBJy2gvHt1G89UqVZJB/MJKa+wEPJQkawsVIv7eowxVnWS8V5NeuXym7FnQEtEy8nZchR75e+uoOIJIJKQzjWuuO5sfFTrAwjnGbFbqJpjMkYD2nHUokF1X46uzpDp1YZoDBStqRBM/X3RIqF1hMR2E6BzUgvelPxP6+TmPDaT5mME0MlmS8KE45MhKYRoAFTlBg+sQQTxeytiIywwsTYoIo2BG/x5WXSrFa8i4p7f1mu3eRxFOAYTuAMPLiCGtxBHRpAQMEzvMKb8+S8OO/Ox7x1xclnjuAPnM8fxlSSqA==</latexit>

Given two transducers, replace output words by variables

k-valued, one-way implies 
bounded outdegree 



Equivalence of k-valued one-way transducers is decidable. 
[Culik-Karhumäki’86] 

a   |   x1

a   |    x2 

a   |    x3 

a   |   x4 

a   |    x5 

x1  x3   x5 …  x5   = x2  x4  x5  …  x5         on input              
| {z }

m
<latexit sha1_base64="1OLxaSBZ72fMcnCYHd8t3JBAU70=">AAACDXicbVC7SgNBFJ31GeMramkzGAWrsKsGLUUbywgmEbJLmJ3cmMGZ2WXmrhiW/ICNv2JjoYitvZ1/4+RRaPTAwOGce7hzT5xKYdH3v7yZ2bn5hcXCUnF5ZXVtvbSx2bBJZjjUeSITcx0zC1JoqKNACdepAaZiCc349nzoN+/AWJHoK+ynECl2o0VXcIZOapd2w0x3wMSGccjDtMc0Jiq/r9Kwk6Cl99XBoK3apbJf8Uegf0kwIWUyQa1d+nRxninQyCWzthX4KUY5Myi4hEExzCykjN+yG2g5qpkCG+WjawZ0zykd2k2MexrpSP2ZyJmytq9iN6kY9uy0NxT/81oZdk+iXOg0Q9B8vKibSYoJHVZDO8IAR9l3hHEj3F8p7zHXDLoCi66EYPrkv6RxUAkOK/7lUfn0bFJHgWyTHbJPAnJMTskFqZE64eSBPJEX8uo9es/em/c+Hp3xJpkt8gvexzdD75xL</latexit>

| {z }
m

<latexit sha1_base64="1OLxaSBZ72fMcnCYHd8t3JBAU70=">AAACDXicbVC7SgNBFJ31GeMramkzGAWrsKsGLUUbywgmEbJLmJ3cmMGZ2WXmrhiW/ICNv2JjoYitvZ1/4+RRaPTAwOGce7hzT5xKYdH3v7yZ2bn5hcXCUnF5ZXVtvbSx2bBJZjjUeSITcx0zC1JoqKNACdepAaZiCc349nzoN+/AWJHoK+ynECl2o0VXcIZOapd2w0x3wMSGccjDtMc0Jiq/r9Kwk6Cl99XBoK3apbJf8Uegf0kwIWUyQa1d+nRxninQyCWzthX4KUY5Myi4hEExzCykjN+yG2g5qpkCG+WjawZ0zykd2k2MexrpSP2ZyJmytq9iN6kY9uy0NxT/81oZdk+iXOg0Q9B8vKibSYoJHVZDO8IAR9l3hHEj3F8p7zHXDLoCi66EYPrkv6RxUAkOK/7lUfn0bFJHgWyTHbJPAnJMTskFqZE64eSBPJEX8uo9es/em/c+Hp3xJpkt8gvexzdD75xL</latexit>

am+2
<latexit sha1_base64="tIiAxYOHmC4rU3RVOLHUK8llV9I=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSIIQtmtgh48FLx4rGA/oN2WbJptQ5PskmSVsuz/8OJBEa/+F2/+G9N2D9r6YODx3gwz84KYM21c99tZWV1b39gsbBW3d3b39ksHh00dJYrQBol4pNoB1pQzSRuGGU7bsaJYBJy2gvHt1G89UqVZJB/MJKa+wEPJQkawsVIv7eowxVnWS8V5NeuXym7FnQEtEy8nZchR75e+uoOIJIJKQzjWuuO5sfFTrAwjnGbFbqJpjMkYD2nHUokF1X46uzpDp1YZoDBStqRBM/X3RIqF1hMR2E6BzUgvelPxP6+TmPDaT5mME0MlmS8KE45MhKYRoAFTlBg+sQQTxeytiIywwsTYoIo2BG/x5WXSrFa8i4p7f1mu3eRxFOAYTuAMPLiCGtxBHRpAQMEzvMKb8+S8OO/Ox7x1xclnjuAPnM8fxlSSqA==</latexit>

Given two transducers, replace output words by variables

k-valued, one-way implies 
bounded outdegree 

❖ For every input word:   group outputs of each transducer in at most k groups



Equivalence of k-valued one-way transducers is decidable. 
[Culik-Karhumäki’86] 

^

w2⌃⇤

_

groups

S
<latexit sha1_base64="HZQ56YB94GOrc1ZqZ/ge4ZqoyMk=">AAACHXicbVA9SwNBEN3zM8avqKXNYhDEItxpQMuAjWVEYwK5GPY2k3Nxb+/YnVPDcX/Exr9iY6GIhY34b9x8FGp8MPB4b4aZeUEihUHX/XJmZufmFxYLS8XlldW19dLG5qWJU82hwWMZ61bADEihoIECJbQSDSwKJDSDm5Oh37wFbUSsLnCQQCdioRJ9wRlaqVuq+oEI76AXQje7o75Q1D8XYcSu9nM6tG7BGj7CPWahjtPE5Dk975bKbsUdgU4Tb0LKZIJ6t/Th92KeRqCQS2ZM23MT7GRMo+AS8qKfGkgYv2EhtC1VLALTyUbf5XTXKj3aj7UthXSk/pzIWGTMIApsZ8Tw2vz1huJ/XjvF/nEnEypJERQfL+qnkmJMh1HRntDAUQ4sYVwLeyvl10wzjjbQog3B+/vyNLk8qHiHFfesWq7VJnEUyDbZIXvEI0ekRk5JnTQIJw/kibyQV+fReXbenPdx64wzmdkiv+B8fgOMNKLU</latexit>

❖ System of equations expresses equalities between groups of the two transducers

a   |   x1

a   |    x2 

a   |    x3 

a   |   x4 

a   |    x5 

x1  x3   x5 …  x5   = x2  x4  x5  …  x5         on input              
| {z }

m
<latexit sha1_base64="1OLxaSBZ72fMcnCYHd8t3JBAU70=">AAACDXicbVC7SgNBFJ31GeMramkzGAWrsKsGLUUbywgmEbJLmJ3cmMGZ2WXmrhiW/ICNv2JjoYitvZ1/4+RRaPTAwOGce7hzT5xKYdH3v7yZ2bn5hcXCUnF5ZXVtvbSx2bBJZjjUeSITcx0zC1JoqKNACdepAaZiCc349nzoN+/AWJHoK+ynECl2o0VXcIZOapd2w0x3wMSGccjDtMc0Jiq/r9Kwk6Cl99XBoK3apbJf8Uegf0kwIWUyQa1d+nRxninQyCWzthX4KUY5Myi4hEExzCykjN+yG2g5qpkCG+WjawZ0zykd2k2MexrpSP2ZyJmytq9iN6kY9uy0NxT/81oZdk+iXOg0Q9B8vKibSYoJHVZDO8IAR9l3hHEj3F8p7zHXDLoCi66EYPrkv6RxUAkOK/7lUfn0bFJHgWyTHbJPAnJMTskFqZE64eSBPJEX8uo9es/em/c+Hp3xJpkt8gvexzdD75xL</latexit>

| {z }
m

<latexit sha1_base64="1OLxaSBZ72fMcnCYHd8t3JBAU70=">AAACDXicbVC7SgNBFJ31GeMramkzGAWrsKsGLUUbywgmEbJLmJ3cmMGZ2WXmrhiW/ICNv2JjoYitvZ1/4+RRaPTAwOGce7hzT5xKYdH3v7yZ2bn5hcXCUnF5ZXVtvbSx2bBJZjjUeSITcx0zC1JoqKNACdepAaZiCc349nzoN+/AWJHoK+ynECl2o0VXcIZOapd2w0x3wMSGccjDtMc0Jiq/r9Kwk6Cl99XBoK3apbJf8Uegf0kwIWUyQa1d+nRxninQyCWzthX4KUY5Myi4hEExzCykjN+yG2g5qpkCG+WjawZ0zykd2k2MexrpSP2ZyJmytq9iN6kY9uy0NxT/81oZdk+iXOg0Q9B8vKibSYoJHVZDO8IAR9l3hHEj3F8p7zHXDLoCi66EYPrkv6RxUAkOK/7lUfn0bFJHgWyTHbJPAnJMTskFqZE64eSBPJEX8uo9es/em/c+Hp3xJpkt8gvexzdD75xL</latexit>

am+2
<latexit sha1_base64="tIiAxYOHmC4rU3RVOLHUK8llV9I=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSIIQtmtgh48FLx4rGA/oN2WbJptQ5PskmSVsuz/8OJBEa/+F2/+G9N2D9r6YODx3gwz84KYM21c99tZWV1b39gsbBW3d3b39ksHh00dJYrQBol4pNoB1pQzSRuGGU7bsaJYBJy2gvHt1G89UqVZJB/MJKa+wEPJQkawsVIv7eowxVnWS8V5NeuXym7FnQEtEy8nZchR75e+uoOIJIJKQzjWuuO5sfFTrAwjnGbFbqJpjMkYD2nHUokF1X46uzpDp1YZoDBStqRBM/X3RIqF1hMR2E6BzUgvelPxP6+TmPDaT5mME0MlmS8KE45MhKYRoAFTlBg+sQQTxeytiIywwsTYoIo2BG/x5WXSrFa8i4p7f1mu3eRxFOAYTuAMPLiCGtxBHRpAQMEzvMKb8+S8OO/Ox7x1xclnjuAPnM8fxlSSqA==</latexit>

Given two transducers, replace output words by variables

k-valued, one-way implies 
bounded outdegree 

❖ For every input word:   group outputs of each transducer in at most k groups



Equivalence of k-valued one-way transducers is decidable. 
[Culik-Karhumäki’86] 

equivalent  to 
(Ehrenfeucht)

^

w2⌃m

_

groups

S

<latexit sha1_base64="sPrFRap8A1FopxPgMbYy0w+X6EA=">AAACI3icbVDLSgMxFM34rPVVdekmWARXZUYFxVXBjctKrS10asmkt2MwyQzJHbUM/Rc3/oobF0px48J/Ma1d+DoQOJxzLjf3RKkUFn3/3ZuZnZtfWCwsFZdXVtfWSxublzbJDIcGT2RiWhGzIIWGBgqU0EoNMBVJaEY3p2O/eQvGikRf4CCFjmKxFn3BGTqpWzoJIxHfQS+Gbn5HQ6FpWBexYld5KIGq4ZCOA7fg7BDhHvPYJFlqnV7vlsp+xZ+A/iXBlJTJFLVuaRT2Ep4p0Mgls7Yd+Cl2cmZQcAnDYphZSBm/YTG0HdVMge3kkxuHdNcpPdpPjHsa6UT9PpEzZe1ARS6pGF7b395Y/M9rZ9g/7uRCpxmC5l+L+pmkmNBxYbQnDHCUA0cYN8L9lfJrZhhHV2vRlRD8PvkvudyvBAcV//ywXK1O6yiQbbJD9khAjkiVnJEaaRBOHsgTeSGv3qP37I28t6/ojDed2SI/4H18AsX7pZg=</latexit>

^

w2⌃⇤

_

groups

S
<latexit sha1_base64="HZQ56YB94GOrc1ZqZ/ge4ZqoyMk=">AAACHXicbVA9SwNBEN3zM8avqKXNYhDEItxpQMuAjWVEYwK5GPY2k3Nxb+/YnVPDcX/Exr9iY6GIhY34b9x8FGp8MPB4b4aZeUEihUHX/XJmZufmFxYLS8XlldW19dLG5qWJU82hwWMZ61bADEihoIECJbQSDSwKJDSDm5Oh37wFbUSsLnCQQCdioRJ9wRlaqVuq+oEI76AXQje7o75Q1D8XYcSu9nM6tG7BGj7CPWahjtPE5Dk975bKbsUdgU4Tb0LKZIJ6t/Th92KeRqCQS2ZM23MT7GRMo+AS8qKfGkgYv2EhtC1VLALTyUbf5XTXKj3aj7UthXSk/pzIWGTMIApsZ8Tw2vz1huJ/XjvF/nEnEypJERQfL+qnkmJMh1HRntDAUQ4sYVwLeyvl10wzjjbQog3B+/vyNLk8qHiHFfesWq7VJnEUyDbZIXvEI0ekRk5JnTQIJw/kibyQV+fReXbenPdx64wzmdkiv+B8fgOMNKLU</latexit>

❖ System of equations expresses equalities between groups of the two transducers

a   |   x1

a   |    x2 

a   |    x3 

a   |   x4 

a   |    x5 

x1  x3   x5 …  x5   = x2  x4  x5  …  x5         on input              
| {z }

m
<latexit sha1_base64="1OLxaSBZ72fMcnCYHd8t3JBAU70=">AAACDXicbVC7SgNBFJ31GeMramkzGAWrsKsGLUUbywgmEbJLmJ3cmMGZ2WXmrhiW/ICNv2JjoYitvZ1/4+RRaPTAwOGce7hzT5xKYdH3v7yZ2bn5hcXCUnF5ZXVtvbSx2bBJZjjUeSITcx0zC1JoqKNACdepAaZiCc349nzoN+/AWJHoK+ynECl2o0VXcIZOapd2w0x3wMSGccjDtMc0Jiq/r9Kwk6Cl99XBoK3apbJf8Uegf0kwIWUyQa1d+nRxninQyCWzthX4KUY5Myi4hEExzCykjN+yG2g5qpkCG+WjawZ0zykd2k2MexrpSP2ZyJmytq9iN6kY9uy0NxT/81oZdk+iXOg0Q9B8vKibSYoJHVZDO8IAR9l3hHEj3F8p7zHXDLoCi66EYPrkv6RxUAkOK/7lUfn0bFJHgWyTHbJPAnJMTskFqZE64eSBPJEX8uo9es/em/c+Hp3xJpkt8gvexzdD75xL</latexit>

| {z }
m

<latexit sha1_base64="1OLxaSBZ72fMcnCYHd8t3JBAU70=">AAACDXicbVC7SgNBFJ31GeMramkzGAWrsKsGLUUbywgmEbJLmJ3cmMGZ2WXmrhiW/ICNv2JjoYitvZ1/4+RRaPTAwOGce7hzT5xKYdH3v7yZ2bn5hcXCUnF5ZXVtvbSx2bBJZjjUeSITcx0zC1JoqKNACdepAaZiCc349nzoN+/AWJHoK+ynECl2o0VXcIZOapd2w0x3wMSGccjDtMc0Jiq/r9Kwk6Cl99XBoK3apbJf8Uegf0kwIWUyQa1d+nRxninQyCWzthX4KUY5Myi4hEExzCykjN+yG2g5qpkCG+WjawZ0zykd2k2MexrpSP2ZyJmytq9iN6kY9uy0NxT/81oZdk+iXOg0Q9B8vKibSYoJHVZDO8IAR9l3hHEj3F8p7zHXDLoCi66EYPrkv6RxUAkOK/7lUfn0bFJHgWyTHbJPAnJMTskFqZE64eSBPJEX8uo9es/em/c+Hp3xJpkt8gvexzdD75xL</latexit>

am+2
<latexit sha1_base64="tIiAxYOHmC4rU3RVOLHUK8llV9I=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSIIQtmtgh48FLx4rGA/oN2WbJptQ5PskmSVsuz/8OJBEa/+F2/+G9N2D9r6YODx3gwz84KYM21c99tZWV1b39gsbBW3d3b39ksHh00dJYrQBol4pNoB1pQzSRuGGU7bsaJYBJy2gvHt1G89UqVZJB/MJKa+wEPJQkawsVIv7eowxVnWS8V5NeuXym7FnQEtEy8nZchR75e+uoOIJIJKQzjWuuO5sfFTrAwjnGbFbqJpjMkYD2nHUokF1X46uzpDp1YZoDBStqRBM/X3RIqF1hMR2E6BzUgvelPxP6+TmPDaT5mME0MlmS8KE45MhKYRoAFTlBg+sQQTxeytiIywwsTYoIo2BG/x5WXSrFa8i4p7f1mu3eRxFOAYTuAMPLiCGtxBHRpAQMEzvMKb8+S8OO/Ox7x1xclnjuAPnM8fxlSSqA==</latexit>

Given two transducers, replace output words by variables

k-valued, one-way implies 
bounded outdegree 

❖ For every input word:   group outputs of each transducer in at most k groups



Equivalence of k-valued one-way transducers is decidable. 
[Culik-Karhumäki’86] 

^

w2⌃⇤

_

groups

S
<latexit sha1_base64="HZQ56YB94GOrc1ZqZ/ge4ZqoyMk=">AAACHXicbVA9SwNBEN3zM8avqKXNYhDEItxpQMuAjWVEYwK5GPY2k3Nxb+/YnVPDcX/Exr9iY6GIhY34b9x8FGp8MPB4b4aZeUEihUHX/XJmZufmFxYLS8XlldW19dLG5qWJU82hwWMZ61bADEihoIECJbQSDSwKJDSDm5Oh37wFbUSsLnCQQCdioRJ9wRlaqVuq+oEI76AXQje7o75Q1D8XYcSu9nM6tG7BGj7CPWahjtPE5Dk975bKbsUdgU4Tb0LKZIJ6t/Th92KeRqCQS2ZM23MT7GRMo+AS8qKfGkgYv2EhtC1VLALTyUbf5XTXKj3aj7UthXSk/pzIWGTMIApsZ8Tw2vz1huJ/XjvF/nEnEypJERQfL+qnkmJMh1HRntDAUQ4sYVwLeyvl10wzjjbQog3B+/vyNLk8qHiHFfesWq7VJnEUyDbZIXvEI0ekRk5JnTQIJw/kibyQV+fReXbenPdx64wzmdkiv+B8fgOMNKLU</latexit>

equivalent  to
^

w2⌃m

_

groups

S

<latexit sha1_base64="sPrFRap8A1FopxPgMbYy0w+X6EA=">AAACI3icbVDLSgMxFM34rPVVdekmWARXZUYFxVXBjctKrS10asmkt2MwyQzJHbUM/Rc3/oobF0px48J/Ma1d+DoQOJxzLjf3RKkUFn3/3ZuZnZtfWCwsFZdXVtfWSxublzbJDIcGT2RiWhGzIIWGBgqU0EoNMBVJaEY3p2O/eQvGikRf4CCFjmKxFn3BGTqpWzoJIxHfQS+Gbn5HQ6FpWBexYld5KIGq4ZCOA7fg7BDhHvPYJFlqnV7vlsp+xZ+A/iXBlJTJFLVuaRT2Ep4p0Mgls7Yd+Cl2cmZQcAnDYphZSBm/YTG0HdVMge3kkxuHdNcpPdpPjHsa6UT9PpEzZe1ARS6pGF7b395Y/M9rZ9g/7uRCpxmC5l+L+pmkmNBxYbQnDHCUA0cYN8L9lfJrZhhHV2vRlRD8PvkvudyvBAcV//ywXK1O6yiQbbJD9khAjkiVnJEaaRBOHsgTeSGv3qP37I28t6/ojDed2SI/4H18AsX7pZg=</latexit>



Equivalence of k-valued one-way transducers is decidable. 
[Culik-Karhumäki’86] 

^

w2⌃⇤

_

groups

S
<latexit sha1_base64="HZQ56YB94GOrc1ZqZ/ge4ZqoyMk=">AAACHXicbVA9SwNBEN3zM8avqKXNYhDEItxpQMuAjWVEYwK5GPY2k3Nxb+/YnVPDcX/Exr9iY6GIhY34b9x8FGp8MPB4b4aZeUEihUHX/XJmZufmFxYLS8XlldW19dLG5qWJU82hwWMZ61bADEihoIECJbQSDSwKJDSDm5Oh37wFbUSsLnCQQCdioRJ9wRlaqVuq+oEI76AXQje7o75Q1D8XYcSu9nM6tG7BGj7CPWahjtPE5Dk975bKbsUdgU4Tb0LKZIJ6t/Th92KeRqCQS2ZM23MT7GRMo+AS8qKfGkgYv2EhtC1VLALTyUbf5XTXKj3aj7UthXSk/pzIWGTMIApsZ8Tw2vz1huJ/XjvF/nEnEypJERQfL+qnkmJMh1HRntDAUQ4sYVwLeyvl10wzjjbQog3B+/vyNLk8qHiHFfesWq7VJnEUyDbZIXvEI0ekRk5JnTQIJw/kibyQV+fReXbenPdx64wzmdkiv+B8fgOMNKLU</latexit>

equivalent  to
^

w2⌃m

_

groups

S

<latexit sha1_base64="sPrFRap8A1FopxPgMbYy0w+X6EA=">AAACI3icbVDLSgMxFM34rPVVdekmWARXZUYFxVXBjctKrS10asmkt2MwyQzJHbUM/Rc3/oobF0px48J/Ma1d+DoQOJxzLjf3RKkUFn3/3ZuZnZtfWCwsFZdXVtfWSxublzbJDIcGT2RiWhGzIIWGBgqU0EoNMBVJaEY3p2O/eQvGikRf4CCFjmKxFn3BGTqpWzoJIxHfQS+Gbn5HQ6FpWBexYld5KIGq4ZCOA7fg7BDhHvPYJFlqnV7vlsp+xZ+A/iXBlJTJFLVuaRT2Ep4p0Mgls7Yd+Cl2cmZQcAnDYphZSBm/YTG0HdVMge3kkxuHdNcpPdpPjHsa6UT9PpEzZe1ARS6pGF7b395Y/M9rZ9g/7uRCpxmC5l+L+pmkmNBxYbQnDHCUA0cYN8L9lfJrZhhHV2vRlRD8PvkvudyvBAcV//ywXK1O6yiQbbJD9khAjkiVnJEaaRBOHsgTeSGv3qP37I28t6/ojDed2SI/4H18AsX7pZg=</latexit>

Find m effectively:    check for  

^

w2⌃m

_

groups

S =
^

w2⌃m+1

_

groups

S

<latexit sha1_base64="ZrNiDYpsZX/zV9qedQ7ZDpMm28A="></latexit>



Equivalence of k-valued one-way transducers is decidable. 
[Culik-Karhumäki’86] 

^

w2⌃⇤

_

groups

S
<latexit sha1_base64="HZQ56YB94GOrc1ZqZ/ge4ZqoyMk=">AAACHXicbVA9SwNBEN3zM8avqKXNYhDEItxpQMuAjWVEYwK5GPY2k3Nxb+/YnVPDcX/Exr9iY6GIhY34b9x8FGp8MPB4b4aZeUEihUHX/XJmZufmFxYLS8XlldW19dLG5qWJU82hwWMZ61bADEihoIECJbQSDSwKJDSDm5Oh37wFbUSsLnCQQCdioRJ9wRlaqVuq+oEI76AXQje7o75Q1D8XYcSu9nM6tG7BGj7CPWahjtPE5Dk975bKbsUdgU4Tb0LKZIJ6t/Th92KeRqCQS2ZM23MT7GRMo+AS8qKfGkgYv2EhtC1VLALTyUbf5XTXKj3aj7UthXSk/pzIWGTMIApsZ8Tw2vz1huJ/XjvF/nEnEypJERQfL+qnkmJMh1HRntDAUQ4sYVwLeyvl10wzjjbQog3B+/vyNLk8qHiHFfesWq7VJnEUyDbZIXvEI0ekRk5JnTQIJw/kibyQV+fReXbenPdx64wzmdkiv+B8fgOMNKLU</latexit>

equivalent  to
^

w2⌃m

_

groups

S

<latexit sha1_base64="sPrFRap8A1FopxPgMbYy0w+X6EA=">AAACI3icbVDLSgMxFM34rPVVdekmWARXZUYFxVXBjctKrS10asmkt2MwyQzJHbUM/Rc3/oobF0px48J/Ma1d+DoQOJxzLjf3RKkUFn3/3ZuZnZtfWCwsFZdXVtfWSxublzbJDIcGT2RiWhGzIIWGBgqU0EoNMBVJaEY3p2O/eQvGikRf4CCFjmKxFn3BGTqpWzoJIxHfQS+Gbn5HQ6FpWBexYld5KIGq4ZCOA7fg7BDhHvPYJFlqnV7vlsp+xZ+A/iXBlJTJFLVuaRT2Ep4p0Mgls7Yd+Cl2cmZQcAnDYphZSBm/YTG0HdVMge3kkxuHdNcpPdpPjHsa6UT9PpEzZe1ARS6pGF7b395Y/M9rZ9g/7uRCpxmC5l+L+pmkmNBxYbQnDHCUA0cYN8L9lfJrZhhHV2vRlRD8PvkvudyvBAcV//ywXK1O6yiQbbJD9khAjkiVnJEaaRBOHsgTeSGv3qP37I28t6/ojDed2SI/4H18AsX7pZg=</latexit>

“Left quotient” of transducer T Ta(w) := T (aw)
<latexit sha1_base64="yNVRUhmPikWApx3bMe0uRdb2yOo=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSK0l5KooIhCwYvHCv2CNpTNdtMu3WzC7qalhP4TLx4U8eo/8ea/cdvmoK0PBh7vzTAzz485U9pxvq219Y3Nre3cTn53b//g0D46bqgokYTWScQj2fKxopwJWtdMc9qKJcWhz2nTHz7M/OaISsUiUdOTmHoh7gsWMIK1kbq2Xevi4riEbtE9qhXxuNS1C07ZmQOtEjcjBchQ7dpfnV5EkpAKTThWqu06sfZSLDUjnE7znUTRGJMh7tO2oQKHVHnp/PIpOjdKDwWRNCU0mqu/J1IcKjUJfdMZYj1Qy95M/M9rJzq48VIm4kRTQRaLgoQjHaFZDKjHJCWaTwzBRDJzKyIDLDHRJqy8CcFdfnmVNC7K7mXZeboqVO6yOHJwCmdQBBeuoQKPUIU6EBjBM7zCm5VaL9a79bFoXbOymRP4A+vzB0r/kXc=</latexit>

a 2 ⌃
<latexit sha1_base64="DI0QeGTguTiIt/uUg0sdn0NFLRw=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4KokKevBQ8OKxov2AJpTNdtMu3d3E3U2hhP4OLx4U8eqP8ea/cdPmoK0PBh7vzTAzL0w408Z1v52V1bX1jc3SVnl7Z3dvv3Jw2NJxqghtkpjHqhNiTTmTtGmY4bSTKIpFyGk7HN3mfntMlWaxfDSThAYCDySLGMHGSgFGPpPIf2ADgcu9StWtuTOgZeIVpAoFGr3Kl9+PSSqoNIRjrbuem5ggw8owwum07KeaJpiM8IB2LZVYUB1ks6On6NQqfRTFypY0aKb+nsiw0HoiQtspsBnqRS8X//O6qYmug4zJJDVUkvmiKOXIxChPAPWZosTwiSWYKGZvRWSIFSbG5pSH4C2+vExa5zXvoubeX1brN0UcJTiGEzgDD66gDnfQgCYQeIJneIU3Z+y8OO/Ox7x1xSlmjuAPnM8fVW2RIw==</latexit>

Find m effectively:    check for  

^

w2⌃m

_

groups

S =
^

w2⌃m+1

_

groups

S

<latexit sha1_base64="ZrNiDYpsZX/zV9qedQ7ZDpMm28A="></latexit>



Equivalence of k-valued NSST is decidable. 

[M., Puppis 2019]

a   |   x = x  b c

a   |   x = c  x

a   |   x = c b  x

a   |   x = x c  



First issue: bounded outdegree no longer obvious 

Equivalence of k-valued NSST is decidable. 

[M., Puppis 2019]

a   |   x = x  b c

a   |   x = c  x

a   |   x = c b  x

a   |   x = x c  



First issue: bounded outdegree no longer obvious 

Equivalence of k-valued NSST is decidable. 

[M., Puppis 2019]

a   |   x = x  b c

a   |   x = c  x

a   |   x = c b  x

a   |   x = x c  

Reason: SST produce their output piecewise, comparison is harder



Equivalence of k-valued NSST is decidable. 

Difficulty:  decide if runs of streaming transducers are “close”

a   |   x = x  b c

a   |   x = c  x

a   |   x = c b  x

a   |   x = x c  



Equivalence of k-valued NSST is decidable. 

Difficulty:  decide if runs of streaming transducers are “close”

Normalization: invariant about periods of register and gap contents, 
up to a suitable bound

Example (left):         c    b c b c   b c b c b c    =   final output
| {z }

<latexit sha1_base64="lQXEa2m6vW3q30XzMw4/mXcr4Fg=">AAACDnicdVA9SwNBEN3zM8avqKXNYhCswl00GruAjWUEE4VcCHubSbJkb+/YnRPDcb/Axr9iY6GIrbWd/8bNh6CiDwYe780wMy+IpTDouh/O3PzC4tJybiW/ura+sVnY2m6aKNEcGjySkb4OmAEpFDRQoITrWAMLAwlXwfBs7F/dgDYiUpc4iqEdsr4SPcEZWqlT2PcT1QUdaMYh9RFuMfXjAVMYhWkwRZZlnULRLXmnlfJxlc5I+YtUqFdyJyiSGeqdwrvfjXgSgkIumTEtz42xnTKNgkvI8n5iIGZ8yPrQslSxEEw7nbyT0X2rdGkv0rYU0on6fSJloTGjMLCdIcOB+e2Nxb+8VoK9ajsVKk4QFJ8u6iWSYkTH2dCu0MBRjixhXAt7K+UDZqNBm2DehvD1Kf2fNMsl77BUuTgq1qqzOHJkl+yRA+KRE1Ij56ROGoSTO/JAnsizc+88Oi/O67R1zpnN7JAfcN4+Ae5wne8=</latexit>

x

a   |   x = x  b c

a   |   x = c  x

a   |   x = c b  x

a   |   x = x c  



Normalization: keep invariants about periods of register/gap contents 

Equivalence of k-valued NSST is decidable. 

Let T be k-valued. We may assume that the number of different updates in 
transitions is bounded by a constant depending only on k and the number of 
registers/states of T.



Consequence:  for fixed alphabets/number of registers/states, the 
set X of k-valued SST is finite (modulo pruning unnecessary 
transitions).

Equivalence of k-valued NSST is decidable. 



Consequence:  for fixed alphabets/number of registers/states, the 
set X of k-valued SST is finite (modulo pruning unnecessary 
transitions).

Next step: show that for any T in X and input word u, the “u-quotient” also 
belongs to X:

Tu(w) := T (uw)
<latexit sha1_base64="fN0GdUgQIuiPo+1T4STOuigRD9w=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSxCuymJCoooFNy4rNAXtCFMppN26GQS5mGpoV/ixoUibv0Ud/6N0zYLbT1w4XDOvdx7T5AwKpXjfFu5tfWNza38dmFnd2+/aB8ctmSsBSZNHLNYdAIkCaOcNBVVjHQSQVAUMNIORnczv/1IhKQxb6hJQrwIDTgNKUbKSL5dbPi6PK7A61vYKOtxxbdLTtWZA64SNyMlkKHu21+9fox1RLjCDEnZdZ1EeSkSimJGpoWeliRBeIQGpGsoRxGRXjo/fApPjdKHYSxMcQXn6u+JFEVSTqLAdEZIDeWyNxP/87pahVdeSnmiFeF4sSjUDKoYzlKAfSoIVmxiCMKCmlshHiKBsDJZFUwI7vLLq6R1VnXPq87DRal2k8WRB8fgBJSBCy5BDdyDOmgCDDR4Bq/gzXqyXqx362PRmrOymSPwB9bnDzACkXU=</latexit>

Naive construction preserves the number of states, but not the update size

Equivalence of k-valued NSST is decidable. 



Ehrenfeucht: there is some N such that the set of words of length at most 
N is a test set for all SST in X.

<latexit sha1_base64="Rw4dfpmDu0n41Txisq005vM4d+w=">AAAB+XicdVDLSsNAFL3xWesr6tLNYBFchSTYWncFN66kQl/QhjCZTtuhk4czk0IJ/RM3LhRx65+482+ctimo6IELh3Pu5d57goQzqWz701hb39jc2i7sFHf39g8OzaPjloxTQWiTxDwWnQBLyllEm4opTjuJoDgMOG0H45u5355QIVkcNdQ0oV6IhxEbMIKVlnzTbPgO6tGHlE38O9TwXd8s2ZZzXXYrVZQTd0XKyLHsBUqQo+6bH71+TNKQRopwLGXXsRPlZVgoRjidFXuppAkmYzykXU0jHFLpZYvLZ+hcK300iIWuSKGF+n0iw6GU0zDQnSFWI/nbm4t/ed1UDapexqIkVTQiy0WDlCMVo3kMqM8EJYpPNcFEMH0rIiMsMFE6rKIOYfUp+p+0XMupWO79ZalWy+MowCmcwQU4cAU1uIU6NIHABB7hGV6MzHgyXo23Zeuakc+cwA8Y719lAJLg</latexit>

T1 ⌘N T2 equivalence over words of length at most N

Equivalence of k-valued NSST is decidable. 



Ehrenfeucht: there is some N such that the set of words of length at most 
N is a test set for all SST in X.

<latexit sha1_base64="Rw4dfpmDu0n41Txisq005vM4d+w=">AAAB+XicdVDLSsNAFL3xWesr6tLNYBFchSTYWncFN66kQl/QhjCZTtuhk4czk0IJ/RM3LhRx65+482+ctimo6IELh3Pu5d57goQzqWz701hb39jc2i7sFHf39g8OzaPjloxTQWiTxDwWnQBLyllEm4opTjuJoDgMOG0H45u5355QIVkcNdQ0oV6IhxEbMIKVlnzTbPgO6tGHlE38O9TwXd8s2ZZzXXYrVZQTd0XKyLHsBUqQo+6bH71+TNKQRopwLGXXsRPlZVgoRjidFXuppAkmYzykXU0jHFLpZYvLZ+hcK300iIWuSKGF+n0iw6GU0zDQnSFWI/nbm4t/ed1UDapexqIkVTQiy0WDlCMVo3kMqM8EJYpPNcFEMH0rIiMsMFE6rKIOYfUp+p+0XMupWO79ZalWy+MowCmcwQU4cAU1uIU6NIHABB7hGV6MzHgyXo23Zeuakc+cwA8Y719lAJLg</latexit>

T1 ⌘N T2 equivalence over words of length at most N

How do we compute N? inductively

Equivalence of k-valued NSST is decidable. 



Ehrenfeucht: there is some N such that the set of words of length at most 
N is a test set for all SST in X.

<latexit sha1_base64="Rw4dfpmDu0n41Txisq005vM4d+w=">AAAB+XicdVDLSsNAFL3xWesr6tLNYBFchSTYWncFN66kQl/QhjCZTtuhk4czk0IJ/RM3LhRx65+482+ctimo6IELh3Pu5d57goQzqWz701hb39jc2i7sFHf39g8OzaPjloxTQWiTxDwWnQBLyllEm4opTjuJoDgMOG0H45u5355QIVkcNdQ0oV6IhxEbMIKVlnzTbPgO6tGHlE38O9TwXd8s2ZZzXXYrVZQTd0XKyLHsBUqQo+6bH71+TNKQRopwLGXXsRPlZVgoRjidFXuppAkmYzykXU0jHFLpZYvLZ+hcK300iIWuSKGF+n0iw6GU0zDQnSFWI/nbm4t/ed1UDapexqIkVTQiy0WDlCMVo3kMqM8EJYpPNcFEMH0rIiMsMFE6rKIOYfUp+p+0XMupWO79ZalWy+MowCmcwQU4cAU1uIU6NIHABB7hGV6MzHgyXo23Zeuakc+cwA8Y719lAJLg</latexit>

T1 ⌘N T2 equivalence over words of length at most N

How do we compute N? inductively

Assume that we found N such that  
<latexit sha1_base64="Rw4dfpmDu0n41Txisq005vM4d+w=">AAAB+XicdVDLSsNAFL3xWesr6tLNYBFchSTYWncFN66kQl/QhjCZTtuhk4czk0IJ/RM3LhRx65+482+ctimo6IELh3Pu5d57goQzqWz701hb39jc2i7sFHf39g8OzaPjloxTQWiTxDwWnQBLyllEm4opTjuJoDgMOG0H45u5355QIVkcNdQ0oV6IhxEbMIKVlnzTbPgO6tGHlE38O9TwXd8s2ZZzXXYrVZQTd0XKyLHsBUqQo+6bH71+TNKQRopwLGXXsRPlZVgoRjidFXuppAkmYzykXU0jHFLpZYvLZ+hcK300iIWuSKGF+n0iw6GU0zDQnSFWI/nbm4t/ed1UDapexqIkVTQiy0WDlCMVo3kMqM8EJYpPNcFEMH0rIiMsMFE6rKIOYfUp+p+0XMupWO79ZalWy+MowCmcwQU4cAU1uIU6NIHABB7hGV6MzHgyXo23Zeuakc+cwA8Y719lAJLg</latexit>

T1 ⌘N T2
<latexit sha1_base64="r8ioT0etcUK8zmdeuustC9iAeGE=">AAAB/XicdVDLSsNAFJ34rPUVHzs3g0UQhJIEW+uu4MaVVOgL2hAm00k7dDKJM5NCDcVfceNCEbf+hzv/xmmbgooeuHA4517uvcePGZXKsj6NpeWV1bX13EZ+c2t7Z9fc22/KKBGYNHDEItH2kSSMctJQVDHSjgVBoc9Iyx9eTf3WiAhJI15X45i4IepzGlCMlJY887Du2bBL7hI68tKbM3sC657jmQWraF+WnHIFZsRZkBK0i9YMBZCh5pkf3V6Ek5BwhRmSsmNbsXJTJBTFjEzy3USSGOEh6pOOphyFRLrp7PoJPNFKDwaR0MUVnKnfJ1IUSjkOfd0ZIjWQv72p+JfXSVRQcVPK40QRjueLgoRBFcFpFLBHBcGKjTVBWFB9K8QDJBBWOrC8DmHxKfyfNJ2iXS46t+eFajWLIweOwDE4BTa4AFVwDWqgATC4B4/gGbwYD8aT8Wq8zVuXjGzmAPyA8f4FFV6UXA==</latexit>

T1 ⌘N+1 T2if

for all transducers from X

How? E.g. using an algorithm for solving word equations (Makanin)

Equivalence of k-valued NSST is decidable. 



Ta(w) := T (aw)
<latexit sha1_base64="dFFI9lQ3WmGayyVAZMzple0zki8=">AAAB+HicbVDLSgNBEOyNrxgfWfXoZTAIySXsqqCIQsCLxwh5QbIss5PZZMjsg5lZQ1zyJV48KOLVT/Hm3zhJ9qCJBQ1FVTfdXV7MmVSW9W3k1tY3Nrfy24Wd3b39onlw2JJRIghtkohHouNhSTkLaVMxxWknFhQHHqdtb3Q389uPVEgWhQ01iakT4EHIfEaw0pJrFhsuLo8r6PoWNcp4XHHNklW15kCrxM5ICTLUXfOr149IEtBQEY6l7NpWrJwUC8UIp9NCL5E0xmSEB7SraYgDKp10fvgUnWqlj/xI6AoVmqu/J1IcSDkJPN0ZYDWUy95M/M/rJsq/clIWxomiIVks8hOOVIRmKaA+E5QoPtEEE8H0rYgMscBE6awKOgR7+eVV0jqr2udV6+GiVLvJ4sjDMZxAGWy4hBrcQx2aQCCBZ3iFN+PJeDHejY9Fa87IZo7gD4zPH/I7kU0=</latexit>

                  
<latexit sha1_base64="Qy6isJJERsYR5/d3DepYYbw7f84="></latexit>

T 2 X implies Ta 2 X

<latexit sha1_base64="FzoFhpHZkc4D+/MGxtfFa1sQSAg="></latexit>

T1 ⌘r T2 () T1 ⌘N T2
<latexit sha1_base64="6e4ucFmwqLyBEajNVWJHqUngfHo="></latexit>

for all r � N and T1, T2 2 X

Equivalence of k-valued NSST is decidable. 

<latexit sha1_base64="Rw4dfpmDu0n41Txisq005vM4d+w=">AAAB+XicdVDLSsNAFL3xWesr6tLNYBFchSTYWncFN66kQl/QhjCZTtuhk4czk0IJ/RM3LhRx65+482+ctimo6IELh3Pu5d57goQzqWz701hb39jc2i7sFHf39g8OzaPjloxTQWiTxDwWnQBLyllEm4opTjuJoDgMOG0H45u5355QIVkcNdQ0oV6IhxEbMIKVlnzTbPgO6tGHlE38O9TwXd8s2ZZzXXYrVZQTd0XKyLHsBUqQo+6bH71+TNKQRopwLGXXsRPlZVgoRjidFXuppAkmYzykXU0jHFLpZYvLZ+hcK300iIWuSKGF+n0iw6GU0zDQnSFWI/nbm4t/ed1UDapexqIkVTQiy0WDlCMVo3kMqM8EJYpPNcFEMH0rIiMsMFE6rKIOYfUp+p+0XMupWO79ZalWy+MowCmcwQU4cAU1uIU6NIHABB7hGV6MzHgyXo23Zeuakc+cwA8Y719lAJLg</latexit>

T1 ⌘N T2 if
<latexit sha1_base64="r8ioT0etcUK8zmdeuustC9iAeGE=">AAAB/XicdVDLSsNAFJ34rPUVHzs3g0UQhJIEW+uu4MaVVOgL2hAm00k7dDKJM5NCDcVfceNCEbf+hzv/xmmbgooeuHA4517uvcePGZXKsj6NpeWV1bX13EZ+c2t7Z9fc22/KKBGYNHDEItH2kSSMctJQVDHSjgVBoc9Iyx9eTf3WiAhJI15X45i4IepzGlCMlJY887Du2bBL7hI68tKbM3sC657jmQWraF+WnHIFZsRZkBK0i9YMBZCh5pkf3V6Ek5BwhRmSsmNbsXJTJBTFjEzy3USSGOEh6pOOphyFRLrp7PoJPNFKDwaR0MUVnKnfJ1IUSjkOfd0ZIjWQv72p+JfXSVRQcVPK40QRjueLgoRBFcFpFLBHBcGKjTVBWFB9K8QDJBBWOrC8DmHxKfyfNJ2iXS46t+eFajWLIweOwDE4BTa4AFVwDWqgATC4B4/gGbwYD8aT8Wq8zVuXjGzmAPyA8f4FFV6UXA==</latexit>

T1 ⌘N+1 T2



Ta(w) := T (aw)
<latexit sha1_base64="dFFI9lQ3WmGayyVAZMzple0zki8=">AAAB+HicbVDLSgNBEOyNrxgfWfXoZTAIySXsqqCIQsCLxwh5QbIss5PZZMjsg5lZQ1zyJV48KOLVT/Hm3zhJ9qCJBQ1FVTfdXV7MmVSW9W3k1tY3Nrfy24Wd3b39onlw2JJRIghtkohHouNhSTkLaVMxxWknFhQHHqdtb3Q389uPVEgWhQ01iakT4EHIfEaw0pJrFhsuLo8r6PoWNcp4XHHNklW15kCrxM5ICTLUXfOr149IEtBQEY6l7NpWrJwUC8UIp9NCL5E0xmSEB7SraYgDKp10fvgUnWqlj/xI6AoVmqu/J1IcSDkJPN0ZYDWUy95M/M/rJsq/clIWxomiIVks8hOOVIRmKaA+E5QoPtEEE8H0rYgMscBE6awKOgR7+eVV0jqr2udV6+GiVLvJ4sjDMZxAGWy4hBrcQx2aQCCBZ3iFN+PJeDHejY9Fa87IZo7gD4zPH/I7kU0=</latexit>

                  
<latexit sha1_base64="Qy6isJJERsYR5/d3DepYYbw7f84="></latexit>

T 2 X implies Ta 2 X

T1 ⌘r+1 T2
<latexit sha1_base64="5Ap6oUpYjN/jdtPpyL/KZO/aGpw=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCIJSkCoqrghuXFfqCNoTJ9LYdOpnEmUmhhuKvuHGhiFv/w51/47TNQlsPXDiccy/33hPEnCntON9WbmV1bX0jv1nY2t7Z3bP3DxoqSiSFOo14JFsBUcCZgLpmmkMrlkDCgEMzGN5O/eYIpGKRqOlxDF5I+oL1GCXaSL59VPNd3IGHhI38VJ67E1zzy75ddErODHiZuBkpogxV3/7qdCOahCA05USptuvE2kuJ1IxymBQ6iYKY0CHpQ9tQQUJQXjq7foJPjdLFvUiaEhrP1N8TKQmVGoeB6QyJHqhFbyr+57UT3bv2UibiRIOg80W9hGMd4WkUuMskUM3HhhAqmbkV0wGRhGoTWMGE4C6+vEwa5ZJ7UXLuL4uVmyyOPDpGJ+gMuegKVdAdqqI6ougRPaNX9GY9WS/Wu/Uxb81Z2cwh+gPr8wfPzJQh</latexit>

iff T1,a ⌘r T2,a
<latexit sha1_base64="FFUKGGI89s9WujxAjJ14uERB6Gw=">AAACA3icbZDLSsNAFIYn9VbrLepON4NFcCElqYLiquDGZYXeoA1hMj1ph04uzkwKJQTc+CpuXCji1pdw59s4bbPQ1h8Gfr5zDmfO78WcSWVZ30ZhZXVtfaO4Wdra3tndM/cPWjJKBIUmjXgkOh6RwFkITcUUh04sgAQeh7Y3up3W22MQkkVhQ01icAIyCJnPKFEaueZRw03tc5LhHjwkbOymIsMaVTVyzbJVsWbCy8bOTRnlqrvmV68f0SSAUFFOpOzaVqyclAjFKIes1EskxISOyAC62oYkAOmksxsyfKpJH/uR0C9UeEZ/T6QkkHISeLozIGooF2tT+F+tmyj/2klZGCcKQjpf5CccqwhPA8F9JoAqPtGGUMH0XzEdEkGo0rGVdAj24snLplWt2BcV6/6yXLvJ4yiiY3SCzpCNrlAN3aE6aiKKHtEzekVvxpPxYrwbH/PWgpHPHKI/Mj5/APH2lws=</latexit>

<latexit sha1_base64="PTjcpuOsg1KTiUGqa8tNmNMadTI=">AAAB+nicdVDLSsNAFJ34rPWV6tLNYBFchaTYWncFNy4r2Ae0oUymk3boJBNmbtQS+yluXCji1i9x59+YtCmo6FkdzrmXe+7xIsE12PansbK6tr6xWdgqbu/s7u2bpYO2lrGirEWlkKrrEc0ED1kLOAjWjRQjgSdYx5tcZn7nlinNZXgD04i5ARmF3OeUQCoNzFIf2D0kvlSYCIFnmAzMsm05F9VKrY5zUlmSKnYse44yytEcmB/9oaRxwEKggmjdc+wI3IQo4FSwWbEfaxYROiEj1ktpSAKm3WQefYZPUmWIs/O+DAHP1e8bCQm0ngZeOhkQGOvfXib+5fVi8OtuwsMoBhbSxSE/FhgkznrAQ64YBTFNCaGKp1kxHRNFKKRtFdMSlp/i/0m7Yjk1q3J9Vm7U8zoK6Agdo1PkoHPUQFeoiVqIojv0iJ7Ri/FgPBmvxttidMXIdw7RDxjvX0hSlAA=</latexit>

for all a

<latexit sha1_base64="FzoFhpHZkc4D+/MGxtfFa1sQSAg="></latexit>

T1 ⌘r T2 () T1 ⌘N T2
<latexit sha1_base64="6e4ucFmwqLyBEajNVWJHqUngfHo="></latexit>

for all r � N and T1, T2 2 X

Equivalence of k-valued NSST is decidable. 

<latexit sha1_base64="Rw4dfpmDu0n41Txisq005vM4d+w=">AAAB+XicdVDLSsNAFL3xWesr6tLNYBFchSTYWncFN66kQl/QhjCZTtuhk4czk0IJ/RM3LhRx65+482+ctimo6IELh3Pu5d57goQzqWz701hb39jc2i7sFHf39g8OzaPjloxTQWiTxDwWnQBLyllEm4opTjuJoDgMOG0H45u5355QIVkcNdQ0oV6IhxEbMIKVlnzTbPgO6tGHlE38O9TwXd8s2ZZzXXYrVZQTd0XKyLHsBUqQo+6bH71+TNKQRopwLGXXsRPlZVgoRjidFXuppAkmYzykXU0jHFLpZYvLZ+hcK300iIWuSKGF+n0iw6GU0zDQnSFWI/nbm4t/ed1UDapexqIkVTQiy0WDlCMVo3kMqM8EJYpPNcFEMH0rIiMsMFE6rKIOYfUp+p+0XMupWO79ZalWy+MowCmcwQU4cAU1uIU6NIHABB7hGV6MzHgyXo23Zeuakc+cwA8Y719lAJLg</latexit>

T1 ⌘N T2 if
<latexit sha1_base64="r8ioT0etcUK8zmdeuustC9iAeGE=">AAAB/XicdVDLSsNAFJ34rPUVHzs3g0UQhJIEW+uu4MaVVOgL2hAm00k7dDKJM5NCDcVfceNCEbf+hzv/xmmbgooeuHA4517uvcePGZXKsj6NpeWV1bX13EZ+c2t7Z9fc22/KKBGYNHDEItH2kSSMctJQVDHSjgVBoc9Iyx9eTf3WiAhJI15X45i4IepzGlCMlJY887Du2bBL7hI68tKbM3sC657jmQWraF+WnHIFZsRZkBK0i9YMBZCh5pkf3V6Ek5BwhRmSsmNbsXJTJBTFjEzy3USSGOEh6pOOphyFRLrp7PoJPNFKDwaR0MUVnKnfJ1IUSjkOfd0ZIjWQv72p+JfXSVRQcVPK40QRjueLgoRBFcFpFLBHBcGKjTVBWFB9K8QDJBBWOrC8DmHxKfyfNJ2iXS46t+eFajWLIweOwDE4BTa4AFVwDWqgATC4B4/gGbwYD8aT8Wq8zVuXjGzmAPyA8f4FFV6UXA==</latexit>

T1 ⌘N+1 T2



Ta(w) := T (aw)
<latexit sha1_base64="dFFI9lQ3WmGayyVAZMzple0zki8=">AAAB+HicbVDLSgNBEOyNrxgfWfXoZTAIySXsqqCIQsCLxwh5QbIss5PZZMjsg5lZQ1zyJV48KOLVT/Hm3zhJ9qCJBQ1FVTfdXV7MmVSW9W3k1tY3Nrfy24Wd3b39onlw2JJRIghtkohHouNhSTkLaVMxxWknFhQHHqdtb3Q389uPVEgWhQ01iakT4EHIfEaw0pJrFhsuLo8r6PoWNcp4XHHNklW15kCrxM5ICTLUXfOr149IEtBQEY6l7NpWrJwUC8UIp9NCL5E0xmSEB7SraYgDKp10fvgUnWqlj/xI6AoVmqu/J1IcSDkJPN0ZYDWUy95M/M/rJsq/clIWxomiIVks8hOOVIRmKaA+E5QoPtEEE8H0rYgMscBE6awKOgR7+eVV0jqr2udV6+GiVLvJ4sjDMZxAGWy4hBrcQx2aQCCBZ3iFN+PJeDHejY9Fa87IZo7gD4zPH/I7kU0=</latexit>

                  
<latexit sha1_base64="Qy6isJJERsYR5/d3DepYYbw7f84="></latexit>

T 2 X implies Ta 2 X

T1 ⌘r+1 T2
<latexit sha1_base64="5Ap6oUpYjN/jdtPpyL/KZO/aGpw=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCIJSkCoqrghuXFfqCNoTJ9LYdOpnEmUmhhuKvuHGhiFv/w51/47TNQlsPXDiccy/33hPEnCntON9WbmV1bX0jv1nY2t7Z3bP3DxoqSiSFOo14JFsBUcCZgLpmmkMrlkDCgEMzGN5O/eYIpGKRqOlxDF5I+oL1GCXaSL59VPNd3IGHhI38VJ67E1zzy75ddErODHiZuBkpogxV3/7qdCOahCA05USptuvE2kuJ1IxymBQ6iYKY0CHpQ9tQQUJQXjq7foJPjdLFvUiaEhrP1N8TKQmVGoeB6QyJHqhFbyr+57UT3bv2UibiRIOg80W9hGMd4WkUuMskUM3HhhAqmbkV0wGRhGoTWMGE4C6+vEwa5ZJ7UXLuL4uVmyyOPDpGJ+gMuegKVdAdqqI6ougRPaNX9GY9WS/Wu/Uxb81Z2cwh+gPr8wfPzJQh</latexit>

iff T1,a ⌘r T2,a
<latexit sha1_base64="FFUKGGI89s9WujxAjJ14uERB6Gw=">AAACA3icbZDLSsNAFIYn9VbrLepON4NFcCElqYLiquDGZYXeoA1hMj1ph04uzkwKJQTc+CpuXCji1pdw59s4bbPQ1h8Gfr5zDmfO78WcSWVZ30ZhZXVtfaO4Wdra3tndM/cPWjJKBIUmjXgkOh6RwFkITcUUh04sgAQeh7Y3up3W22MQkkVhQ01icAIyCJnPKFEaueZRw03tc5LhHjwkbOymIsMaVTVyzbJVsWbCy8bOTRnlqrvmV68f0SSAUFFOpOzaVqyclAjFKIes1EskxISOyAC62oYkAOmksxsyfKpJH/uR0C9UeEZ/T6QkkHISeLozIGooF2tT+F+tmyj/2klZGCcKQjpf5CccqwhPA8F9JoAqPtGGUMH0XzEdEkGo0rGVdAj24snLplWt2BcV6/6yXLvJ4yiiY3SCzpCNrlAN3aE6aiKKHtEzekVvxpPxYrwbH/PWgpHPHKI/Mj5/APH2lws=</latexit>

<latexit sha1_base64="PTjcpuOsg1KTiUGqa8tNmNMadTI=">AAAB+nicdVDLSsNAFJ34rPWV6tLNYBFchaTYWncFNy4r2Ae0oUymk3boJBNmbtQS+yluXCji1i9x59+YtCmo6FkdzrmXe+7xIsE12PansbK6tr6xWdgqbu/s7u2bpYO2lrGirEWlkKrrEc0ED1kLOAjWjRQjgSdYx5tcZn7nlinNZXgD04i5ARmF3OeUQCoNzFIf2D0kvlSYCIFnmAzMsm05F9VKrY5zUlmSKnYse44yytEcmB/9oaRxwEKggmjdc+wI3IQo4FSwWbEfaxYROiEj1ktpSAKm3WQefYZPUmWIs/O+DAHP1e8bCQm0ngZeOhkQGOvfXib+5fVi8OtuwsMoBhbSxSE/FhgkznrAQ64YBTFNCaGKp1kxHRNFKKRtFdMSlp/i/0m7Yjk1q3J9Vm7U8zoK6Agdo1PkoHPUQFeoiVqIojv0iJ7Ri/FgPBmvxttidMXIdw7RDxjvX0hSlAA=</latexit>

for all a

<latexit sha1_base64="FzoFhpHZkc4D+/MGxtfFa1sQSAg="></latexit>

T1 ⌘r T2 () T1 ⌘N T2
<latexit sha1_base64="6e4ucFmwqLyBEajNVWJHqUngfHo="></latexit>

for all r � N and T1, T2 2 X

Equivalence of k-valued NSST is decidable. 

<latexit sha1_base64="Rw4dfpmDu0n41Txisq005vM4d+w=">AAAB+XicdVDLSsNAFL3xWesr6tLNYBFchSTYWncFN66kQl/QhjCZTtuhk4czk0IJ/RM3LhRx65+482+ctimo6IELh3Pu5d57goQzqWz701hb39jc2i7sFHf39g8OzaPjloxTQWiTxDwWnQBLyllEm4opTjuJoDgMOG0H45u5355QIVkcNdQ0oV6IhxEbMIKVlnzTbPgO6tGHlE38O9TwXd8s2ZZzXXYrVZQTd0XKyLHsBUqQo+6bH71+TNKQRopwLGXXsRPlZVgoRjidFXuppAkmYzykXU0jHFLpZYvLZ+hcK300iIWuSKGF+n0iw6GU0zDQnSFWI/nbm4t/ed1UDapexqIkVTQiy0WDlCMVo3kMqM8EJYpPNcFEMH0rIiMsMFE6rKIOYfUp+p+0XMupWO79ZalWy+MowCmcwQU4cAU1uIU6NIHABB7hGV6MzHgyXo23Zeuakc+cwA8Y719lAJLg</latexit>

T1 ⌘N T2 if
<latexit sha1_base64="r8ioT0etcUK8zmdeuustC9iAeGE=">AAAB/XicdVDLSsNAFJ34rPUVHzs3g0UQhJIEW+uu4MaVVOgL2hAm00k7dDKJM5NCDcVfceNCEbf+hzv/xmmbgooeuHA4517uvcePGZXKsj6NpeWV1bX13EZ+c2t7Z9fc22/KKBGYNHDEItH2kSSMctJQVDHSjgVBoc9Iyx9eTf3WiAhJI15X45i4IepzGlCMlJY887Du2bBL7hI68tKbM3sC657jmQWraF+WnHIFZsRZkBK0i9YMBZCh5pkf3V6Ek5BwhRmSsmNbsXJTJBTFjEzy3USSGOEh6pOOphyFRLrp7PoJPNFKDwaR0MUVnKnfJ1IUSjkOfd0ZIjWQv72p+JfXSVRQcVPK40QRjueLgoRBFcFpFLBHBcGKjTVBWFB9K8QDJBBWOrC8DmHxKfyfNJ2iXS46t+eFajWLIweOwDE4BTa4AFVwDWqgATC4B4/gGbwYD8aT8Wq8zVuXjGzmAPyA8f4FFV6UXA==</latexit>

T1 ⌘N+1 T2

iff <latexit sha1_base64="PTjcpuOsg1KTiUGqa8tNmNMadTI=">AAAB+nicdVDLSsNAFJ34rPWV6tLNYBFchaTYWncFNy4r2Ae0oUymk3boJBNmbtQS+yluXCji1i9x59+YtCmo6FkdzrmXe+7xIsE12PansbK6tr6xWdgqbu/s7u2bpYO2lrGirEWlkKrrEc0ED1kLOAjWjRQjgSdYx5tcZn7nlinNZXgD04i5ARmF3OeUQCoNzFIf2D0kvlSYCIFnmAzMsm05F9VKrY5zUlmSKnYse44yytEcmB/9oaRxwEKggmjdc+wI3IQo4FSwWbEfaxYROiEj1ktpSAKm3WQefYZPUmWIs/O+DAHP1e8bCQm0ngZeOhkQGOvfXib+5fVi8OtuwsMoBhbSxSE/FhgkznrAQ64YBTFNCaGKp1kxHRNFKKRtFdMSlp/i/0m7Yjk1q3J9Vm7U8zoK6Agdo1PkoHPUQFeoiVqIojv0iJ7Ri/FgPBmvxttidMXIdw7RDxjvX0hSlAA=</latexit>

for all a
<latexit sha1_base64="46vH0q4Cu264l7SzcbCnRwfwHtg=">AAACBXicdZDLSsNAFIYn9VbrLepSF4NFcKElCbZWVwU3Liv0Bm0Ik+mkHTq5ODMplJCNG1/FjQtF3PoO7nwbp20KKvrDwM93zuHM+d2IUSEN41PLLS2vrK7l1wsbm1vbO/ruXkuEMcekiUMW8o6LBGE0IE1JJSOdiBPku4y03dH1tN4eEy5oGDTkJCK2jwYB9ShGUiFHP2w4iXmKUtgjdzEdOwk/M1OooKWgoxeNknlZtipVmBlrYcrQLBkzFUGmuqN/9Pohjn0SSMyQEF3TiKSdIC4pZiQt9GJBIoRHaEC6ygbIJ8JOZlek8FiRPvRCrl4g4Yx+n0iQL8TEd1Wnj+RQ/K5N4V+1biy9qp3QIIolCfB8kRczKEM4jQT2KSdYsokyCHOq/grxEHGEpQquoEJYXAr/Ny2rZFZK1u15sXaVxZEHB+AInAATXIAauAF10AQY3INH8AxetAftSXvV3uatOS2b2Qc/pL1/AVZql9Y=</latexit>

T1,a ⌘r�1 T2,a



Ta(w) := T (aw)
<latexit sha1_base64="dFFI9lQ3WmGayyVAZMzple0zki8=">AAAB+HicbVDLSgNBEOyNrxgfWfXoZTAIySXsqqCIQsCLxwh5QbIss5PZZMjsg5lZQ1zyJV48KOLVT/Hm3zhJ9qCJBQ1FVTfdXV7MmVSW9W3k1tY3Nrfy24Wd3b39onlw2JJRIghtkohHouNhSTkLaVMxxWknFhQHHqdtb3Q389uPVEgWhQ01iakT4EHIfEaw0pJrFhsuLo8r6PoWNcp4XHHNklW15kCrxM5ICTLUXfOr149IEtBQEY6l7NpWrJwUC8UIp9NCL5E0xmSEB7SraYgDKp10fvgUnWqlj/xI6AoVmqu/J1IcSDkJPN0ZYDWUy95M/M/rJsq/clIWxomiIVks8hOOVIRmKaA+E5QoPtEEE8H0rYgMscBE6awKOgR7+eVV0jqr2udV6+GiVLvJ4sjDMZxAGWy4hBrcQx2aQCCBZ3iFN+PJeDHejY9Fa87IZo7gD4zPH/I7kU0=</latexit>

                  
<latexit sha1_base64="Qy6isJJERsYR5/d3DepYYbw7f84="></latexit>

T 2 X implies Ta 2 X

T1 ⌘r+1 T2
<latexit sha1_base64="5Ap6oUpYjN/jdtPpyL/KZO/aGpw=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCIJSkCoqrghuXFfqCNoTJ9LYdOpnEmUmhhuKvuHGhiFv/w51/47TNQlsPXDiccy/33hPEnCntON9WbmV1bX0jv1nY2t7Z3bP3DxoqSiSFOo14JFsBUcCZgLpmmkMrlkDCgEMzGN5O/eYIpGKRqOlxDF5I+oL1GCXaSL59VPNd3IGHhI38VJ67E1zzy75ddErODHiZuBkpogxV3/7qdCOahCA05USptuvE2kuJ1IxymBQ6iYKY0CHpQ9tQQUJQXjq7foJPjdLFvUiaEhrP1N8TKQmVGoeB6QyJHqhFbyr+57UT3bv2UibiRIOg80W9hGMd4WkUuMskUM3HhhAqmbkV0wGRhGoTWMGE4C6+vEwa5ZJ7UXLuL4uVmyyOPDpGJ+gMuegKVdAdqqI6ougRPaNX9GY9WS/Wu/Uxb81Z2cwh+gPr8wfPzJQh</latexit>

iff T1,a ⌘r T2,a
<latexit sha1_base64="FFUKGGI89s9WujxAjJ14uERB6Gw=">AAACA3icbZDLSsNAFIYn9VbrLepON4NFcCElqYLiquDGZYXeoA1hMj1ph04uzkwKJQTc+CpuXCji1pdw59s4bbPQ1h8Gfr5zDmfO78WcSWVZ30ZhZXVtfaO4Wdra3tndM/cPWjJKBIUmjXgkOh6RwFkITcUUh04sgAQeh7Y3up3W22MQkkVhQ01icAIyCJnPKFEaueZRw03tc5LhHjwkbOymIsMaVTVyzbJVsWbCy8bOTRnlqrvmV68f0SSAUFFOpOzaVqyclAjFKIes1EskxISOyAC62oYkAOmksxsyfKpJH/uR0C9UeEZ/T6QkkHISeLozIGooF2tT+F+tmyj/2klZGCcKQjpf5CccqwhPA8F9JoAqPtGGUMH0XzEdEkGo0rGVdAj24snLplWt2BcV6/6yXLvJ4yiiY3SCzpCNrlAN3aE6aiKKHtEzekVvxpPxYrwbH/PWgpHPHKI/Mj5/APH2lws=</latexit>

<latexit sha1_base64="PTjcpuOsg1KTiUGqa8tNmNMadTI=">AAAB+nicdVDLSsNAFJ34rPWV6tLNYBFchaTYWncFNy4r2Ae0oUymk3boJBNmbtQS+yluXCji1i9x59+YtCmo6FkdzrmXe+7xIsE12PansbK6tr6xWdgqbu/s7u2bpYO2lrGirEWlkKrrEc0ED1kLOAjWjRQjgSdYx5tcZn7nlinNZXgD04i5ARmF3OeUQCoNzFIf2D0kvlSYCIFnmAzMsm05F9VKrY5zUlmSKnYse44yytEcmB/9oaRxwEKggmjdc+wI3IQo4FSwWbEfaxYROiEj1ktpSAKm3WQefYZPUmWIs/O+DAHP1e8bCQm0ngZeOhkQGOvfXib+5fVi8OtuwsMoBhbSxSE/FhgkznrAQ64YBTFNCaGKp1kxHRNFKKRtFdMSlp/i/0m7Yjk1q3J9Vm7U8zoK6Agdo1PkoHPUQFeoiVqIojv0iJ7Ri/FgPBmvxttidMXIdw7RDxjvX0hSlAA=</latexit>

for all a

<latexit sha1_base64="FzoFhpHZkc4D+/MGxtfFa1sQSAg="></latexit>

T1 ⌘r T2 () T1 ⌘N T2
<latexit sha1_base64="6e4ucFmwqLyBEajNVWJHqUngfHo="></latexit>

for all r � N and T1, T2 2 X

Equivalence of k-valued NSST is decidable. 

<latexit sha1_base64="Rw4dfpmDu0n41Txisq005vM4d+w=">AAAB+XicdVDLSsNAFL3xWesr6tLNYBFchSTYWncFN66kQl/QhjCZTtuhk4czk0IJ/RM3LhRx65+482+ctimo6IELh3Pu5d57goQzqWz701hb39jc2i7sFHf39g8OzaPjloxTQWiTxDwWnQBLyllEm4opTjuJoDgMOG0H45u5355QIVkcNdQ0oV6IhxEbMIKVlnzTbPgO6tGHlE38O9TwXd8s2ZZzXXYrVZQTd0XKyLHsBUqQo+6bH71+TNKQRopwLGXXsRPlZVgoRjidFXuppAkmYzykXU0jHFLpZYvLZ+hcK300iIWuSKGF+n0iw6GU0zDQnSFWI/nbm4t/ed1UDapexqIkVTQiy0WDlCMVo3kMqM8EJYpPNcFEMH0rIiMsMFE6rKIOYfUp+p+0XMupWO79ZalWy+MowCmcwQU4cAU1uIU6NIHABB7hGV6MzHgyXo23Zeuakc+cwA8Y719lAJLg</latexit>

T1 ⌘N T2 if
<latexit sha1_base64="r8ioT0etcUK8zmdeuustC9iAeGE=">AAAB/XicdVDLSsNAFJ34rPUVHzs3g0UQhJIEW+uu4MaVVOgL2hAm00k7dDKJM5NCDcVfceNCEbf+hzv/xmmbgooeuHA4517uvcePGZXKsj6NpeWV1bX13EZ+c2t7Z9fc22/KKBGYNHDEItH2kSSMctJQVDHSjgVBoc9Iyx9eTf3WiAhJI15X45i4IepzGlCMlJY887Du2bBL7hI68tKbM3sC657jmQWraF+WnHIFZsRZkBK0i9YMBZCh5pkf3V6Ek5BwhRmSsmNbsXJTJBTFjEzy3USSGOEh6pOOphyFRLrp7PoJPNFKDwaR0MUVnKnfJ1IUSjkOfd0ZIjWQv72p+JfXSVRQcVPK40QRjueLgoRBFcFpFLBHBcGKjTVBWFB9K8QDJBBWOrC8DmHxKfyfNJ2iXS46t+eFajWLIweOwDE4BTa4AFVwDWqgATC4B4/gGbwYD8aT8Wq8zVuXjGzmAPyA8f4FFV6UXA==</latexit>

T1 ⌘N+1 T2

iff <latexit sha1_base64="PTjcpuOsg1KTiUGqa8tNmNMadTI=">AAAB+nicdVDLSsNAFJ34rPWV6tLNYBFchaTYWncFNy4r2Ae0oUymk3boJBNmbtQS+yluXCji1i9x59+YtCmo6FkdzrmXe+7xIsE12PansbK6tr6xWdgqbu/s7u2bpYO2lrGirEWlkKrrEc0ED1kLOAjWjRQjgSdYx5tcZn7nlinNZXgD04i5ARmF3OeUQCoNzFIf2D0kvlSYCIFnmAzMsm05F9VKrY5zUlmSKnYse44yytEcmB/9oaRxwEKggmjdc+wI3IQo4FSwWbEfaxYROiEj1ktpSAKm3WQefYZPUmWIs/O+DAHP1e8bCQm0ngZeOhkQGOvfXib+5fVi8OtuwsMoBhbSxSE/FhgkznrAQ64YBTFNCaGKp1kxHRNFKKRtFdMSlp/i/0m7Yjk1q3J9Vm7U8zoK6Agdo1PkoHPUQFeoiVqIojv0iJ7Ri/FgPBmvxttidMXIdw7RDxjvX0hSlAA=</latexit>

for all a
<latexit sha1_base64="46vH0q4Cu264l7SzcbCnRwfwHtg=">AAACBXicdZDLSsNAFIYn9VbrLepSF4NFcKElCbZWVwU3Liv0Bm0Ik+mkHTq5ODMplJCNG1/FjQtF3PoO7nwbp20KKvrDwM93zuHM+d2IUSEN41PLLS2vrK7l1wsbm1vbO/ruXkuEMcekiUMW8o6LBGE0IE1JJSOdiBPku4y03dH1tN4eEy5oGDTkJCK2jwYB9ShGUiFHP2w4iXmKUtgjdzEdOwk/M1OooKWgoxeNknlZtipVmBlrYcrQLBkzFUGmuqN/9Pohjn0SSMyQEF3TiKSdIC4pZiQt9GJBIoRHaEC6ygbIJ8JOZlek8FiRPvRCrl4g4Yx+n0iQL8TEd1Wnj+RQ/K5N4V+1biy9qp3QIIolCfB8kRczKEM4jQT2KSdYsokyCHOq/grxEHGEpQquoEJYXAr/Ny2rZFZK1u15sXaVxZEHB+AInAATXIAauAF10AQY3INH8AxetAftSXvV3uatOS2b2Qc/pL1/AVZql9Y=</latexit>

T1,a ⌘r�1 T2,a

iff
<latexit sha1_base64="33k2TRN0rpfLzniAMPcTMwrHpEo=">AAAB/3icdVDLSsNAFJ3UV62vqODGzWARXIUk2FpdFdy4rNAXtCFMppN26OThzKRQYhb+ihsXirj1N9z5N07bFFT0wIXDOfdy7z1ezKiQpvmpFVZW19Y3ipulre2d3T19/6AtooRj0sIRi3jXQ4IwGpKWpJKRbswJCjxGOt74euZ3JoQLGoVNOY2JE6BhSH2KkVSSqx813dTKYJ/cJXTipjyDSrAzVy+bhnVZsas1mBN7SSrQMsw5yiBHw9U/+oMIJwEJJWZIiJ5lxtJJEZcUM5KV+okgMcJjNCQ9RUMUEOGk8/szeKqUAfQjriqUcK5+n0hRIMQ08FRngORI/PZm4l9eL5F+zUlpGCeShHixyE8YlBGchQEHlBMs2VQRhDlVt0I8QhxhqSIrqRCWn8L/Sds2rKph356X61d5HEVwDE7AGbDABaiDG9AALYDBPXgEz+BFe9CetFftbdFa0PKZQ/AD2vsXDsOWIg==</latexit>

T1 ⌘r T2
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Equivalence of copyful DSST is decidable. 
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Equivalence of copyful DSST is decidable. 

[Filiot-Reynier’17] [Benedikt et al.’17]
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copyful:  registers can occur 
multiple times in updates



Equivalence of copyful DSST is decidable. 

[Filiot-Reynier’17] [Benedikt et al.’17]

❖ A. A.Markov (~ 1948):  encoding words by integers

Every 2x2 matrix with non-negative integer entries and determinant 1 can be 
encoded in a unique way as product of matrices:

<latexit sha1_base64="wtbSSVhlRwip4amyoIaP4Bt+zeo="></latexit>

M0 =

✓
1 1
0 1

◆ <latexit sha1_base64="xMNW7lOekjvsYRjV2yigAASxO1g=">AAACGHicdVDLSsNAFJ34Nr6qLt0MFsVVTYKtulAEN26ECtYWmhAm09s6dDIJMxOxhH6GG3/FjQtF3Lrzb5w+FBU9MMzhnHu5954o5Uxpx3m3Jianpmdm5+bthcWl5ZXC6tqVSjJJoUYTnshGRBRwJqCmmebQSCWQOOJQj7qnA79+A1KxRFzqXgpBTDqCtRkl2khhYfc8dI/8CDpM5GlMtGS3fdvF29jx/eHv2j6I1pcXFopOyT0se5UDPCbeJyljt+QMUURjVMPCm99KaBaD0JQTpZquk+ogJ1IzyqFv+5mClNAu6UDTUEFiUEE+PKyPt4zSwu1Emic0HqrfO3ISK9WLI1Np9rtWv72B+JfXzHT7IMiZSDMNgo4GtTOOdYIHKeEWk0A17xlCqGRmV0yviSRUmyxtE8Lnpfh/cuWV3ErJu9grnhyP45hDG2gT7SAX7aMTdIaqqIYoukMP6Ak9W/fWo/VivY5KJ6xxzzr6AevtA5GnnkU=</latexit>

M1 =

✓
1 0
1 1

◆

Word concatenation turns into matrix multiplication  

copyful:  registers can occur 
multiple times in updates



Equivalence of copyful DSST is decidable. 

[Filiot-Reynier’17] [Benedikt et al.’17]

❖ A. A.Markov (~ 1948):  encoding words by integers

Every 2x2 matrix with non-negative integer entries and determinant 1 can be 
encoded in a unique way as product of matrices:

<latexit sha1_base64="wtbSSVhlRwip4amyoIaP4Bt+zeo="></latexit>

M0 =

✓
1 1
0 1

◆ <latexit sha1_base64="xMNW7lOekjvsYRjV2yigAASxO1g=">AAACGHicdVDLSsNAFJ34Nr6qLt0MFsVVTYKtulAEN26ECtYWmhAm09s6dDIJMxOxhH6GG3/FjQtF3Lrzb5w+FBU9MMzhnHu5954o5Uxpx3m3Jianpmdm5+bthcWl5ZXC6tqVSjJJoUYTnshGRBRwJqCmmebQSCWQOOJQj7qnA79+A1KxRFzqXgpBTDqCtRkl2khhYfc8dI/8CDpM5GlMtGS3fdvF29jx/eHv2j6I1pcXFopOyT0se5UDPCbeJyljt+QMUURjVMPCm99KaBaD0JQTpZquk+ogJ1IzyqFv+5mClNAu6UDTUEFiUEE+PKyPt4zSwu1Emic0HqrfO3ISK9WLI1Np9rtWv72B+JfXzHT7IMiZSDMNgo4GtTOOdYIHKeEWk0A17xlCqGRmV0yviSRUmyxtE8Lnpfh/cuWV3ErJu9grnhyP45hDG2gT7SAX7aMTdIaqqIYoukMP6Ak9W/fWo/VivY5KJ6xxzzr6AevtA5GnnkU=</latexit>

M1 =

✓
1 0
1 1

◆

Word concatenation turns into matrix multiplication  

copyful:  registers can occur 
multiple times in updates

❖ Encode binary string by (value, 2^length), e.g. 011 encoded by (3,8)
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Equivalence of copyful DSST is decidable. 
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multiple times in updates

(Copyful) DSST turn into word-to-integer transducers with registers and 
polynomial operations: 

[Benedikt et al.’17]  polynomial automata

Equivalence of copyful DSST reduces to zeroness problem for polynomial 
automata:

Is the language of a polynomial automaton included in {0}?

[Benedikt et al.’17]
Zeroness of polynomial automata  is decidable. 



Equivalence of copyful DSST is decidable. 

[Filiot-Reynier’17] [Benedikt et al.’17]

copyful:  registers can occur 
multiple times in updates

[Benedikt et al.’17]
Zeroness of polynomial automata  is decidable. 



Equivalence of copyful DSST is decidable. 

[Filiot-Reynier’17] [Benedikt et al.’17]

copyful:  registers can occur 
multiple times in updates

[Benedikt et al.’17]
Zeroness of polynomial automata  is decidable. 

[Bojanczyk, SIGLOG’19]

Two semi-algorithms: the first one searches input with non-zero output. 

The other semi-algorithm searches a proof for the polynomial automaton 
being constant zero using Hilbert’s Basis Theorem.



Overview
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Origin equivalence

“Tag” each output symbol with the input position where it was generated: 
output alphabet is 

[Bojańczyk 2014]

<latexit sha1_base64="/T6eJiEQ0WYSXEbI3NqGbOGQjZc=">AAACAXicdVDLSsNAFJ34rPUVdSO4GSyCq5AUW+tGCi50JRXsA5pQJtNJO3QmCTMToYS68VfcuFDErX/hzr9x0qagogcuHM65l3vv8WNGpbLtT2NhcWl5ZbWwVlzf2NzaNnd2WzJKBCZNHLFIdHwkCaMhaSqqGOnEgiDuM9L2RxeZ374jQtIovFXjmHgcDUIaUIyUlnrmvnuJOEfQVZQTCV2O1ND30+tJzyzZlnNWKVdrMCflOalAx7KnKIEcjZ754fYjnHASKsyQlF3HjpWXIqEoZmRSdBNJYoRHaEC6moZI7/PS6QcTeKSVPgwioStUcKp+n0gRl3LMfd2ZXSh/e5n4l9dNVFDzUhrGiSIhni0KEgZVBLM4YJ8KghUba4KwoPpWiIdIIKx0aEUdwvxT+D9plS2napVvTkr18zyOAjgAh+AYOOAU1MEVaIAmwOAePIJn8GI8GE/Gq/E2a10w8pk98APG+xeTsZb/</latexit>

�⇥ N

Origin information brings word transducers closer to automata:

❖ Regular word functions with origin information enjoy a Myhill-Nerode 
congruence: machine-independent characterisation


❖ First-order definable regular word functions have an effective 
characterisation


❖ Less combinatorics, more decidability



Origin equivalence
“Tag” each output symbol with the input position where it was generated

Origin-equivalence of non-deterministic two-way transducers (2NFT) 
is decidable: PSPACE-complete. 

[Bose, M., Penelle, Puppis’18]  

Transducers T, T’ are origin-equivalent if they are equivalent in the 
origin semantics. 

Idea: origin-equivalence for 2NFT reduces to “runs of same shape”.



Origin-equivalence of deterministic SST is decidable in PSPACE. 

0

1

2

a   |  x1 = x1 c, 
         x2 = x2, x3 = x3 

a   |  x2 = x2 c,
          x3 = x3, x1 = x1

a   |  x3 = x3 c,
       x1 = x1, x2 = x2 

s a   |  y1 = y2 c,
       y2 = y3, y3 = y1 

out(0) = x3 x1 x2
out(1) = x1 x2 x3
out(2) = x2 x3 x1

out(s) = y1  y2 y3 

Idea: origin-equivalence for DSST through backward propagation of 
constraints (= simple word equations)



Origin-equivalence of deterministic SST is decidable in PSPACE. 

out(1) = out(s)      x3 x1 x2 = y1 y2 y3

(1,s) <— (3,s)       x3 c x1 x2 = y2 c y3 y1           x3 = y2, x1 x2 = y3 y1
(3,s) <— (2,s)       x3 = y3,  x1 x2 c = y1 y2 c                   x1 x2 = y1 y2
(2,s) <— (1,s)       x3 = y1,  x1 c  x2 = y2 c y3               x1 = y2, x2 = y3

1

2

3

a   |  x1 = x1 c, 
         x2 = x2, x3 = x3 

a   |  x2 = x2 c,
          x3 = x3, x1 = x1

a   |  x3 = x3 c,
       x1 = x1, x2 = x2 

s a   |  y1 = y2 c,
       y2 = y3, y3 = y1 

out(1) = x3 x1 x2
out(2) = x1 x2 x3
out(3) = x2 x3 x1

out(s) = y1  y2 y3 



Origin-equivalence of deterministic SST is decidable in PSPACE. 

out(1) = out(s)      x3 x1 x2 = y1 y2 y3

1

2

3

a   |  x1 = x1 c, 
         x2 = x2, x3 = x3 

a   |  x2 = x2 c,
          x3 = x3, x1 = x1

a   |  x3 = x3 c,
       x1 = x1, x2 = x2 

s a   |  y1 = y2 c,
       y2 = y3, y3 = y1 

out(1) = x3 x1 x2
out(2) = x1 x2 x3
out(3) = x2 x3 x1

out(s) = y1  y2 y3 

Invariants:    at state 1                  x1 = y2, x2 = y3, x3 = y1
at state 2                  x1 = y1, x2 = y2, x3 = y3
at state 3                  x1 = y3, x2 = y1, x3 = y2



Origin-equivalence of deterministic copyful SST is decidable.

Copyful: registers can occur several times in right-hand sides of 
updates.

Termination: if no inconsistency detected during propagation, 
termination is based on Ehrenfeucht’s conjecture + Makanin

Algorithm: 


❖ build product of SST 


❖ compute backwards constraints of the form 

T1, T2

<latexit sha1_base64="gJujhfz9HsRu200DaS6QwELLgoM=">AAAB8HicbVA9SwNBEJ3zM8avqKXNYhAsJNzFgBYWARvLCPmS5Dj2NnvJkt29Y3dPCEd+hY2FIrb+HDv/jZvkCk18MPB4b4aZeWHCmTau++2srW9sbm0Xdoq7e/sHh6Wj47aOU0Voi8Q8Vt0Qa8qZpC3DDKfdRFEsQk474fhu5neeqNIslk0zSagv8FCyiBFsrPTYDLxL1AyqKCiV3Yo7B1olXk7KkKMRlL76g5ikgkpDONa657mJ8TOsDCOcTov9VNMEkzEe0p6lEguq/Wx+8BSdW2WAoljZkgbN1d8TGRZaT0RoOwU2I73szcT/vF5qohs/YzJJDZVksShKOTIxmn2PBkxRYvjEEkwUs7ciMsIKE2MzKtoQvOWXV0m7WvFqlauHWrl+m8dRgFM4gwvw4BrqcA8NaAEBAc/wCm+Ocl6cd+dj0brm5DMn8AfO5w+6Do8J</latexit>

↵ = �, ↵ 2 R⇤
1, � 2 R⇤

2

<latexit sha1_base64="/2qpuAXRI90gTlrii+CtyDNsOMM=">AAACInicbZDLSgMxFIYz9VbrrerSTbAIUqTM1IKKCgU3LqvYC3TaciZN29BMZkwyQil9Fje+ihsXiroSfBjTdhbaekLg5/vPITm/F3KmtG1/WYmFxaXlleRqam19Y3Mrvb1TUUEkCS2TgAey5oGinAla1kxzWgslBd/jtOr1r8Z+9YFKxQJxpwchbfjQFazDCGiDWukzF3jYg0vXoxqOsHsfQRtPGXaZwLctp5k1/NyccUsM881sK52xc/ak8LxwYpFBcZVa6Q+3HZDIp0ITDkrVHTvUjSFIzQino5QbKRoC6UOX1o0U4FPVGE5WHOEDQ9q4E0hzhcYT+ntiCL5SA98znT7onpr1xvA/rx7pzmljyEQYaSrI9KFOxLEO8Dgv3GaSEs0HRgCRzPwVkx5IINqkmjIhOLMrz4tKPucUcsc3hUzxIo4jifbQPjpEDjpBRXSNSqiMCHpEz+gVvVlP1ov1bn1OWxNWPLOL/pT1/QMe+KF+</latexit>



Origin-equivalence of deterministic copyful SST is decidable.

Alternatively: reduction to (classical) equivalence of copyful DSST 
[Filiot]

Copyful: registers can occur several times in right-hand sides of updates.

❖ additional register m, additional output symbol #


❖ update x := a y x b replaced by x : a m y x b m


❖ m : = m #   at each transition



Unary output alphabet
❖ For origin-equivalence the output alphabet can be assumed to be unary:


  Origin-equivalence over arbitrary output alphabet is polynomially  
reducible to origin-equivalence over unary alphabet.



Unary output alphabet
❖ For origin-equivalence the output alphabet can be assumed to be unary:


  Origin-equivalence over arbitrary output alphabet is polynomially  
reducible to origin-equivalence over unary alphabet.

❖ For usual equivalence this is conjectured to be false

Equivalence of deterministic, copyful SST with unary output alphabet is 
in PTIME (Karr’s algorithm, cf. Müller-Olm and Seidl 2004)

Equivalence of deterministic, copyful SST is in Ackermann 
(Benedikt et al. LICS’17)



Open questions

❖ Complexity of equivalence of deterministic SST?

❖ Same for origin-equivalence?

❖ Decomposition theorem for finitely-valued SST? 


   


   Every k-valued one-way transducer can be decomposed into k     
single-valued one-way transducers.


  If similar statement holds for NSST: 


                 NSST = 2NFT  in finite valued case (conjectured).

    [Weber’96, Sakarovitch, de Souza’08] 
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Thank you for listening!


