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Lecture O: Algebraicity of smooth formal schemes and applications to
foliations

o Lecture 1: Definition, examples and first properties

@ Lecture 2: Adjunction formula and applications

Lecture 3: Classification of Fano foliations of large index



CLASSIFICATION OF FANO MANIFOLDS

THEOREM (KOLLAR-MIYAOKA-MORI 1992)

For fixed n, Fano manifolds of dimension n form a bounded family

Classification in dimension < 3 (Iskovskikh & Mori-Mukai 1977-1981)

DEFINITION

The index of a Fano manifold X is

i(F) = max{meZ‘ — Kx = mA, A ample }

THEOREM (KOBAYASHI-OCHIAT 1973)
0 i(X) <dim(X)+1
o i(X)=dim(X)+1 <= X=P"
0 i(X)=dim(X) <= X=Q"cPp!




CLASSIFICATION OF FANO MANIFOLDS

THEOREM (FuJita 1982)
Classification when i(X) = dim(X) — 1 (del Pezzo manifolds)

THEOREM (MUKAI 1992)
Classification when i(X) = dim(X) — 2 (Mukai manifolds)

THEOREM (BIRKAR 2016)

For singular Fano varieties, boundedness still holds if one suitably bounds
the singularities (e -Ic)




FANO FOLIATIONS

PROBLEM

For fixed r and n, do Fano foliations of rank r on projective manifolds of
dimension n form a bounded family?

NECESSARY CONDITION (PROVED IN LECTURES 0 AND 1)

F Fano foliation = 3 subfoliation G C F with algebraic and RC leaves

v

= X is uniruled

DEFINITION

The index of a Fano foliation F on complex projective manifold X is

i(F) == max{meZ| — Kr ~z mA, Aample }




KOBAYASHI-OCHIAI THEOREM FOR FOLIATIONS

THEOREM (A.- DRUEL - KovAcs 2008)

F C Tx Fano foliation of rank r on a complex projective manifold X
o i(F)<r
o (F)=r = X=ZP"

THEOREM (WAHL 1983)

X complex projective manifold

If Tx contains an ample line bundle, then X = P"

= in the theorem we may assume that r > 2



KoBAYASHI-OCHIAI THEOREM FOR FOLIATIONS
THEOREM (A.- DRUEL - KovAcs 2008)
F C Tx Fano foliation of rank r on a complex projective manifold X
o i(F)<r
o (F)=r = XXP"

PrOOF.
Let 7 C Tx be Fano foliation of rank r > 2 and index i(F) > r

e Step 1. Show that i(F) =r
@ Step 2. Show that the leaves of F are algebraic

@ Step 3. Show that the general log leaf (F,A) = (P', H)
(log canonical)

@ Step 4. Using the common point, show that X = P"




TOOL: RATIONAL CURVES ON UNIRULED VARIETIES
X complex projective manifold of dimension n

W dominating family of rational curves of minimal degree on X
(W C Chow(X))

x € X general ~ W, ={[{] € W | x e} proper (d=dim(W))
PROPERTIES

e V closed subset Z C X with codimx(Z) > 2
d 4eW suchthat {NZ=1

o For general [(] € W, Tx|, = Opi(2) BOp1(1)%9 & O;‘»Bl(nfdfl)
——

=Tn




TOOL: RATIONAL CURVES ON UNIRULED VARIETIES

X complex projective manifold of dimension n

W dominating family of rational curves of minimal degree on X
(W C Chow(X))

x € X general ~ W, ={[{] € W | x e} proper (d=dim(W))

PROPERTIES

e V closed subset Z C X with codimx(Z) > 2
3 ¢eW suchthat {NZ=10

e For general [¢] € W, TX|£ >~ Op(2) @Opl(l)@d 69(,)]Eoil(n—dfl)
——

THEOREM (CHO-MIYAOKA-SHEPHERD-BARRON, KEBEKUS 2002)

d=n—-1 < X=P" <= dxp € X such that curves from W,,
dominate X




RATIONALLY CONNECTED QUOTIENTS
X complex projective manifold

W dominating family of rational curves on X

Equivalence relation on X:
X~y <= x and y can be connected by a chain of cycles in W
3 dense open subset X° C X and proper morphism
m: X° — Y°
whose fibers are equivalence classes

For general [(] € W:

Tx, & Op(2) @0 (1)%¢ @037~

C (Txo/yo)e



RATIONALLY CONNECTED QUOTIENTS

REMARK

X complex projective manifold
W proper (unsplit) family of rational curves on X

(e.g., for some ample divisor Aon X, A- /=1, [{]e W)

x ~y <= xand y can be connected by a chain of cycles in W

3 dense open subset X° C X with codimx (X \ X°) > 2 and
equidimensional proper morphism onto normal variety

T X° = Y°

whose fibers are equivalence classes, reduced and irreducible




KoBAYASHI-OCHIAI THEOREM FOR FOLIATIONS
THEOREM (A.- DRUEL - KovAcs 2008)
F C Tx Fano foliation of rank r on a complex projective manifold X
o i(F)<r
o (F)=r = XXP"

PrOOF.
Let 7 C Tx be Fano foliation of rank r > 2 and index i(F) > r

e Step 1. Show that i(F) =r
@ Step 2. Show that the leaves of F are algebraic

@ Step 3. Show that the general log leaf (F,A) = (P', H)
(log canonical)

@ Step 4. Using the common point, show that X = P"




STEP 1. SHOW THAT i(F) =r

Assumption: —Kr =i(F)A, Aample and i(F)>r

W dominating family of rational curves of minimal degree on X
with associated rationally connected quotient 7 : X° — Y°
[(] € W general — ¢NSing(F)=0 and

Fi, C Tx;, = Op(2) @ Op(1)* 00541
— F, = Op(2)®0p(1)® ! and A-£=1 (W unsplit)
——

—— Txo/yo C .F.|XO

O]pl(2)@0]pl(1)®d C (Txo/yo)w C f{{ = Opl(z)@O]pl(l)earil C
C Op(2) ®Op (1) ORI = 1y,



STEP 1. SHOW THAT i(F) =r

Assumption: —Kr =i(F)A, Aample and i(F)>r

W dominating family of rational curves of minimal degree on X
with associated rationally connected quotient 7 : X° — Y°
[(] € W general — ¢NSing(F)=0 and

‘7:|z - TX\E = 0@1(2)@Opl(l)EBd@O;ﬁ(n—d—l)
= P = 0n()@0n(1)*r and A-L=1 (W unsplit
~——

—— Txo/yo C .F.|XO

O]pl(2)@0]pl(1)®d & (TXO/YO)‘E = FZ = O]}Dl(2)@0pl(1)®ril C
C Op(2) ®Op (1) oS = 1y,



STEP 1. SHOW THAT i(F) =r

Assumption: —Kr =i(F)A, Aample and i(F)>r

W dominating family of rational curves of minimal degree on X

with associated rationally connected quotient 7 : X° — Y°
Conclusion: F is induced by 7: X° — Y°
General log leaf (F,A) = (X,,0)

COROLLARY (PROVED IN LECTURE 2)

If F is an algebraically integrable Fano foliation on a complex projective
manifold, then A # 0.

Contradiction!



KoBAYASHI-OCHIAI THEOREM FOR FOLIATIONS
THEOREM (A.- DRUEL - KovAcs 2008)
F C Tx Fano foliation of rank r on a complex projective manifold X
o i(F)<r
o (F)=r = XXP"

PROOF.
Let 7 C Tx be Fano foliation of rank r > 2 and index i(F) > r

e Step 1. Show that i(F) =r
@ Step 2. Show that the leaves of F are algebraic

@ Step 3. Show that the general log leaf (F,A) = (P', H)
(log canonical)

@ Step 4. Using the common point, show that X = P"




STEP 2. SHOW THAT LEAVES ARE ALGEBRAIC
Assumption: —Kr=rA, Aample

W dominating family of rational curves of minimal degree on X

W  ~~ «a € Ni(X) movable curve class ~~ pq(e) = dr:;(;:()j

The Harder-Narasimhan filtration of F:
0=FoCFC---CFx=F
(pa(F1) > pa(Fa) > -+ > palFe) > 1)

THEOREM (PROVED IN LECTURES 0 AND 1)
JF1 has algebraic (and RC) leaves

Case 1. F = F7 is uq-semistable = F has algebraic leaves
Case 2. Fi#F = puo(F1)>1



STEP 2. SHOW THAT LEAVES ARE ALGEBRAIC

Case 2. F; CF with po(F1) = dr:tn(lf(rl}zj‘ >1 = (asinstep 1)

e W unsplit
@ F1 hasrank r—1

e Fi is induced by the rationally connected quotient associated to W
m: X° — Y°

( codimx (X \ X°) > 2 and 7 equidimensional and proper with
reduced and irreducible fibers onto normal variety)

= F=x"G for G C Ty foliation of rank 1

K]—‘ = Kxo/yo +7T*Kg




STEP 2. SHOW THAT LEAVES ARE ALGEBRAIC
X° C X open subset with codimx (X \ X°) > 2

m: X° — Y° equidimensional and proper with reduced fibers
G C Tyo foliation of rank 1
F =7*G ~

—K].‘ = —KXO/YO—TI'*KQ

CcXx general complete intersection curve — CcXxe
C =n(C) C Y° (we may assume it is smooth) and X¢ = 71(C)

mc . Xc — C equidimensional and proper with reduced fibers

(—KF)ixe = —Kxcjc — m(Kgic)
—— ~——
ample cannot be ample

= —Kg-C>0

—> leaves of G are algebraic



KoBAYASHI-OCHIAI THEOREM FOR FOLIATIONS
THEOREM (A.- DRUEL - KovAcs 2008)
F C Tx Fano foliation of rank r on a complex projective manifold X
o i(F)<r
o (F)=r = XXP"

PROOF.
Let 7 C Tx be Fano foliation of rank r > 2 and index i(F) > r

e Step 1. Show that i(F) =r
@ Step 2. Show that the leaves of F are algebraic

@ Step 3. Show that the general log leaf (F,A) = (P", H)
(log canonical)

@ Step 4. Using the common point, show that X = P"




STEP 3. SHOW THAT (F,A) = (P, H)
Assumption: —Kr =rA, A ample + leaves are algebraic
~ (F,A) general log leaf (A #0)
Adjunction theory: To describe a polarized variety (Y, L) by studying
Ky +mL, m>1 ( adjunction divisors )

ExampLE (FuiiTa 1988)

Ky +dim(Y)L not pseudo-effective = (Y,L) = (P", H)

In our case: (Y,L) = (F,AFr)

KF-l-A ~ (K]:)“: ~ —rA,:

— Kr+ rAF ~ —A is not pseudo-effective
= (F,AfF) =2 (P",H) and A~H



KoBAYASHI-OCHIAI THEOREM FOR FOLIATIONS
THEOREM (A.- DRUEL - KovAcs 2008)
F C Tx Fano foliation of rank r on a complex projective manifold X
o i(F)<r
o (F)=r = XXP"

PROOF.
Let 7 C Tx be Fano foliation of rank r > 2 and index i(F) > r

e Step 1. Show that i(F) =r
@ Step 2. Show that the leaves of F are algebraic

@ Step 3. Show that the general log leaf (F,A) = (P, H)
(log canonical)

@ Step 4. Using the common point, show that X = P"




STEP 4. SHOW THAT X = P"

Assumption: —Kr=rA, A ample + leaves are algebraic
General log leaf (F,A) = (P",H) and Af ~H

¢C F=P" ~ W dominating (unsplit) family of rational curves on X

COROLLARY (PROVED IN LECTURE 2)

JF algebraically integrable Fano foliation on a complex projective manifold

If the general log leaf (F, A) is log canonical, then there is a common
point in the closure of a general leaf.

Xxp € X commont point in the closure of a general leaf F = P’

Curves from W,, dominate X — X =P" O



DEL PEZZO FOLIATIONS

THEOREM (A.- DRUEL - KovAcs 2008)

F C Tx Fano foliation of rank r on a complex projective manifold X
o i(F)<r
o i(F)=r = X=P"

DEFINITION

A Fano foliation F C Tx of rank r on a complex projective manifold X is
a del Pezzo foliation if i(F) =r — 1.




DEL PEZZO FOLIATIONS

DEFINITION

A Fano foliation F C Tx of rank r on a complex projective manifold X is
a del Pezzo foliation if /(F) =r — 1.

THEOREM (A.- DRUEL 2013)

If F is a del Pezzo foliation on a complex projective manifold X, then

o either X =2 P"and 3 p: P" --» P" "1 such that F = ¢*C for
C g O C T]P>n—r+1, or

o F is algebraically integrable

PROBLEM

Classification of del Pezzo foliations




CLASSIFICATION OF DEL PEZZO FOLIATIONS

THEOREM (A.- DRUEL 2016, A. 2018)

Classification of log leaves (F, A) of del Pezzo foliations on complex
projective manifolds:

Q (F,A)=(Pr,Q 1)

Q (F,A) = (Q",H)

Q (F,A) = (P?0)

Q F = Pp(E) + classification of £ and description of A (r <3)

@ (F,A) is a cone over (Cq, p1 + p2), where Cy is rational normal curve
of degree d in P9

@ (F,A) is a cone over (4)




CLASSIFICATION OF DEL PEZZO FOLIATIONS

THEOREM (A.- DRUEL 2013, 2016, FIGUEREDO 2019)

F del Pezzo foliation of rank r > 3 on complex projective manifold X 22 P"
Suppose that the general log leaf (F, A) is log canonical. Then

e either X = Q" and F is induced by a linear projection P"*+1 ——5 P—r

eorr=3and X = Pp(E) ( + classification of £ and F )

PROBLEM

Classification of del Pezzo foliations of rank r = 2 J




Thank you!



