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@-divergences (Czisar '63)

Definition (-divergence)

Let ¢ convex |.s.c. function such that ¢(1) = 0, the -divergence
D, between two measures v and 7 is defined by :

Dfal N2 [ o(§37)a7.

Example (Kullback Leibler Divergence)

Dralal) = [ tog (§5() dax) > o) = xIog()
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Weak Convergence of measures
Example

OnR, a= do and o, = 51/,., : DK[_((lcn‘Oé) = 400.
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Weak Convergence of measures

Example
On R, a =dp and = 51/,7 : Dk (00n|a) = +o0.
0 1

Definition (Weak Convergence)

weakly converges to «, ( denoted o, — «)
& [ f(x)da,(x) = [ f(x)da(x) VF € Cp(X).
Let D distance between measures , D metrises weak
convergence IFF<D( ya) >0 a, — a).
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Maximum Mean Discrepancies (Gretton
06)
Definition (RKHS)
Let H a Hilbert space with kernel k, then H is a Reproducing
Kernel Hilbert Space (RKHS) IFF :
O VxeX, k(x,-)e
®vVfeH, f(x ):(f k( -

Let H a RKHS avec kernel k, the distance MMD between two
probability measures o and /7 is defined by :

{FlIF <1}
= an®o¢[k(X’X/)] +E ® [k(Y7 Y/)]
—2Eaesk(X, Y]

2
MMD? (e, 7) = ( sup IEa(f(X))—E(f(Y))>
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Optimal Transport (Monge 1781,
Kantorovitch '42)

e ¢(x,y) : cost of moving a unit of mass from x to y
e 7(x,y) (coupling) : how much mass moves from x to y
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The Wasserstein Distance

Minimal cost of moving all the mass from a to 37
Let « € ML (X) and 7 € ML(D),
Welo, )= _min [ cxpintey)  (P)
meM(a,f) Jaxy

For c(x,y) = |x — y|5, We(a, 7)Y/ is the p-Wasserstein
distance.
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Optimal Transport vs. MMD

MMD oT

1 ) O(n_l/d)

sample complexity ( _ _
(curse of dimension)

computation O(n?) O(n?log(n))

11/46



Distances

Entropic Regularization Sinkhorn Divergences Conclusion
0000 00000

o] 00000000

000

Simple example

6-
.
4_
| . o: i . .:o )
‘ 1’3 ci=r1f';F; o'qu\f o*
.
0 o 1: =1i‘;. “"ﬁ'f.“;
** v,
‘ »
7 ... [ )
-2 1 0 1 2

1. 1
min D(— ) iy 0y;
(X1,~-I-:Xn) (n ; a 1 2 yj)

12/46



Distances

Entropic Regularization
0000
o]

Sinkhorn Divergences Conclusion

00000
00000000

Discrete gradient flow of MMD

5
.
al
5 ] .: [ ' . .: : (]
N :‘ o""'f \‘; o"..“. o
0 ... :r‘: "t’-‘.
* 2w,
. .
2 o, ®
-2 -1 0 1 2

13/46



Distances

Entropic Regularization
0000
o]

Sinkhorn Divergences Conclusion

00000
00000000

Discrete gradient flow of OT

5_
.
4
. .
| - . . . . [
g :‘ “ : ‘. .f%:...
A £ AL I
0 e :.i: % .
* v,
[ ] ‘ -
-7 ... [ ]
-2 -1 0 1 2

14/46



Distances Entropic Regularization Sinkhorn Divergences Conclusion

0000 00000
[e] 00000000
[e]e]e}

Another example
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Discrete gradient flow of MMD
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Discrete gradient flow of OT
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sample complexity

computation

00000
00000000

Optimal Transport vs. MMD

MMD oT
(L) O(n=1/9)
v (curse of dimension)
O(n?) O(n® log(n))

better gradients !

> : *
X W - v m
i"“%‘”{? ::: J?‘“: *5 ’!1""
S P P L
NI N X
k N
min D(+ 351 6x;, - > dy;) after 200 steps of grad. descent.

18/46



Distances Entropic Regularization Sinkhorn Divergences

0000 00000
[e] 00000000
[e]e]e}

@ Entropic Regularization of Optimal Transport
The basics
A magic regularizing tool !
Sample Complexity

Conclusion
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The basics

Entropic Regularization (Cuturi '13)
Let a € M}r(X) and € Mi(y)

We (o) min [ el patey) ()
T a, >
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The basics

Entropic Regularization (Cuturi '13)

Let a € ML (X) and 7 € ML(D),

Weo(a, 1) = Er|1|1(in ) /X yc(x,y)dﬂ(x,y) +eH(mla® 7), (P:)
mel(a, %

where

Hirla @ 7) /Xxy log <(m> dr(x,y).

relative entropy of the transport plan 7 with respect to the product
measure o @ [J.

Conclusion
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The basics
Entropic Regularization
£=01 - Niger =1000.0 £=1.0 - nge =1000.0 £=10.0 - My, =100.0

Figure 3 — Influence of the regularization parameter ¢ on the transport
plan .

Intuition : the entropic penalty ‘smoothes’ the problem and avoids
over fitting (think of ridge regression for least squares)
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The basics

Dual Formulation

Contrary to standard OT, no constraint on the dual problem :

ueC(Xx)
veC(y)

such that  {u(x) + v(y) < c(x,y) ¥ (x,y) € X x YV}

We (o, 7) = max /Xu(x)da(x)—i—/yv(y)d (y) (D)
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The basics

Dual Formulation

Contrary to standard OT, no constraint on the dual problem :

Weelor )= max | ut0dat) + [ /) )

VGC(y)

u(x) \() c(x,y)
—5/ e “da(x)di(y) +¢.
XxY

Conclusion
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The basics

Sinkhorn's Algorithm

Iterative algorithm : alternate between optimizing over u with fixed
v and optimizing over v with fixed u.
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The basics

Sinkhorn's Algorithm

Iterative algorithm : alternate between optimizing over u with fixed
and optimizing over v with fixed u.

Sinkhorn’s Algorithm

c(xi»¥;) o
let Kj=e""<¢ ,a=ec,b=ce:.
ey _ L _ 1
K( ® ) ! KT(a(€+1) ® a)

Complexity of each iteration : O(n?),
Linear convergence, constant degrades when ¢ — 0.

23/46
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o
A magic regularizing tool !

Differentiable approximation of OT

Bonus : Sinkhorn procedure is fully differentiable with
auto-diff tools (e.g TensorFlow) =- yields a differentiable
approximation of OT!

Some applications :
o Differentiable sorting (Cuturi et al '19)
e Differentiable (or 'soft’ ) assignments
o Differentiable clustering (G. et al '19)

e Learning with a regularized Wasserstein loss
(— more on that later...)
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Entropic Regularization

@00
Sample Complexity

The ‘'sample complexity’

Informal Definition

Given a distance between measures , its sample complexity
corresponds to the error made when approximating this distance
with samples of the measures.

— Bad sample complexity implies bad generalization (over-fitting).

Known cases :
o OT : E|W(a, ) — W(ap, 7,)| = O(n~1/9)
= curse of dimension (Dudley '84, Weed and Bach '18)
e MMD : E|[MMD(c, /) — MMD(é.,, 5,)| = O(ﬁ)
= independent of dimension (Gretton '06)

What about E|W.(«, 7)) — W.(an, 7,)| 7
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Sample Complexity

‘Sample Complexity’ of W..

Theorem (G., Chizat, Bach, Cuturi, Peyré '19) (Mena, Weed
'19)

Let X,V C RY bounded , and ¢ € C*™ L-Lipschitz. Then

s B 1 1
E|\W.(a, ) — We(&n, 5,)| = O (% (1 + cld/2] )) ’

where constants depend on |X|, |V|, d, and HC(k)HOo pour
k=0...|d/2] +1.
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Sample Complexity

‘Sample Complexity’ of W..

We get the following asymptotic behavior

, A BN 1
E’W5(a7 )) - Wé(arh ‘)17)‘ - O <€|_d/2j \/ﬁ> When e—0
A 1
E|W.(a, %) — We(dn, 5,)] = O (f> when = 45,

— A large enough regularization breaks the curse of dimension.
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© Sinkhorn Divergences : Interpolation between OT and MMD
Definition and properties
Learning with Sinkhorn Divergences

Conclusion

28/46



Distances

0000
[e]

[e]e]e}

Discrete gradient flow of W., e =1

Entropic Regularization
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The effect of entropy

Entropic Transport is Maximum Likelihood under Gaussian
noise (Rigollet Weed '18)

Consider a sample (x;.. ... %) ~ X from the model
X=Y+¢ whereY ~ay, ¢~N(0,z).

Then,

5 : 1o~
OMLE _ mingW- (v, . z; dx;)
=

Conclusion
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The effect of entropy
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Definition and properties

Sinkhorn Divergences

Issue of regularized Wass. Distance : W, .(a,a) # 0
Proposed Solution : introduce corrective terms to ‘debias’
regularized Wasserstein distance

Definition (Sinkhorn Divergences)

Let « € MY (X) and 7 € ML(D),

SDC,E(aa ) = Wc,s(a7 )_ _Wc,s(aaa) - _Wc,e( 9 )7

32/46
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Definition and properties

Interpolation Property

Theorem (G., Peyré, Cuturi '18), (Ramdas and al. '17)
Sinkhorn Divergences have the following asymptotic behavior :
when ¢ =0, SD. (o, /) = Wc(a, 1), (1)

1
when & — 400, SDc.(a, 7) — 5M/\/IDEC(a, ). (2)

Remark : To get an MMD, —c must be positive definite. For
c=|-|5 with0 < p < 2, the MMD is called Energy Distance.
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Discrete gradient flow of SD,, ¢ =1

Entropic Regularization
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Definition and properties
Summary
. . 1.5 =
Initial Setting Wee—e=1c=]-]5 ED,—p=15
.
x
L . - ot oA
XX, X
% * x o W X
2 * X x x
ﬁ: ¢ %
1
SDee—e=1c= |||| °

Figure 4 — Goal : Recover the positions of the Diracs with gradient
descent. Orange circles : target distribution /7, blue crosses : parametric
model after convergence ag-. Upper right : initial setting ay,.
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Learning

Generative Models

| ———— ay = gy#(
Lo

Conclusion

37/46



n Divergences Conclusion

Distances pic Regularization

Learning

Problem Formulation

e /J the unknown measure of the data :
finite number of samples ~

e oy the parametric model of the form «y = go4C :
to sample x ~ «p, draw z ~ ( and take x = gy(z).

We are looking for the optimal parameter* defined by

0* argmin SDC,a(a97 )
0

NB : gy and 3 are only known via their samples.
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Learning

The Optimization Procedure
We want to solve by gradient descent

mein SD. (e, )

At each descent step k instead of approximating VySD. .(ayg, /) :

e we approximate SD. o(cyu, 7) by SD(EQ(&@(M, ) via
e minibatches : draw n samples from oy and m in the dataset
(distributed according to /%),
e [ Sinkhorn iterations : we compute an approximation of the
SD between both samples with a fixed number of iterations

e we compute the gradient WSDgQ(aew, ) by
backpropagation (with automatic differentiation library)

e we do an update 9(k+1) = g(k) _ CkVQSDg,LE)(dQ(k)a )
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Learning

Computing the Gradient in Practice

Données
v T 77
Modéle Génératif| ;1 (Ui .. Ym) ~ B
(217"'7Zn)~< M " "
L[TTTTT] C . Algorithme de Sinkhorn
OODIN (i, ys)ig)i L a:%/fb
[T 111 |96 ana) |l ) @
PP ©23)ig Sinkhornstepy 1
K ; (i )i prey
; v
2 7 = diag(a®) e/ diag(H'™)
(1'17 RN} l'n) ~ oy = g@#g“ """" ' Wc(,[;) — (€2 ™)
S-Dcﬁs(d% B) = Wc,a(d% 6)
(Weelato, d0)+ W (3. 5))

Figure 5 — Scheme of the approximation of the Sinkhorn Divergence from
samples (here, gy : z — x is represented as a 2-layer NN).
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Conclusion

Learning

Empirical Results

SDce—e=1lc=||-[3

© N & oo

Figure 6 — Influence of the ‘debiasing’ of the Sinkhorn Divergence (SD.)
compared to regularized OT (W;). Data are generated uniformly inside
an ellipse, we want to infer the parameters A, w (covariance and center).
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Learning

Empirical Results
SDe.—e=1Lc=||-[}3

ED, ground truth SDee

1.5, 2,1
3.12 1.74 2.08 3 2 2 290 1.96 2.13
2.25 2.83 2.09 2 3 2 2.02 3.03 2.10
2.30 1.74 3.07 2 2 3 2.06 1.95 3.03
(0.63,1.75, 2.75) (1,2,3) (0.94 , 1.96 , 2.90)

Figure 7 — Comparison of the Sinkhorn Divergence (SD. ) and Energy

Distance (ED,) on the ellipse fitting task (we retained best parameters ,
-~ 42/46
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Learning

Learning the cost function

In high dimension (e.g. images), the Euclidean distance is not
relevant — choosing the cost ¢ is a complex problem.

Idea : the cost should yield high values for the Sinkhorn Divergence
when ay # 7 to differenciate between synthetic samples (from ay)
and ‘real’ data (from 7). (Li and al '18)

We learn a parametric cost of the form :
def. !
Co(x,y) = [fp(x) = fo(y)|P where f,: X —RY,
The optimization problem becomes a min-max on (6, ¢)

mein m;x SDQP,E(O[% )

— GAN-type problem, cost ¢ acts as a discriminator.
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Learning

Emplrlcal Results - CIFAR10

MMD (Gaussian) ¢ = 100 e=10 e=1

4.56 +£0.07 481+0.05 4.79£0.13 4.43+0.07

Table 1 — Inception Scores on CIFAR10 (same setting as MMD-GAN
paper (Li et al. '18)).
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O Conclusion
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Take Home Message

Sinkhorn Divergences are a great notion of distance between
measures !
e ‘debias’ regularized Wasserstein Distance

e interpolate between OT (small £) and MMD (large ¢) and get
the best of both worlds :

e inherit geometric properties from OT
e break curse of dimension for ¢ large enough

e fast algorithms for implementation in ML tasks

46/46



	Notions of Distance between Measures
	Entropic Regularization of Optimal Transport
	The basics
	A magic regularizing tool!
	Sample Complexity

	Sinkhorn Divergences: Interpolation between OT and MMD
	Definition and properties
	Learning with Sinkhorn Divergences

	Conclusion

	0.0: 
	0.1: 
	0.2: 
	0.3: 
	0.4: 
	0.5: 
	0.6: 
	0.7: 
	0.8: 
	0.9: 
	0.10: 
	0.11: 
	0.12: 
	0.13: 
	0.14: 
	0.15: 
	0.16: 
	0.17: 
	0.18: 
	0.19: 
	0.20: 
	0.21: 
	0.22: 
	0.23: 
	0.24: 
	0.25: 
	0.26: 
	0.27: 
	0.28: 
	0.29: 
	0.30: 
	0.31: 
	0.32: 
	0.33: 
	0.34: 
	0.35: 
	0.36: 
	0.37: 
	0.38: 
	0.39: 
	0.40: 
	0.41: 
	0.42: 
	0.43: 
	0.44: 
	0.45: 
	0.46: 
	0.47: 
	0.48: 
	0.49: 
	0.50: 
	0.51: 
	0.52: 
	0.53: 
	0.54: 
	0.55: 
	0.56: 
	0.57: 
	0.58: 
	0.59: 
	0.60: 
	0.61: 
	0.62: 
	0.63: 
	0.64: 
	0.65: 
	0.66: 
	0.67: 
	0.68: 
	0.69: 
	0.70: 
	0.71: 
	0.72: 
	0.73: 
	0.74: 
	0.75: 
	0.76: 
	0.77: 
	0.78: 
	0.79: 
	0.80: 
	0.81: 
	0.82: 
	0.83: 
	0.84: 
	0.85: 
	0.86: 
	0.87: 
	0.88: 
	0.89: 
	0.90: 
	0.91: 
	0.92: 
	0.93: 
	0.94: 
	0.95: 
	0.96: 
	0.97: 
	0.98: 
	0.99: 
	0.100: 
	0.101: 
	0.102: 
	0.103: 
	0.104: 
	0.105: 
	0.106: 
	0.107: 
	0.108: 
	0.109: 
	0.110: 
	0.111: 
	0.112: 
	0.113: 
	0.114: 
	0.115: 
	0.116: 
	0.117: 
	0.118: 
	0.119: 
	0.120: 
	0.121: 
	0.122: 
	0.123: 
	0.124: 
	0.125: 
	0.126: 
	0.127: 
	0.128: 
	0.129: 
	0.130: 
	0.131: 
	0.132: 
	0.133: 
	0.134: 
	0.135: 
	0.136: 
	0.137: 
	0.138: 
	0.139: 
	0.140: 
	0.141: 
	0.142: 
	0.143: 
	0.144: 
	0.145: 
	0.146: 
	0.147: 
	0.148: 
	0.149: 
	0.150: 
	anm0: 
	1.0: 
	1.1: 
	1.2: 
	1.3: 
	1.4: 
	1.5: 
	1.6: 
	1.7: 
	1.8: 
	1.9: 
	1.10: 
	1.11: 
	1.12: 
	1.13: 
	1.14: 
	1.15: 
	1.16: 
	1.17: 
	1.18: 
	1.19: 
	1.20: 
	1.21: 
	1.22: 
	1.23: 
	1.24: 
	1.25: 
	1.26: 
	1.27: 
	1.28: 
	1.29: 
	1.30: 
	1.31: 
	1.32: 
	1.33: 
	1.34: 
	1.35: 
	1.36: 
	1.37: 
	1.38: 
	1.39: 
	1.40: 
	1.41: 
	1.42: 
	1.43: 
	1.44: 
	1.45: 
	1.46: 
	1.47: 
	1.48: 
	1.49: 
	1.50: 
	1.51: 
	1.52: 
	1.53: 
	1.54: 
	1.55: 
	1.56: 
	1.57: 
	1.58: 
	1.59: 
	1.60: 
	1.61: 
	1.62: 
	1.63: 
	1.64: 
	1.65: 
	1.66: 
	1.67: 
	1.68: 
	1.69: 
	1.70: 
	1.71: 
	1.72: 
	1.73: 
	1.74: 
	1.75: 
	1.76: 
	1.77: 
	1.78: 
	1.79: 
	1.80: 
	1.81: 
	1.82: 
	1.83: 
	1.84: 
	1.85: 
	1.86: 
	1.87: 
	1.88: 
	1.89: 
	1.90: 
	1.91: 
	1.92: 
	1.93: 
	1.94: 
	1.95: 
	1.96: 
	1.97: 
	1.98: 
	anm1: 
	2.0: 
	2.1: 
	2.2: 
	2.3: 
	2.4: 
	2.5: 
	2.6: 
	2.7: 
	2.8: 
	2.9: 
	2.10: 
	2.11: 
	2.12: 
	2.13: 
	2.14: 
	2.15: 
	2.16: 
	2.17: 
	2.18: 
	2.19: 
	2.20: 
	2.21: 
	2.22: 
	2.23: 
	2.24: 
	2.25: 
	2.26: 
	2.27: 
	2.28: 
	2.29: 
	2.30: 
	2.31: 
	2.32: 
	2.33: 
	2.34: 
	2.35: 
	2.36: 
	2.37: 
	2.38: 
	2.39: 
	2.40: 
	2.41: 
	2.42: 
	2.43: 
	2.44: 
	2.45: 
	2.46: 
	2.47: 
	2.48: 
	2.49: 
	2.50: 
	2.51: 
	2.52: 
	2.53: 
	2.54: 
	2.55: 
	2.56: 
	2.57: 
	2.58: 
	2.59: 
	2.60: 
	2.61: 
	2.62: 
	2.63: 
	2.64: 
	2.65: 
	2.66: 
	2.67: 
	2.68: 
	2.69: 
	2.70: 
	2.71: 
	2.72: 
	2.73: 
	2.74: 
	2.75: 
	2.76: 
	2.77: 
	2.78: 
	2.79: 
	2.80: 
	2.81: 
	2.82: 
	2.83: 
	2.84: 
	2.85: 
	2.86: 
	2.87: 
	2.88: 
	2.89: 
	2.90: 
	2.91: 
	2.92: 
	2.93: 
	2.94: 
	2.95: 
	2.96: 
	2.97: 
	2.98: 
	2.99: 
	2.100: 
	2.101: 
	2.102: 
	2.103: 
	2.104: 
	2.105: 
	2.106: 
	2.107: 
	2.108: 
	2.109: 
	2.110: 
	2.111: 
	2.112: 
	2.113: 
	2.114: 
	2.115: 
	2.116: 
	2.117: 
	2.118: 
	2.119: 
	2.120: 
	2.121: 
	2.122: 
	2.123: 
	2.124: 
	2.125: 
	2.126: 
	2.127: 
	2.128: 
	2.129: 
	2.130: 
	2.131: 
	2.132: 
	2.133: 
	2.134: 
	2.135: 
	2.136: 
	2.137: 
	2.138: 
	2.139: 
	2.140: 
	2.141: 
	2.142: 
	2.143: 
	2.144: 
	2.145: 
	2.146: 
	2.147: 
	2.148: 
	2.149: 
	2.150: 
	2.151: 
	2.152: 
	2.153: 
	2.154: 
	2.155: 
	2.156: 
	2.157: 
	2.158: 
	2.159: 
	2.160: 
	2.161: 
	2.162: 
	2.163: 
	2.164: 
	2.165: 
	2.166: 
	2.167: 
	2.168: 
	2.169: 
	2.170: 
	2.171: 
	2.172: 
	2.173: 
	2.174: 
	2.175: 
	2.176: 
	2.177: 
	2.178: 
	2.179: 
	2.180: 
	2.181: 
	2.182: 
	2.183: 
	2.184: 
	2.185: 
	2.186: 
	2.187: 
	2.188: 
	2.189: 
	2.190: 
	2.191: 
	2.192: 
	2.193: 
	2.194: 
	2.195: 
	2.196: 
	2.197: 
	2.198: 
	2.199: 
	2.200: 
	2.201: 
	2.202: 
	2.203: 
	2.204: 
	2.205: 
	2.206: 
	2.207: 
	2.208: 
	2.209: 
	2.210: 
	2.211: 
	2.212: 
	2.213: 
	2.214: 
	2.215: 
	2.216: 
	2.217: 
	2.218: 
	2.219: 
	2.220: 
	2.221: 
	2.222: 
	2.223: 
	2.224: 
	2.225: 
	2.226: 
	2.227: 
	2.228: 
	2.229: 
	2.230: 
	2.231: 
	2.232: 
	2.233: 
	2.234: 
	2.235: 
	2.236: 
	2.237: 
	2.238: 
	2.239: 
	2.240: 
	2.241: 
	2.242: 
	2.243: 
	2.244: 
	2.245: 
	2.246: 
	2.247: 
	2.248: 
	2.249: 
	2.250: 
	2.251: 
	2.252: 
	2.253: 
	2.254: 
	2.255: 
	2.256: 
	2.257: 
	2.258: 
	2.259: 
	2.260: 
	2.261: 
	2.262: 
	2.263: 
	2.264: 
	2.265: 
	2.266: 
	2.267: 
	2.268: 
	2.269: 
	2.270: 
	2.271: 
	2.272: 
	2.273: 
	2.274: 
	2.275: 
	2.276: 
	2.277: 
	2.278: 
	2.279: 
	2.280: 
	2.281: 
	2.282: 
	2.283: 
	2.284: 
	2.285: 
	2.286: 
	2.287: 
	2.288: 
	2.289: 
	2.290: 
	anm2: 
	3.0: 
	3.1: 
	3.2: 
	3.3: 
	3.4: 
	3.5: 
	3.6: 
	3.7: 
	3.8: 
	3.9: 
	3.10: 
	3.11: 
	3.12: 
	3.13: 
	3.14: 
	3.15: 
	3.16: 
	3.17: 
	3.18: 
	3.19: 
	3.20: 
	3.21: 
	3.22: 
	3.23: 
	3.24: 
	3.25: 
	3.26: 
	3.27: 
	3.28: 
	3.29: 
	3.30: 
	3.31: 
	3.32: 
	3.33: 
	3.34: 
	3.35: 
	3.36: 
	3.37: 
	3.38: 
	3.39: 
	3.40: 
	3.41: 
	3.42: 
	3.43: 
	3.44: 
	3.45: 
	3.46: 
	3.47: 
	3.48: 
	3.49: 
	3.50: 
	3.51: 
	3.52: 
	3.53: 
	3.54: 
	3.55: 
	3.56: 
	3.57: 
	3.58: 
	3.59: 
	3.60: 
	3.61: 
	3.62: 
	3.63: 
	3.64: 
	3.65: 
	3.66: 
	3.67: 
	3.68: 
	3.69: 
	3.70: 
	3.71: 
	3.72: 
	3.73: 
	3.74: 
	3.75: 
	3.76: 
	3.77: 
	3.78: 
	3.79: 
	3.80: 
	3.81: 
	3.82: 
	3.83: 
	3.84: 
	3.85: 
	3.86: 
	3.87: 
	3.88: 
	3.89: 
	3.90: 
	3.91: 
	3.92: 
	3.93: 
	3.94: 
	3.95: 
	3.96: 
	3.97: 
	3.98: 
	3.99: 
	3.100: 
	3.101: 
	3.102: 
	3.103: 
	3.104: 
	3.105: 
	3.106: 
	3.107: 
	3.108: 
	3.109: 
	3.110: 
	3.111: 
	3.112: 
	3.113: 
	3.114: 
	3.115: 
	3.116: 
	3.117: 
	3.118: 
	3.119: 
	3.120: 
	3.121: 
	3.122: 
	3.123: 
	3.124: 
	3.125: 
	3.126: 
	3.127: 
	3.128: 
	3.129: 
	3.130: 
	3.131: 
	3.132: 
	3.133: 
	3.134: 
	3.135: 
	3.136: 
	3.137: 
	3.138: 
	3.139: 
	3.140: 
	3.141: 
	3.142: 
	3.143: 
	3.144: 
	3.145: 
	3.146: 
	3.147: 
	3.148: 
	3.149: 
	3.150: 
	3.151: 
	3.152: 
	3.153: 
	3.154: 
	3.155: 
	3.156: 
	3.157: 
	3.158: 
	3.159: 
	3.160: 
	3.161: 
	3.162: 
	3.163: 
	3.164: 
	3.165: 
	3.166: 
	3.167: 
	3.168: 
	3.169: 
	3.170: 
	3.171: 
	3.172: 
	3.173: 
	3.174: 
	3.175: 
	3.176: 
	3.177: 
	3.178: 
	3.179: 
	3.180: 
	3.181: 
	3.182: 
	3.183: 
	3.184: 
	3.185: 
	3.186: 
	3.187: 
	3.188: 
	3.189: 
	3.190: 
	3.191: 
	3.192: 
	3.193: 
	3.194: 
	3.195: 
	3.196: 
	3.197: 
	3.198: 
	3.199: 
	3.200: 
	3.201: 
	3.202: 
	3.203: 
	3.204: 
	3.205: 
	3.206: 
	3.207: 
	3.208: 
	3.209: 
	3.210: 
	3.211: 
	3.212: 
	3.213: 
	3.214: 
	3.215: 
	3.216: 
	3.217: 
	3.218: 
	3.219: 
	3.220: 
	3.221: 
	3.222: 
	3.223: 
	3.224: 
	3.225: 
	3.226: 
	3.227: 
	3.228: 
	3.229: 
	3.230: 
	3.231: 
	3.232: 
	3.233: 
	3.234: 
	3.235: 
	3.236: 
	3.237: 
	3.238: 
	3.239: 
	3.240: 
	3.241: 
	3.242: 
	3.243: 
	3.244: 
	3.245: 
	anm3: 
	4.0: 
	4.1: 
	4.2: 
	4.3: 
	4.4: 
	4.5: 
	4.6: 
	4.7: 
	4.8: 
	4.9: 
	4.10: 
	4.11: 
	4.12: 
	4.13: 
	4.14: 
	4.15: 
	4.16: 
	4.17: 
	4.18: 
	4.19: 
	4.20: 
	4.21: 
	4.22: 
	4.23: 
	4.24: 
	4.25: 
	4.26: 
	4.27: 
	4.28: 
	4.29: 
	4.30: 
	4.31: 
	4.32: 
	4.33: 
	4.34: 
	4.35: 
	4.36: 
	4.37: 
	4.38: 
	4.39: 
	4.40: 
	anm4: 
	5.0: 
	5.1: 
	5.2: 
	5.3: 
	5.4: 
	5.5: 
	5.6: 
	5.7: 
	5.8: 
	5.9: 
	5.10: 
	5.11: 
	5.12: 
	5.13: 
	5.14: 
	5.15: 
	5.16: 
	5.17: 
	5.18: 
	5.19: 
	5.20: 
	5.21: 
	5.22: 
	5.23: 
	5.24: 
	5.25: 
	5.26: 
	5.27: 
	5.28: 
	5.29: 
	5.30: 
	5.31: 
	5.32: 
	5.33: 
	5.34: 
	5.35: 
	5.36: 
	5.37: 
	5.38: 
	5.39: 
	5.40: 
	5.41: 
	5.42: 
	5.43: 
	5.44: 
	5.45: 
	5.46: 
	5.47: 
	5.48: 
	5.49: 
	5.50: 
	5.51: 
	5.52: 
	5.53: 
	5.54: 
	5.55: 
	5.56: 
	5.57: 
	5.58: 
	5.59: 
	5.60: 
	5.61: 
	5.62: 
	5.63: 
	5.64: 
	5.65: 
	5.66: 
	5.67: 
	5.68: 
	5.69: 
	5.70: 
	5.71: 
	5.72: 
	5.73: 
	5.74: 
	5.75: 
	5.76: 
	5.77: 
	5.78: 
	5.79: 
	5.80: 
	5.81: 
	5.82: 
	5.83: 
	5.84: 
	5.85: 
	5.86: 
	5.87: 
	5.88: 
	5.89: 
	5.90: 
	5.91: 
	5.92: 
	5.93: 
	5.94: 
	5.95: 
	5.96: 
	5.97: 
	5.98: 
	5.99: 
	5.100: 
	5.101: 
	5.102: 
	5.103: 
	5.104: 
	5.105: 
	5.106: 
	5.107: 
	5.108: 
	5.109: 
	5.110: 
	5.111: 
	5.112: 
	anm5: 
	6.0: 
	6.1: 
	6.2: 
	6.3: 
	6.4: 
	6.5: 
	6.6: 
	6.7: 
	6.8: 
	6.9: 
	6.10: 
	6.11: 
	6.12: 
	6.13: 
	6.14: 
	6.15: 
	6.16: 
	6.17: 
	6.18: 
	6.19: 
	6.20: 
	6.21: 
	6.22: 
	6.23: 
	6.24: 
	6.25: 
	6.26: 
	6.27: 
	6.28: 
	6.29: 
	6.30: 
	6.31: 
	6.32: 
	6.33: 
	6.34: 
	6.35: 
	6.36: 
	6.37: 
	6.38: 
	6.39: 
	6.40: 
	6.41: 
	6.42: 
	6.43: 
	6.44: 
	6.45: 
	6.46: 
	6.47: 
	6.48: 
	6.49: 
	6.50: 
	6.51: 
	6.52: 
	6.53: 
	6.54: 
	6.55: 
	6.56: 
	6.57: 
	6.58: 
	6.59: 
	6.60: 
	6.61: 
	6.62: 
	6.63: 
	6.64: 
	6.65: 
	6.66: 
	6.67: 
	6.68: 
	6.69: 
	6.70: 
	6.71: 
	6.72: 
	6.73: 
	6.74: 
	6.75: 
	6.76: 
	6.77: 
	6.78: 
	6.79: 
	6.80: 
	6.81: 
	6.82: 
	6.83: 
	anm6: 


