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Example

Observe the trajectory of the logarithmic returns of S&P 500 :
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= Two aims :
@ Chose an "optimal" model for these data;

@ Test its goodness-of-fit.
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Two intuitive definitions

Let (X¢)tez be a time series (sequence of r.v. on (2, A, P))
o (Xi)tez is a stationary process if Yk € N*, Y(ty,.. ., tx) € ZK,

(Xers - Xe)) = (Xeyihs - Xepon) forall heZ

@ Assume that (&t)tez is @ white noise (centered i.i.d.r.v.)

(Xt)tez causal process if IH : RN — R such as X; = H((ft—k)kzo)-
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ARMA processes (Whittle, 1951)
With (&¢)tez a white noise, (a;) € RP, (bj) € RY

o ARMA(p, q) process : with a, # 0 and by # 0, for any t € Z

XetarXe1+- -+ apXep =&+ b1&e—1+ -+ bgét—q

e Stationarity and causality : 1 + a;z + --- 4 apz” # 0 for any |z| < 1.
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GARCH processes (Engel, 1982) (Bollersev, 1986)
With (&):ez a white noise, (¢;) € RE, (dj) € R
e GARCH(p, q) process : with cg, ¢, > 0 and d; > 0, for any t € Z
Xt = ot
0 = c+aXlit+ o+ pXE,+diol 4+ deot

° Zj.’zl di + E(§) Y7 ci <1 = Stationarity and causality
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Model selection and Goodness-of-fit test

Consider a family M of models. For instance,

M = {ARMA(p, q) or GARCH(p', ¢'),
with 0 < P,Pl < Pmax, 0 < g, q/ < qmax}

We want to :

@ Chose an "optimal™ model in M for (Xi,...,X,);
o Estimate its parameters;

@ Test its goodness-of-fit.
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Examples : Causal AR[oo] and ARCH(oc0) models

With (&¢)tez a white noise,

@ AR(o0) processes X; = ZQ;XF,- + &
i=1

P q
— Causal ARMA(p, q) processes X; + Z aiXe_j =& + Z bi&: .

i=1 i=1
@ ARCH(o0) processes, (Robinson, 1991), with by > 0 and b; > 0
{ X = oy,
of = do+ T X
—> GARCH(p, q) processes, with g > 0, ¢j, d; >0, ¢p, dg >0
{ X = o,
of = o+ X GXE Xl diot
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A common frame for studying time series

A common class of models for AR, ARMA, ARCH and GARCH processes :

Causal affine models : class CA(M, f)

Xf = M(Xt_]_,Xt_2, .. )£t + f(Xt_]_,Xt_z, .. .), Vite Z, a.S..

e M(-) and f(-) are real valued function on RV;

o (&t)tez a white noise with E(&) = 0 and E(|&]") < oo, r > 1.
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Extensions of univariate ARCH models

@ TGARCH(o0) processes, (Zakoian, 1994), with by, bjr, b >0

Xe = o0&,
or = by+ Z[ max(X¢—j,0) — b min(Xt_j,O)]

e APARCH(J, p, q) processes, (Ding et al., 1993)
Xt = ot Ct,
o = w+ ZO‘I(|Xt il = 7iXe-i)’ + Zf 1@‘715—17

j=
with 6 > 1, w > 0, —1<*y,<1anda,,BJ>0
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Combinations of models

o ARMA-GARCH processes, (Ding et al., 1993, Ling and McAleer, 2003)

p
Xt:

q
ajXe—i+er+ > bjerj,
i-1 =1

! !
p q
. 2 _ 2 2
et = 0t (e, with of =+ > cey_; + D C/_,O't_j
i-1 =1

o ARMA-APARCH processes, (Ding et al., 1993)
P q
Xe = Y aiXe—i+et+ ) bier,
i=1 j=1

p’ q
et = 0:Cr, with of =w+ Y (| Xeil —7iXei)’ + Y Bl
j=1 j=1
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Existence and stationarity of causal affine models

Xt - M(Xt_]_,Xt_Q, .. )gt + f(Xt_]_,Xt_2, . .), V t e Z,

We will assume that f and M satisfy Lipschitzian conditions :

{If(X)—f(y)l < 2t ai(flx =yl
IM(x) = M)l < 352 aj(M)bg = yjl.

for x = (xj)jen and y = (y;)jen two sequences of R>.

Proposition (from Doukhan and Wintenberger, 2007)

13220 ai(F) + (E(16]7) " 3222, aj(M) < 1, there exists a unique causal

solution (X;)rez which is stationary, ergodic, such as E(|Xp|") < oc.
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Examples

Conditions on stationarity become :

o Causal AR[o0] :
Xt:zj?ioajgt—j — j’i0|aj| <1;

e Causal ARCH[x] :
Xe =&\ Joo+ L2 gX2; = (E[l6) ) S g < 1;

o Causal TARCHJ[o<] :
Xe =& (bo + > [bjr max(X¢—j,0) — b;” min(X;—j, 0)])
= (E[l&l])"" 52y max (b, bF) < 1
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Gaussian QMLE of causal affine model
Let (Xi,...,Xy,) an observed trajectory of an CA(My-, fy+)

Xt = Mo« (Xe—1, Xe—2,...) & + e (Xe—1, Xe—2,...), VEELZ

o With fet = fg(Xt_l,Xt_z, .. .), Met = Mg(Xt_l,Xt_z, .. .),

;[W + log(M;)?

o Let ff = fy(Xe_1,...,X1,0,---) and Mf = My(Xe_1,...,X1,0,---)

Gaussian conditional log-density : g¢(6) = —

_ 11(Xe — £)?
(o) = ;[ KT

AN + log ((M5)?)].

ian QMLE : 8, = La(0) with Ln(8) = > Ge(6).
= Gaussian Q argmax (6) wi (0) ;qt( )
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Assumptions and strong consistency

We assume :
e CO:r>2and E(&)=1;
@ C1: © is a compact set included in

e(r)z{ee IR"/ iaj(.o)(fg)—|—(IE(]£0|r))1/'iaJ(-0)(M9)< 1}.
j=1

Jj=1

e C2:3M > 0 such that My(x) > M for all § € ©, x € RN.
@ C3: My and fy are such that for all 61, 6> € ©, then :

(M91 = Mgz and fgl = fgz) - 01 = 92
o A(Ky,©) : There exists (aj(Kg, @))j such that Vx, y € R*®

sup |Ko(x) = Koly)| <> aj(Ko, ©)1x5 — il
(S )
Jj=1

with Zaj(Kg,@) < 0.
j=1

J.-M. Bardet, Paris 1 (MMMS2 CIRM Conference)



Strong consistency

Théoréme (Bardet and Wintenberger, 2009)
Assume r > 2, © C ©(2), Conditions C0-3 and A(fy,©) and A(My, ©) with

aj(fy,©) + aj(Mp,©) = O(j ") for some ¢ > min(1,3/r).

Then the QMLE 0, is strongly consistent, i.e. 0, 25 o~

n—o0
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Asymptotic normality

Théoréme (Bardet and Wintenberger, 2009)

Under conditions of SLLN, and if r > 4, if 0* Gé NO(4) and if A(Ky, ©),
A(0yKpy, ©) and A((‘ig2 Ky, ©) hold for Ky = fy or My, and if

aj(0gfy, ©) + aj(Og My, ©) = O(jfé/) for some ' > 1, (1)

then the QMLE 5,, is asymptotically normal, i.e., there exists matrix F(Q*)*1
and G(0*) such that

Va0, —0%) = Ng(0, F(6)1G(6°)F(6°) 7). (2)

n—o0

v

@ Could be applied to all cited processes ARMA, ARCH, APARCH,...

@ But requires r > 4 and not very robust.
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Additivity of causal affine models
Proposition

Let ©, C R4, ©; R, MiD, £D MD, £2) for 61 € ©4, 6, € ©,.
There exist max(di,dr) < d < dj +dp, © C R, and M, fy with 6 € ©,
such as for any 6; € ©; C R% and 6, € ©, C R%,

{ea( Y Ueam, 652 be{eam, b)}

Consequence :
e For any family M = U,E,C.A(Mé:), fg(,.’)),

Yo
o M family of CA models < M ~{mc{1,...,d}),
0 cO(m C{xl,...,xd)EIRd,x,-infigém}

J.-M. Bardet, Paris 1 (MMMS2 CIRM Conference)



Penalized Quasi-Maximum Likelihood criterion
Let (Xi1,...,Xy) an observed trajectory.

For m € M, define :
6(m) = argmax L,(6)
0cO(m) N

m = argmin C(m) with C(m)= —2Zn(9(m)) + |m| K,
meM

using

@ (Kn)n an increasing sequence of positive real numbers;

@ |m| denotes the cardinal of m, subset of {1,...,d}.
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Consistency
Théoréme

Let (Xi,...,Xn) be an observed trajectory of CA(Mpy-, fy-) where 0*
unknown in © C ©(r) € R? with r > 4. Under previous assumptions and if

Z Zaj (fy, ©) + a;(My, ©) + aj(Dpfy, ©) + j(3pMp, ©) < o0,
k>1 J>k

then P(m = m") - L.
n——+00

Consequence :

o If ij(fg, 9) + Ozj(Mg, e) + Oéj(agfg, @) + Ozj(ag/\/lg, G)) = O(pj),
kp — oo sufficient : BIC for ARMA, GARCH, APARCH,..., processes.

o If Oéj(f'—g7@) —|—OZJ(M9,@) +aj(89f07@) +Oéj(89M9, @) = O(ji’y)l v > 1,
kn = O(n%) with § > 2 — : not valid for BIC for AR(cc), ARCH(0),...
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Estimation of the parameters

Théoréme
Under the assumptions of the previous Theorem, then

ﬁ((@n(m))i—(e*),) £y Ny (0, F(07, m*) 1 G(0%, m*)F (6%, m*)

iEm n—o0

where F and G are defined in CLT. )

= Same convergence rate with or without the knowledge of the model
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Portmanteau goodness-of-fit test (1)

Define :
Xk =1
@ Residuals : & = = o(m)
0(m)
1 n—k
e Covariogram of square residuals : r(k) = . Zé}gﬂk —-1;
j=1
r(k)
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Portmanteau goodness-of-fit test (2)

Théoreme
Under the assumptions of Theorem and if E(£3) =0 :

© With V(0*) an explicit definite positive matrix, we have :

Vi (L), B(K)) = Nic(0, V(87)):

~

@ If we define Qx = n (1), ..., p(K)) (V(B(m))) " (B(1), .- ., A(K)),

then Qx = Y2(K).
n—o0

Ho : X € AC(My-, fy-)

= Test { Hy : X ¢ AC(Mp-, fp+)
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Simulation results for classical models

o |\/|Ode| 1, AR(Q) : Xt = 0'4Xt—1 + 0'4Xt—2 + ét
e MOdeI 2, ARMA(].,].) : Xt = O.3Xt_]_ +§t =+ 0'5€t—1

© Model 3, ARCH(2) : X = /02 +0.4X2 , +0.2X7 ,

n 100 500 1000 2000
logn /n R, |logn /n &, |logn /n &, |logn n &,
W (21.4 323 184 |1.7 0.8 0.9 |0.8 0.1 0.1 |0.2 0 0
M1 | T [742 67.6 79.7 |97.2 99.2 99.1 {98.2 99.9 99.9 |99.2 100 100
O |44 0.1 1.9 1.1 0 0 (1.0 0 0 (0.6 0 0
W (30.4 57.7 28.0 |48 42 40 |07 0.3 0.3 |04 0 O
M2 | T |64.1 421 67.3 |93.6 95.8 95.8 {98.2 99.7 99.6 |99.2 100 100
O |55 0.2 4.7 |1.6 0 0.2 (1.1 0 0.1 |04 0 0
W [76.1 90.8 53.5 |27.3 67.1 18.0 [14.0 415 133 |46 120 4.6
M3 | T [23.8 9.2 39.8 |72.7 329 79.9 [859 585 86.7 |95.4 88.0 954
O |01 0 6.7 | 0 0 2.1 |0.1 0 0 |0 0 0

A o O 4 ~
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Simulation results for classical models

Q Model 1, AR(2) : X; = 0.4X;_1 + 0.4X;_2 + &
@ Model 2, ARMA(L,1) : X = 0.3X;_1 + & + 0.5¢,_1

© Model 3, ARCH(2) : X, = £1/02+0.4X7; +0.2X7 ,

n 100 500 1000 2000
size power | size power | size power | size  power

Model 1 | 3.3 109 | 6.2 5221 3.5 84.8 | 5.0 98.2
K=3 Model2 |33 7.0 | 48 23.3 | 6.2 424 | 49 70.4
Model 3 | 4.6 6.4 | 8.4 441 | 143 81.0 | 36.9 99.4

Model 1 | 2.9 91|49 420 | 4.4 76.3 | 4.5 97.6
K=6 Model 2 | 3.0 6.3 | 5.2 18.0 | 5.1 351 | 46 60.2
Model 3 | 4.5 126 | 11.1 64.4 | 147 925 | 27.9 99.9
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Simulation results for non hierarchical models

O Model 4: X; =0.4X;_3 + 0.4X;_4 + &

n 100 500 1000 2000
logn /n kK, |logn /n &, |logn /n &, | logn n &,
T |70.4 673 71.0 |90 100 100 |932 100 100 | 953 100 100

O (250 16 28.8 | 10 0 0 6.8 0 0 4.7 0 0
Wile6 311 02| 0 0 0 0 0 0 0 0 0
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Numerical results for SP500 log-returns

Log-return of SP500 closing values from 11/2011 — 11/2016

Table — Results of the model selection and goodness-of-fit analysis on FTSE index.

kn = log(n) Kn=+/n Kp = Rn
M GARCH(1,1) GARCH(1,1) GARCH(1,1)
Quo() 9.30 9.30 9.30
p — value 0.50 0.50 0.50
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