Herglotz—Nevanlinna functions:
Realizations and Generalizations

Annemarie Luger

Stockholms universitet



Recall:

Definition: A function h: C* — C is called Herglotz—Nevanlinna function if it
is analytic and Imh(z) > 0 (for Imz > 0) .



Recall:

Definition: A function h: C* — C is called Herglotz—Nevanlinna function if it
is analytic and Imh(z) > 0 (for Imz > 0) .

Theorem [Nevanlinna, Herglotz, Pick, Cauer....]
A function h: CT — C is a Herglotz-Nevanlinna function <

1 [~ 1 t
h = - -
(2) a—i—bz—&-ﬂ/ <tz l+t2)dﬂ(t)

— 00

where a € R, b > 0 and p is a positive Borel measure with [ ﬁd/”(t) < 00.

Moreover, a, b and p are unique in this representation. -

Examples



Recall:

Definition: A function h: C* — C is called Herglotz—Nevanlinna function if it
is analytic and Imh(z) > 0 (for Imz > 0) .

Theorem [Nevanlinna, Herglotz, Pick, Cauer... ]
A function h: CT — C is a Herglotz-Nevanlinna function <

1 [~ 1 t
h = - -
(2) a+bz+7r/ <tz 1+t2)du(t)

— 00

where a € R, b > 0 and p is a positive Borel measure with [ ﬁd//(t) < 00.

— 00

Moreover, a, b and p are unique in this representation.

Examples

Note h(Z) = h(z).

Symmetric extension: h(z):
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Remark: alternative operators: second order differential operator, canonical systems,....



Closer look

(E) operator representation - realization
 Hilbert space, v €
h(Z) — h(Zo) + (Z o 70) ((I + (Z o Zo)(A o Z)_l)V, V)H A self-adjoint(multivalued) operator

g €Ct,

(F) transfer function of a passive system h(z) = i(L(Y))(2) v impulse answer

Convolution operator: Rf :=fxY



Closer look

(E) operator representation - realization
 Hilbert space, v € |

h(Z) — h(Zo) + (Z o 70) ((I + (Z o Zo)(A o Z)_l)V, V)H A self-adjoint(multivalued) operator
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Sum rule - one case

Definition: h has an asymptotic expansion of order 2N, — 1 at z = oo if there exist
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A sum rule: Let h be an Herglotz-Nevanlinna function. Then
p.v./ x"Tmh(x + i0")dx = —b_,_1.
R

for0 < n < 2N, — 2.

More precisely:
For some integer Noo > 1 the limit

e—0tT y—07*

lim |im/ x*Mee =D Im h(x + iy) dx
e<|x|<1

is finite if and only if the function h admits an asymptotic expansion of order 2N, — 1.
In this case it holds for 0 < n < 2N, — 2

lim lim / x"Imh(x + iy) dx = —b_n_1.
6<|X|<:%

e—0T y—0t

Proof:



Towards generalizations
Theorem: Let h: C" — C, then the following are equivalent:

(A1) his a Herglotz-Nevanlinna function (i.e. analytic and Imh ) >0 forzeC*)
(A2) his analytic, for every w € C~ the equation f(z)=w has no solutions in C*.
(B) his analytic and zli%n;no Imh(z) > 0 for all t, € R.

(C) his analytic and the kernel Ny(z, w) := @ is positive definite.

(D) integral representation
aceR, b>0

(D1) h(z)=a+bz+ 2 [7 (Z — 52)di(t) | oo messure: T

1p(t) < oo
2‘/
oo 1+t

(D2) h( )7a+bz+ foo 1+tzdl/() a’,_ ., b>0

co t—z 1 finite positive measure

(E) operator representation - realization
# Hilbert space, v € H

h(z) = 7h(20) t(z-3) ((/ 4 (z—z)(A— z)fl)v, V)H A self-adjoint(multivalued) operator
29 € CT,

(F) transfer function of a passive system h(z) = i(L(Y))(2) v impulsc answer

(G) exponential representation

hz) = exp(v+ 2 [ (2 - 5=)0(8)dw (1))

0 positive function (growth condition)



Towards generalizations

(A1) his a Herglotz-Nevanlinna function (i.e. analytic and Imh ) >0 forzeC*)
(A2) his analytic, for every w € C~ the equation f(z)=w has no solutions in C*.

(B) his analytic and lim Imh(z) > 0 for all to € R.
z—to

(C) his analytic and the kernel Ny(z, w) := @ is positive definite.

(D) integral representation
aceR, b>0

(D1) h(z)=a+bz+ 2 [7 (Z — 52)di(t) | oo messure: T

1p(t) < oo
2‘/
oo 1+t

(D2) h( )7a+bz+ foo 1+tzdl/() a’,_ ., b>0

co t—z 1 finite positive measure

(E) operator representation - realization
# Hilbert space, v € H

h(z) = 7h(20) t(z-3) ((/ 4 (z—z)(A— z)fl)v, V)H A self-adjoint(multivalued) operator
29 € CT,

(F) transfer function of a passive system h(z) = i(L(Y))(2) v impulsc answer

(G) exponential representation

hz) = exp(v+ 2 [ (2 - 5=)0(8)dw (1))

0 positive function (growth condition)



Towards generalizations

(A1) h is a Herglotz-Nevanlinna function (i.e. analytic and ™2 > 0 for z € C*)

Imz

(A2) h is analytic, for every w € C~ the equation f(z)=w has no solutions in C*.
(B) his analytic and lim Imh(z) > 0 for all to € R.
z—to

(C) his analytic and the kernel Ny(z, w) := @ is positive definite.

w

(D) integral representation

(D1) h(z)=a+bz+ 2 [

a€R, b>0

—z ljtz )dy’(t) [ positive measure: Ofo

142
. l+r

du(t) < oo

(D2) h(z )_a-‘rbz-‘,— foo Ltz gy (1) 2€R b20

oo t—z 1 finite positive measure

(E) operator representation - realization
H Hilbert space, v € H

h(z) _ 7/_’(20) + (z o ZT))((/ + (Z o Zo)(A o z)_l)v, V)H A self-adjoint(multivalued) operator

z9 € C+-,

(F) transfer function of a passive system h(z) = i(L(Y))(%) v impulse answer

(G) exponential representation

(z)—exp<7+ f_ 7271“2)9( JdAr(t )) me function (growth condition)




Towards generalizations

(A1) h is a Herglotz-Nevanlinna function (i.e. analytic and ™2 > 0 for z € C*)

Imz

(A2) h is analytic, for every w € C~ the equation f(z)=w has no solutions in C*.

(B) his analytic and lim Imh(z) > 0 for all to € R.
z—to

(C) his analytic and the kernel Ny(z, w) := "E=EW) ig positive definite.

z—w

(D) integral representation

(D1) h(z) =a+bz+ = [ (5 — o=)du(t)

t—z

ac€R, b>0

oo
/v positive measure: [ %dy(t) < oo
oo 14t

(D2) h(Z)Ia—&-bz-i—%foo Litz gy (¢) a€R, b>0

oo t—z 11 finite positive measure

(E) operator representation - realization
H Hilbert space, v € H
h(Z) _ 7,’(20) + (z o 70) ((I + (Z o Zo)(A o z)—l)v7 V)’H A self-adjoint(multivalued) operator
79 € CT,

(F) transfer function of a passive system h(z) = i(L(Y))(2) v impulse answer

(G) exponential representation

hz) =exp(v+ 2 [7 (2 - H)00d(0) ) i

0 p

(growth

dition)



h(z)—h(w)

(C) his analytic and the kernel Nj(z, w) := T=—" is positive definite.

Definition[Krein,Langer; 1970ies] A function g : D C C — C, which
- g is meromorphic in C\ R
- the kernel N, has x negative squares

is called Generalized Nevanlinna function, g € N,.

Examples
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h(z) =a+bz+ L [7 Itzqy(r)

oo t—z

Definition A function g : CT — C is called Quasi-Herglotz function if it can be
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Realization in a Krein space
Question: Characterize the operators??

Sum rules: In general not! Under certain conditions: yes!
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Boundary behaviour

Definition[Delsarte, Genin,Kamp, 80ies] A function ¢ : D C C — C, which

- is of bounded type, i.e. quotient of bounded analytic functions
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q(z) = o(z)h(z)o(z), where h Herglotz-Nevanlinna, ¢ "density function".

There exists a realization in a Krein space even for all functions of bounded type
[Emmel AL]

Question: characterize them (ongoing work).
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h(z) = h(z) + (z — ZT))((I +(z—2)(A—2)"Y)y, V)H
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A self-adjoint with additional property such as:

- positive
- definitizable
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Dimensions

matrix- (or operator-) valued Herglotz Nevanlinna functions: Q : C* — C"*”

integral representation, operator representation, transfer function approach work!
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operator representation: either only for subclass, or multiplicative
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matrix- (or operator-) valued Herglotz Nevanlinna functions: Q : C* — C"*"

integral representation, operator representation, transfer function approach work!

Herglotz-Nevanlinna functions in several variables: Q@ : (C*)” — C*

integral representation: only with admissible measures [AL,Nedic19]

operator representation: either only for subclass, or multiplicative

Question here: Which questions are interesting from your point of view???
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functions in material sciences, 1I: extended applications and generalized theory
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