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Dual Pair

® F a p-adic field.
® |V symplectic vector space of dimension 2n;

e V/ = V* quadratic spaces of dim = 2m + 1 and disc. 1.

Have dual pair
Sp(W) x O(V) — Sp(W @ V).

Let Mp(W) be the unique two-fold nonlinear cover of Sp(W).

Have:
Mp(W) x O(V) — Mp(W @ V).



Weil Representation and Theta Correspondence

For a fixed nontrivial character ¢ of F, let
wy, = Weil rep. of Mp(W) x O(V).
For m € Irr(O(V)), define a smooth rep. of Mp(W) by
O(m) = (wv,wp ® ﬂ'v)o(\/) (big theta lift).

Likewise, for 7 € Irr(Mp(W)), have smooth rep. ©(7) of O(V).

Theorem (Howe Duality)
(i) ©(r) has finite length and a unique irreducible quotient 6(r).

(ii) If w1 # 7o, then O(m1) # 0(m2) (if both nonzero).



Equal Rank Case

We shall focus on the special case m = n, so that
dim V* =dim W +1=2n+1.

Theorem (Local Shimura Correspondence)

The theta correspondence, together with the restriction from O(V)
to SO(V), gives a bijection

Irr(Mp(W) +— Trr(SO(V™T)) U Trr(SO(V 7).

Moreover, under this bijection, discrete series representations
correspond, and so do tempered representations.

0 : It temp(SO(VT)) U IrTtemp(SO(V 7)) +— It temp(Mp(W)),



Characters
If 7 € Irr(G(F)), set

©, = Harish-Chandra character of 7.

It is a conjugacy-invariant distribution on G(F), which is given by
a locally L smooth function on the regular semisimple locus:

Or : C°(G(F)) — C2(G(F))g(pa — C.
If 7 is unitary and {e;} is an orthonormal basis of 7, then
Ox(f) = Te(r(f)) = > (n(f)ei, &)

If 7 is tempered, then ©, is a tempered distribution: it extends to
a linear form on the Harish-Chandra-Schwarz space
C(G(F)) C C(G(F)) C L*(G(F)).



The Question
Suppose 7 € Irr(Mp(W)) and 7 € Irr(SO(V¢)) satisfy 7@ = ().

Question: ‘ How are the characters of m and 7 related?‘




The Question
Suppose 7 € Irr(Mp(W)) and 7 € Irr(SO(V€)) satisfy & = 6(x).

Question: ’ How are the characters of m and 7 related?‘

® This question has been studied by T. Prezbinda when F = R,;
he introduced a construction known as the
Cauchy-Harish-Chandra integral, which transfers invariant
eigendistributions from one group to another and conjectured
that this relates the characters of representations in theta
correspondence with each other.

® He verified his conjecture in the stable range. A recent paper
of A. Merino verified this for discrete series in U(n) x U(n)
case. The analytic difficulties in working with this integral is
one obstacle in extending these results.

We would like to propose a more conceptual approach. ‘




An Approach to Character Relations

shall:

introduce spaces of test functions on Mp(W) and SO(V);
define a notion of transfer of test functions from one group to
another;

show that this transfer descends to a well-defined map on the
level of coinvariant spaces (i.e. orbital integrals), thus
inducing a transfer of invariant distributions.

show that the transfer of © is equal to ©;.

describe the transfer in geometric terms (in terms of a
moment map).



Spaces of Test Functions

Q° = ww,ve @ Ww,ve
/ X
C(Mp(W)) C(SO(V<))
The two maps are defined by matrix coefficients:
P (P1 ® 2)(g) = (b1,8¢2) and  q°(¢1 ® ¢2)(h) = (¢1, he2).
Set
S (Mp(W)) = Image(p®) and S(SO(V®)) = Image(q°).

These are our spaces of test functions.

Alternatively, Q¢ can be naturally realized on S(V¢® W). Then
p(®)(g) = (g,1)-®(0) and q(®)(h) = (h,1) - (0).



Properties of Test Functions

Lemma

C=(SO(VE)) © S(SO(V€)) € C(SO(V)).

Moreover, the map g* : QF — S(SO(V?) induces an
isomorphism

() mpwys = S(SO(VF)).

Corollary

For m € IrTtemp(SO(V€)) and f € S(SO(V*¢)) the operator n(f) is
defined and so is its trace.



Transfer of Test Functions
We say that

fe e S(SO(VE)) and f€ e S¢(Mp(W))
are transfer of each other if there exists ® € Q€ such that
p(®)=f and ¢°()=F
More generally, say that
f=(ft,f7) e S(SO(V¥)) :=S(SO(V*H)) @ S(SO(V™))
and
F = (FF,F7) € S(Mp(W)) := §*(Mp(W)) & S~ (Mp(W))

are in correspondence if the -components correspond.
Transfers always exist, by definition.



Spaces of Orbital Integrals

Consider the composite:
Q=30 — S(Mp(W)) = S(Mp(W))mp(w)a-
This map is Mp(W)A-invariant and thus factors as:
Q = Qupwya = S(SO(VF)) = S(Mp(W))mp(w)a

Since the last arrow is also SO(V¢)®-invariant, it further descends

to
S(SO(V))so(veya —> S(Mp(W))mp(w)a -



Spaces of Orbital Integrals

Consider the composite:
Q=30 — S(Mp(W)) = S(Mp(W))mp(w)a-
This map is Mp(W)A-invariant and thus factors as:
Q = Qupwya = S(SO(VF)) = S(Mp(W))mp(w)a

Since the last arrow is also SO(V¢)®-invariant, it further descends
to

S(SO(V))so(veya — S(Mp(W))mp(w)a-

Lemma
This construction gives an isomorphism

S(SO(V™))sov+ya @ S(SO(V7))sorv-)a = S(Mp(W)) pp(wya -



A Character Identity

The previous lemma allows one to transfer invariant distributions
between S(Mp(W)) and S(SO(V*).

Theorem
Suppose that 7 € ItTtemp(SO(V©)), so that
7 =0(m) € Irrtemp(Mp(W)). Then for f and f in correspondence,



A Character Identity

The previous lemma allows one to transfer invariant distributions
between S(Mp(W)) and S(SO(V*).

Theorem
Suppose that 7 € ItTtemp(SO(V©)), so that
7 =0(m) € Irrtemp(Mp(W)). Then for f and f in correspondence,

This theorem was first shown by Hang Xue, in the guise of an
identity between two doubling zeta integrals.

What we will discuss in the rest of this talk

® a sketch proof of the character identity.

® a geometric description of the transfer of test functions.



Sketch Proof via the Plancherel Theroem

For @ € S(V*® W) = Q°¢, observe that

p(®)(1) = ®(0) = q(®)(1).
Since p(®) € C(Mp(W)), the Harish-Chandra-Plancherel theorem
gives:

p(®)(1) = /M ) O(P(®)) it (7).

Likewise,

g(®)(1) = /m) 0,(q(®)) dpsoqv)().

So we get the equality of both RHS's.



We have shown:

) 05D dhp () = /S - ©e(a(®)) dnsoqw ()

Under the local Shimura correspondence
0 : ITtemp(SO(VT)) U It temp(SO(V 7)) +— It temp(Mp(W)),
one has (by G.-Ichino)
0. (duso(v+)) + 0x(dusov-)) = ditmp(w)

This gives

/56(7) Oy () (P(P)) dMSO(V)(W)Z/SE(v) O (q(®)) duso(v)(m).

One can peel off the integrals on both sides using a Bernstein
center argument.



The Formal Setup

Start with a nonzero G x H-equivariant map

0:w—mT®ao, with 7w, o unitary.
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The Formal Setup

Start with a nonzero G x H-equivariant map
0:w—mT®ao, with 7w, o unitary.

Have commutative diagram:

Q=wRw
/ -J/ \
00
= QHA Endf ® Endf QGA = S
End¢ (7 End¢( )

\C/

To give content:
® Can S(G) really be realised as a space of functions on G?
® |f so, is p; the integrated version of 7?



Moment Map

The moment map is a double fibration

VeoWw
/ \
sp(W)* = Sym? W* so(V)* =2 A2V*

The maps are given by:

P(T)=ToT* and ¢(T)=T*oT.

® The map p’ is Sp(W)-equivariant and SO(V/)-invariant,
whereas ¢’ is SO(V)-equivariant and Sp(W)-invariant.

® |t induces a correspondence of orbits between so(V') and
sp(W), giving a bijection

s0(V)7//SO(V) ¢ sp(W)? / /Sp(W),

where sp(W)Y correspond to maximally nondegenerate maps.



Moment Map Correspondence

The moment map diagram

VeoWw

=N
W) so(V

induces by integration along the fibers:

S(Vew)
pirem arem
S(sp(W / \ (s0(V)?)

This defines a “moment map correspondence” of the two spaces of
test functions.



Cayley Transform

Lemma
There is an isomorphism of Mp(W)?-modules

S(Mp(W)) — S(sp(W)?)

defined by:

where
c:sp(W) — Mp(W)

which is the “birational map” given by the Cayley transform
c(x) = (x = 1)(x+1)7"

(when projected to Sp(W)).



Character of Weil representation

The factor |det(1 — c(x))\y which appears in the previous
lemma can be interpreted in terms of the character of the Weil
representation. One has the following result of Teruji Thomas:

Theorem
As a generalized function on Mp(V ® W), the character of the
Weil representation wy w 4 Is given by

Tr(wv,w,u(8)) = 15(g) - [detvow(g — 1) 72

For g € Mp(W), one has

Tr(wv,w,u(g ® 1v)) = 75(g) - |detw (g — 1)|~ 4™ V/2.

So
J(F)(x) = f(e(x)) - Tr(wv,wp(c(x) @ 1v))



Transfer and Moment Map
Proposition
jwop=F"0pl o Fyow.
where Fygw is the Fourier transform on V @ W and

F: S(sp(W)Y) — S(sp(W))

is the Fourier transform (of distributions) on sp(W).

So have commutative diagram:

S(Vew) 2% svew) P2 Sep(w)?)

di |7

SMp(W)) ——= S(sp(W)) —= S(sp(W))



Geometric Description of Transfer

Here is our geometric description of the transfer of test functions:
e given f € S(Mp(W)) and f € S(SO(V)), we consider

Jw(f) € S(sp(W)) and jy(f) € S(so(V)).

® Then f and f correspond if the Fourier transforms F° (jyy(f))
and F(jy(f)) correspond under the moment map
correspondence.

e In that case, F°(jw(f)) and F¥(jiy/(f)) have equal orbital
integrals under the bijection of nondegenerate orbits induced
by the moment map.



Periods and Theta Correspondence

The techniques for deriving the main character identity can be
applied in the setting of the relative Langlands program to give
relative character identities.

What we did was to relate the following symmetric spaces via
©-correspondence:

Sp(W) x Sp(W)/Sp(W)A «— SO(V) x SO(V)/SO(V)A

But ©-correspondence can relate other periods of a dual pair
G x H.

Suppose a period P on G is related to a period Q on H, i.e. for
m e Irr(G), ie.

O(m) is Q-distingusihed <= 7 is P-distinguished.

Question: can the relative characters Trp(7) and Tro(©(m)) be
related?



Examples

Rank 1 examples:
0,-1\0,, SL3\G,, Sping\Fy.
These are related to (N, 1)\SLz, with dual pairs
SLy x O, C Spa,s Mpy X G € Spys PGLy X Fa C E

Rank 2 examples:
SL3(F)\SL3(E), Sp6\SL67 F4\E6.
These are related to (N, )\SL3, via SL3 x H.

U2\SO5 — (N,lb)\PGLQ X T\PGLQ,
using dual pair PGSp,; x PGSO4.

G2\ Sping +— ((N,¥)\SL2)® via SL3 x Sping C E;.



Spherical Harmonics
Let V be a split quadratic space with even dimension > 4. Let
vg € V be a unit vector, so that

V=Fp®U and O(U) C O(V).

The symmetric space X = O(U)\O(V) is related to the Whittaker
space (N, )\SLy:
® If 0 € Irrtemp(SL2) and m = ©,(0), then

Homgyy(7, C) = Homp(o,v),
where N = maximal unipotent of SL.
o |f
LN, 0SL) = [ @ o dus(0)
2
then

12(0(U)\O(V)) = /A 0¥ © ©u(0) dpisi, (o).

SLo



Bernstein's interpretation
According to Bernstein, to give a direct integral decomposition as
above is equivalent to one of the following equivalent data:

® a measurable family of equivariant projections
a, : C(N,\SLa) — o,
giving by duality

/Bo' 10— COO(va\SL2)a

so that

flg) = < By o aa(f)(g) dits-

® a decomposition of the inner product on C2°(N,\SLy):

TRATE =/A Jo(Fis ) o
SL,

where J; is a positive-semidefinite inner product which factors
through 0 ® @.



Relative Characters
The two notions above are related by:

Jo(f1, £2) = (s (), ao(f2))o-

By a relative character, one means one of the following:

® the positive semidefinite inner product J,:
Jo(f1, £2) = (f, Bo 0 s (f2)) m\sL,-

® the (N, v)-invariant linear form
Ry : CZ°(N,¢\SLy) — C
defined by
Ro(f) = Bo(ao(f))(1).

From the spectral decomposition of L2(X) = L2(O(U)\O(V)), one
also has ag(,) and Bg(s), and hence Rg(y).



Transfer of Test Functions
Question: Are the relative characters R, for (N,1)\SL2 and Rg(,)
for X related?

Q=Ce(V) —— C2(X)

where
q(®)(h) = h-d(v) = ®(h™* - vp)

is the restriction map to X = O(V) - vp and is surjective since X is
a closed subset of V/, and

p(®)(g) = (g - ®)(vo):

Denote the image of p by S(N,v\SLy). These are our spaces of
test functions.



Properties

Q=C>2(V) = S(X)
d
S(N,1\SLy)

® pis SLy-equivairant and O(U)-invariant whereas q is
O(V)-equivariant and (N, #)-invariant.

® g induces an isomorphism Qy ,, = S(X).
® the map p induces

S(X) = Qg — S(N,Y\SLa)n -

o C=(N,¥\SLy) C S(N,9\SLa) C C(N,\SL,).

Such transfer of test functions in the setting of rank 1 spherical
varieties was defined in a recent series of papers by Sakellaridis.



Relative Character Identities

Now the relative character R, for (N,1))\SL, extends to the

Whittaker-Schwarz space C(N, 1)\SLz). Moreover, the map
S(X) = Qu,yp = S(N,P\SL2) v,y

descends to

t: S(X)O(U) — S(Na¢\SL2)Nﬂr/J'

Thus we can pullback R, to get a linear form on S(X)o(u).

Theorem

R,ot= R@(U)



Transfer as an Integral Transform

In this particular example, we can actually write down an explicit
formula for the transfer map

t: S(X)O(U) — S(Naw\SL2)Nﬂ/}'

Have:
XY /O(U) «+— F~ {£1}, via v (v,w),
and
N\(SLo ~ T)/N +— wT = F*.
One has:

() (wa) = a|5d‘mv-/ 6(6) - (a6 de.

F\{x1}

This agrees with the formula given in Sakellaridis’ papers.



Moment Map Interpretation

VoW
pmom gmom
SP(W/ \EO(V)*
bi ld
n* so(U)*

The moment map sets up an identification
e*+Ker(ad(f)) = b~*(e*)//N +— d~1(0)//SO(U) = U//SO(U)
which is an infinitesimal version of

N\SL>/N <— SO(U)\SO(V)/SO(UV).

The transfer map is a transform on suitable spaces of functions on
these spaces.



THANK YOU FOR YOUR ATTENTION!
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