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A random matrix

Start with a n x n Hermitian matrix M as “random” as possible: mean zero and
mean-square one entries, all independent save for the presumed symmetry.
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A random matrix

Start with a n x n Hermitian matrix M as “random” as possible: mean zero and
mean-square one entries, all independent save for the presumed symmetry.

The “right” n — oo scaling is to further take ﬁ/\/l.

Now with A1, Ao, ..., A\, that spectrum, the typical eigenvalue distributes itself
according to:

1 < 1
- § Sn(\) = 2—\/4— A2 d).
vy
k=1

This is the Wigner semi circle law. It's both a law of large numbers, and an
example of a global statistic.
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A random matrix

Start with a n x n Hermitian matrix M as “random” as possible: mean zero and
mean-square one entries, all independent save for the presumed symmetry.

The “right” n — oo scaling is to further take ﬁM.

Now with A1, Ao, ..., A\, that spectrum, the typical eigenvalue distributes itself
according to:

1 < 1
- § Sn(\) = 2—\/4— A2 d).
vy
k=1

This is the Wigner semi circle law. It's both a law of large numbers, and an
example of a global statistic.

We'll be interested in local fluctuations.

For example, it is clear that in the bulk an individual eigenvalue should experience
O(1/n) fluctuations. But I'll not talk about the bulk at all...
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The Tracy-Widom law(s)

With slightly stronger assumptions on the matrix entries one has A, — 2 and
Amin — —2 with probability one.

A local fluctuation at the edge would be to ask weather there is exponent ~ such
that for some random variable ¢, one has

n” ()\max — 2) =(

in distribution?
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The Tracy-Widom law(s)

With slightly stronger assumptions on the matrix entries one has A, — 2 and
Amin — —2 with probability one.

A local fluctuation at the edge would be to ask weather there is exponent ~ such
that for some random variable ¢, one has

n” ()\max — 2) =(
in distribution?

In the mid-90's Craig Tracy and Harold Widom showed, in the complex Gaussian
case (“GUE"):

lim P(n2/3()\maX -2)< t) = exp (— /too(s - t)uz(s)ds>,

n— o0

where u solves u”(t) = tu(t) + 2u3(t) (Painlevé I1) with u(t) ~ Ai(t) at +oo.
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Determinantal structure

The essential fact in the business is that GUE is “exactly solvable”.

In particular, the joint density of eigenvalues of GUE is proportional to:

ﬁ e—%"ki X H |/\j - /\k|2 X det<K”(/\/’/\j)>

- 1<i,j<n
k=1 j<k

where K, is the kernel of the projection operator onto the span of the (first n)
Hermite polynomials.
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Determinantal structure

The essential fact in the business is that GUE is “exactly solvable”.

In particular, the joint density of eigenvalues of GUE is proportional to:

ﬁ e—%"ki X H |/\j - /\k|2 X det<K”(/\/’/\j)>

- 1<ij<n
k=1 j<k

where K, is the kernel of the projection operator onto the span of the (first n)
Hermite polynomials.

In fact, all finite dimensional correlations have the same structure:

/Rn_k det(K,,()m Aj)) T det(K,,()\,-, Aj))

1<ij<k

(GUE is your favorite determinantal process).
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Gaps

Any such determinantal process possesses a closed “gap formula”. In particular,
for a point process on R with correlations

Po(M, ... (K oY )
n(A1, .., Ak) ocdet| Kia(Ai, A)) ik
with K, nonnegative, symmetric, trace class, it holds: for any B C R

P(no points in B) = dety>(gy (I — Kn)-

This is a Fredholm determinant on the right.
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Gaps

Any such determinantal process possesses a closed “gap formula”. In particular,
for a point process on R with correlations

Py, A dt(K )\~,>\-)
n( 1 k)CX € n( i j) 1<ij <k
with K, nonnegative, symmetric, trace class, it holds: for any B C R

P(no points in B) = dety>(gy (I — Kn)-

This is a Fredholm determinant on the right. In particular,

detLZ(B)(/ — K,,)

1 KoM A) Kn(s, \)
=1 [ Ky(\ A +//det< ’ ’ dAdy — - -
/B ol ) 2 JglB Kn(A, 1) Ka(p, 1) s
In the case of n < oo points (like we have here) this truncates. That is to say you
can treat the right hand side as a definition.
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Airy kernel and process

A first form of the (soft-edge) Tracy-Widom law is then
Fa(t) := nli_}m()o P<n2/3()\max -2)< t) = det 21, 00) (I = Kairy)-

Here

Ai(X)AT(y) — Ai(y)AT'(x)
X=y

KAiry(Xa y) =

)

with A/ the Airy function from before.
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Airy kernel and process

A first form of the (soft-edge) Tracy-Widom law is then

Fz(t) = |im P(nz/?’(/\max — 2) < t) = detLZ[t,oo)(l _ KAiry)-

n—o0

Here ' ) . )
Ky (5, ) — Ai(x)Ai (y)z - ;\:(y)A, (x)7

with A/ the Airy function from before.

This follows from passing the limit

lim n=23K,(2 4+ n~23)0,2 4+ 7?3 1) = Kai(x, y)

n— o0

under the determinant. Along the way you get convergence of the “soft edge”
point process (at least in sense of finite dimensional distributions) to the Airy
point process.
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Airy kernel and process

A first form of the (soft-edge) Tracy-Widom law is then

Fz(t) = |im P(n2/3(/\max — 2) < t) = deth[t,oo)(l _ KAiry)-

n—o0

Here ' ) . )
Ky (5, ) — Ai(x)Ai (y)z - ;\:(y)A, (x)7

with A/ the Airy function from before.

This follows from passing the limit

lim n=23K,(2 4+ n~23)0,2 4+ 7?3 1) = Kai(x, y)

n—o0
under the determinant. Along the way you get convergence of the “soft edge”
point process (at least in sense of finite dimensional distributions) to the Airy
point process.

Painlevé formulas for the largest (and next largest...) point distributions come
after.
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Outside the complex case

If we go back to the start and replace the complex Gaussian entries with real or
quaternion Gaussians, the eigenvalue density is changed as in:

H |A\j — A\x|? is replaced H IAj — Akt or H 1A — Akl
j<k j<k j<k
Speak of the 5 =1,2, or 4 ensembles (or G{O,U,S}E).

When 3 =1, 4, the eigenvalue processes are Pfaffian (not determinantal), but still
exist closed formulas for the correlation functions in terms of OPs.

And there exist limit laws F; and F4 for A, in terms of Painlevé Il:

Fi1(t) = exp (—% /too u(s)ds) le/z(t),

F4(t) = cosh (% /;t u(s)ds) F21/2(\f2t)7

for the record
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General beta ensembles

For any 8 > 0, introduce the law P, g on n real points with density:

mHe“WXHM—MW

J<k

=exp |[— ”Z Zlog|)\ — Al

J<k

For 5 =1,2,4 these are the eigenvalue densities for G{O,U,S}E.
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General beta ensembles

For any 8 > 0, introduce the law P, g on n real points with density:

mHe“WXHM—MW

J<k

=exp |— ”Z Zlog|)\ — A

j<k

For 5 =1,2,4 these are the eigenvalue densities for G{O,U,S}E.

More broadly Pg is referred to as the “beta-Hermite” ensemble.

Brian Rider (Temple University) Operator limits of random matrices 8 /20



General beta ensembles

For any 8 > 0, introduce the law P, g on n real points with density:

mHe“WXHM—MW

J<k

=exp |— ”Z Zlog\)\ — A

Jj<k
For 5 =1,2,4 these are the eigenvalue densities for G{O,U,S}E.

More broadly Pg is referred to as the “beta-Hermite” ensemble.

Interpreted as a 1-d caricature of a Coulomb gas, which happens to be solvable at
three special values of the “charge”.
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General beta ensembles

For any 8 > 0, introduce the law P, g on n real points with density:

aHe“WXHM—MW

J<k

=exp |— ”Z Zlog\)\ — A

Jj<k
For 5 =1,2,4 these are the eigenvalue densities for G{O,U,S}E.

More broadly Pg is referred to as the “beta-Hermite” ensemble.

Interpreted as a 1-d caricature of a Coulomb gas, which happens to be solvable at
three special values of the “charge”.

Is there a one-parameter family of Tracy-Widom laws?
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Stochastic Airy Operator

Theorem (Ramirez, R., Virdg)

For x — b(x) a standard Brownian motion, and any 8 > 0 define

d? 2,
—ﬁ + X + ﬁb (X)

Let Ag < Ay < --- denote the eigenvalues of Hz acting on L*[0,00) with Dirichlet
conditions at the origin. Then, with A\; > Ao > --- the ordered points under P, 5

it holds that
{n2/3(2 B AL])}Z:M - {Ae}e:o,kfl

for any fixed k as n — oco.

Hp =

As b'(x) is a random distribution (Brownian motion is almost everywhere
non-differentiable), some work is required to make sense of #
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General beta Tracy-Widom

The limiting largest point of the Hermite 5-ensemble then converges to the
(negative) ground state eigenvalue of Hg. In particular,

—TW; = inf {/000 [(F/(x))* + xF2(x)] dx + % /Ooo f2(x)db(x)}

for

L= {f : f(0) =0, /000 f2(x)dx = 1,/0oo [(F/(x))? + xf?(x)] dx < oo}.
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General beta Tracy-Widom

The limiting largest point of the Hermite 5-ensemble then converges to the
(negative) ground state eigenvalue of Hg. In particular,

—Twﬂ_ggz{/ooo[(f'( ))? + xf2(x dx+—/ 2(x db(x}

for
L= {f : f(0) =0, /000 f2(x)dx = 1,/0oo [(F/(x))? + xf?(x)] dx < oo}.

Form is densely defined, and tempting to get a lower bound via

/OOO fzdb‘ = 2)/000 f/(x)f(x)b(x)dx’ < c/ooo(f’)Q(x)dx + ¢ /OOO b?(x)F?(x)dx

but the law of the iterated log shows you have to be a bit more clever (even for
large beta).
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Where does this come from?

For all 3 > 0 there is a simple tridiagonal matrix model for Pg.

Theorem (Dumitriu-Edelman)

Let g1,8,...,8n be independent N(0,2) and X0, Xg(n-1), - --> X5 be
independent “chi” variables of the indicated parameter. Then the joint
distribution of eigenvalues of the random Jacobi matrix

&1 X(n—1)8
X(n—1)B 82 X(n—2)B

X2 8h—1 Xp
XB 8n

is given by P 3.

1

2
(A x has density o< x""1e™"/2, otherwise referred to as a certain I variable),
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Tridiagonals for the classical ensembles

Any Hermitian matrix can be brought into tridiagonal form (while keeping the
eigenvalues fixed) by a suitable sequence of Householder transformations.
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Tridiagonals for the classical ensembles

Any Hermitian matrix can be brought into tridiagonal form (while keeping the
eigenvalues fixed) by a suitable sequence of Householder transformations.

With M =M, = [m,'j]lg,')jg,,, mj; = mj; write

mj;i mT
M= |: m Mnfl

and build a (n— 1) x (n— 1) unitary U = [uy ... u,_;] with mTu; = ||m||. Then

1 of u 1 of - mii (Hm||70"'O)T
0 Ut 0 v

(Imf.0 ---0) UM, 21U

repeat.
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Tridiagonals for the classical ensembles

Any Hermitian matrix can be brought into tridiagonal form (while keeping the
eigenvalues fixed) by a suitable sequence of Householder transformations.
With M =M, = [m,'j]lg,')jg,,, mj; = mj; write

mj;i mT
M= |: m Mnfl

and build a (n— 1) x (n— 1) unitary U = [uy ... u,_;] with mTu; = ||m||. Then

1 of u 1 of - mii (Hm||70"'O)T
0 Ut 0 v

(Im[,0 ---0) UM, U
repeat.

Exercise: Convince yourself that when you carry out the above for GOE or GUE you get
the advertised 8 =1 or 3 = 2 tridiagonal. Note: (i) Gaussian vectors are rotation
invariant, (i) the squared norm of a d-dim Gaussian vector is a x3.
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Reverse engineering the Jacobian

Instructive to view the Dumitriu-Edelman matrix model as placing a measure
down on random tridiagonals.
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Reverse engineering the Jacobian

Instructive to view the Dumitriu-Edelman matrix model as placing a measure
down on random tridiagonals.

With T(A, B) = tridiag(B, A, B) for B=(B,...,By_1) € R’ | and A =
(A1,...,A,) € R, their result reads:
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Reverse engineering the Jacobian

Instructive to view the Dumitriu-Edelman matrix model as placing a measure
down on random tridiagonals.

With T(A, B) = tridiag(B, A, B) for B=(B,...,By_1) € R’ | and A =
(A1,...,A,) € R, their result reads:

Distribute (A, B) according to the density
e NE (S, 4205 BY) 1:[1 b = e*ﬂ% tr (Tz(a,b)) 'ﬁbiﬁ(nq)
i=1 i=1
then the eigenvalues of T (A, B) have density

0<He LA T = Adl?

J<k
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Reverse engineering the Jacobian

Instructive to view the Dumitriu-Edelman matrix model as placing a measure
down on random tridiagonals.

With T(A, B) = tridiag(B, A, B) for B=(By,...,B,-1) € R} ; and A =
(A1,...,A;) € R, their result reads:

Distribute (A, B) according to the density
n—1 1
_nB(Z/ 1 /+2 En 1b2 H bﬁ(nfl) — eing tr (Tz(avb)) nH bﬁ(nfl)

then the eigenvalues of T (A, B) have density

o<He 4"Ak><H|/\ — \d?.

J<k

The map needed is to go from tridiagonal (a, b)-coordinates to eigenvalue and
eigenvector (really norming constant) (), g)-coordinates.
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Stochastic Airy heuristics

Edelman-Sutton had conjectured the Stochastic Airy limit via the natural
continuum limit of the tridiagonals. That is, they suggested that

2
d2

as operators. (Scaling H, g itself like Apax in Tracy-Widom.)

n3(21 = Hp p) ~ ——— + x + Zb/(x)
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Stochastic Airy heuristics

Edelman-Sutton had conjectured the Stochastic Airy limit via the natural
continuum limit of the tridiagonals. That is, they suggested that

2
d2

as operators. (Scaling H, g itself like Apax in Tracy-Widom.)

n3(21 = Hp p) ~ ——— + x + Zb/(x)

The only thing really moving in H, g is those off diagonal xs.

Excerise: Make precise the statement that, for fixed k and n — oo, ﬁxﬁ(n,k)
~1— % +g for g a Gaussian.

This give the leading order n2/3(2l H, ) = n?/3tridiag(—1,2, —1) + - - - which
has the clear interpretation as — 2, discretized on scale (Ax) = n~1/3,
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Stochastic Airy heuristics

Edelman-Sutton had conjectured the Stochastic Airy limit via the natural
continuum limit of the tridiagonals. That is, they suggested that

2

2/3
n?3(21 — Hy p) ~ — 3

+x+ Z5b'(x)

as operators. (Scaling H, g itself like Apax in Tracy-Widom.)

The only thing really moving in H, g is those off diagonal xs.

Excerise: Make precise the statement that, for fixed kK and n — oo,

1
/Tgnxﬁ(nfk)
~1-— 2—’; + g for g a Gaussian.

This give the leading order n*/3(2/ — H, ) = n®/3tridiag(—1,2, —1) + - - - which
has the clear interpretation as —dd—;, discretized on scale (Ax) = n=1/3.

Excerise: Convince yourself that the natural continuum interpretation of
n*/3(tridiag(1,0,1) — Ha ) as n — 0o is @(x + ﬁb/(x)).
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The Riccati substitution

Consider 7 = —j—; + g(x) for a nice (deterministic, smooth) potential ¢ and its
Dirichlet eigenvalue problem on [0, L < o0]

TY(x) = Mp(x),  $(0) = ¥(L) = 0.
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The Riccati substitution

Consider 7 = fj—; + q(x) for a nice (deterministic, smooth) potential g and its
Dirichlet eigenvalue problem on [0, L < o0]

TY(x) = Mp(x),  $(0) = ¥(L) = 0.

Sturm'’s Oscillation theorem tells you: Consider the corresponding solution
¥ = 1P(x, A) for fixed A to the initial value problem with (0, \) = 0 and
¥'(0,A) = 1. Then it holds that

#{eigenvalues < )\} = #{zeros of x = 9¥(x, A) in [0, L]}
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The Riccati substitution

Consider 7 = fj—; + g(x) for a nice (deterministic, smooth) potential g and its
Dirichlet eigenvalue problem on [0, L < o0]

TY(x) = Mp(x),  $(0) = ¥(L) = 0.

Sturm'’s Oscillation theorem tells you: Consider the corresponding solution
¥ = 1P(x, A) for fixed A to the initial value problem with (0, \) = 0 and
¥'(0,A) = 1. Then it holds that

#{eigenvalues < )\} = #{zeros of x = 9¥(x, A) in [0, L]}

The Riccati substitution takes the equation satisfied by p(x) = ﬁ/((:’)’\\)):

P(x) = a(x) = A — p(x).

This starts at p(0) = +oo, hits —oo when ¢ hits zero, immediately “reappearing”
at +o0.
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The Riccati diffusion
What this means for g(x) = x + 2 b'(x):
Theorem
Consider the solution p; = p;* to the It6 equation
dpe = Z5db: + (A + t — p)dt,

started from +oco at time zero, and restarted there after any explosion to —oo.
Then

P(TW;s < X) = P(10,0)(p* never explodes),

with the distribution of the k" largest point being given by the probability of at
most k explosions.

Note: Can absorb the spectral parameter )\ into a starting time, or, replace the
probabilities on the right with P(; . ) for p = p°.

Exercise: Show that p; — Lﬁbt solves an ODE with random coefficients - convince
yourself that the process really can be started from oo
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Application: Tracy-Widom(f) tails

Combining the defining variational principle

fTW/g_fngfL/ [(F)* + dx+—/ f2db,

with the Riccati diffusion description
P(TWs < ) = P(100,0)(p never explodes), dp, = Zzdb; + (t — p?)dt
we can prove:
Theorem (Ramirez, R., Virdg)
For all B > 0 it holds
P(TW; > a) = e~ 3823 (1)

and .
P(TWj < —a) = e~ 22 (1+o(1)

as a — oQ.
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Proof of left-tail upper bound

Using that — TWj is the ground state eigenvalue of Hg one has

J(EZ +x£2)dx] + 25 [ f2dby y
a
[ f2dx

P(TWpg < —a) = P(Ao(Hp) > a) <P (

for any nice function f # 0 vanishing at the origin.
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Proof of left-tail upper bound

Using that — TWj is the ground state eigenvalue of Hg one has

2 2 2
J(EZ +x£2)dx] + 25 [ f2dby >a>

P(TWpg < —a) = P(Ao(Hp) > a) <P ( T Fodx

for any nice function f # 0 vanishing at the origin.

Exercise: For deterministic f it holds [ £2db, ~ \/ [ £4 x g for g ~ N(0,1).
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Proof of left-tail upper bound

Using that — TWj is the ground state eigenvalue of Hg one has

2 2 2
J(EZ +x£2)dx] + 25 [ f2dby >a>

P(TW3 < —a) = P(A <P
(TW5 < —a) = P(Ao(Hp) > a) < < T fdx
for any nice function f # 0 vanishing at the origin.

Exercise: For deterministic f it holds [ £2db, ~ \/ [ £4 x g for g ~ N(0,1).

Choose

f(x) = (xva)Av/(a—x)t A(a—x)"

3 3 3
a/ffc/xN%, /xfxdeN % /f;‘dXN%,

while [ f/(x)?dx = O(a) to finish.

and collect:
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Proof of left-tail lower bound

We look at the event that the diffusion dp: = ﬁdbt + (t — p?)dt, started from
position +oco at time —a never explodes (hits —o0).
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Proof of left-tail lower bound

We look at the event that the diffusion dp: = ﬁdbt + (t — p?)dt, started from
position +oco at time —a never explodes (hits —o0).

Want to estimate the probability of a “likely path”. Intuitively, p wants to hang
around the origin until it makes it into the safe parabola (where drift can be
positive).
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Proof of left-tail lower bound

We look at the event that the diffusion dp: = ﬁdbt + (t — p?)dt, started from
position +oco at time —a never explodes (hits —o0).

Want to estimate the probability of a “likely path”. Intuitively, p wants to hang
around the origin until it makes it into the safe parabola (where drift can be
positive).

With that

P(TWjs < —a) = P(s,—a)(p never explodes )
> P(1,—a)(p never explodes)
> P,—a)(pe € [0,2] for all t € [~a,0])Po,o(p never explodes)

What we've bought: The second factor has no dependence on a — cc.
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Left-tail lower bound con't

Cameron-Martin-Girsanov: Let P denote the measure induced on continuous

paths by the solution of x; = \/ob; + th f(xs)ds. Over finite time windows this
will be absolutely continuous to Brownian motion measure with

dP

— — o J{ F(be)db— 3k [T £ (br)dt
dBM | F(s, 7]

(assuming nice enough f, both processes started from the same place, etc.)
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Left-tail lower bound con't

Cameron-Martin-Girsanov: Let P denote the measure induced on continuous
paths by the solution of x; = \/ob; + f f(xs)ds. Over finite time windows this
will be absolutely continuous to Brownian motion measure with

dP

— — o J{ F(be)db— 3k [T £ (br)dt
dBM 1 7(s,T]

(assuming nice enough f, both processes started from the same place, etc.)

Applied to p; for which f(p;) = (t — p?) over the widow t € [—a, 0]:

P(TWs < —a) > csPu._) (pt € [0,2] for all t € [—a, O])

0 2 0 2
= GoEu, s [lae Pt g Lot

with A= {b: € [0,2],t € [—a,0]}.

Brian Rider (Temple University) Operator limits of random matrices 20 / 20



Left-tail lower bound con't

Cameron-Martin-Girsanov: Let P denote the measure induced on continuous
paths by the solution of x; = \/ob; + f f(xs)ds. Over finite time windows this
will be absolutely continuous to Brownian motion measure with

dP

— — o J{ F(be)db— 3k [T £ (br)dt
dBM 1 7(s,T]

(assuming nice enough f, both processes started from the same place, etc.)
Applied to p; for which f(p;) = (t — p?) over the widow t € [—a, 0]:

P(TWs < —a) > csPu._) (pt € [0,2] for all t € [—a, O])

0 2 0 2
= GoEu, s [lae Pt g Lot

with A= {b: € [0,2],t € [—a,0]}.
Exercise: Granted 1t8's rule f(b:) — f(bo) = [y f'(be)dbe + 5 [; f”(be)dt finish the job.
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[I. Stochastic Airy: proofs and extensions
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Task for the hour
(1) Show that Stochastic Airy

d? 2
+x+ —=b'(x)

(on R with Dirichlet boundaries) can be made sensible.
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Task for the hour

(1) Show that Stochastic Airy

d? 2
*@ + X+ ﬁb(X)

(on Ry with Dirichlet boundaries) can be made sensible.

Hp =

(2) Show the S-Hermite matrix H, g, with

81 8 on diagonal
VnB’ /nB’
and
XB(n—1) XB(n—2) .
, , ... on the off-diagonals
vng — v/np
satisfies

n?3(21 — H, ) — Hgp in some operator sense.

(3) Payoffs for other beta ensembles.

Brian Rider (Temple University) Operator limits of random matrices 2/16



Return to the quadratic form

Advertised that — TWjs can be defined as the infimum of
(f, Hpf) / [(F)?(x) + xf2(x)]dx + —= / 2(x

over f satisfying £(0) =0, [, f2(x) =1, [;7[(F')2(x) + xf2(x)]dx < oo (i.e.,
fer).
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Return to the quadratic form

Advertised that — TWjs can be defined as the infimum of
(f, Hpf) / [(F)?(x) + xf2(x)]dx + —= / 2(x

over f satisfying £(0) =0, [, f2(x) =1, [;7[(F')2(x) + xf2(x)]dx < oo (i.e.,
fer).

To start need a lower bound. Rough idea is that it would be nice to replace b,
with “(Ab),", and you almost can.
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Return to the quadratic form

Advertised that — TWjp can be defined as the infimum of
(f, Hpf) / [(F)?(x) + xf2(x)]dx + —= / 2(x

over f satisfying f(0) =0, [;* f2(x) =1, [y [(F")?(x) + xf2(x)]dx < oo (i.e.,
fer).

To start need a lower bound. Rough idea is that it would be nice to replace b,
with “(Ab),", and you almost can.

Decompose

and then
(f, b’f>:/ f2(x)E’de+2/ f'(x)f(x)(bx — by)dx.
0 0

and least for smooth compactly supported f.
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Key inequality

For any ¢ > 0 there is an almost surely finite C(c, b) with

/ h f2(x)dby

0

< c/ooo[(f’)z(x) + xF(x)]dx + C(c, b)/oo £2(x)dx.

0
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Key inequality

For any ¢ > 0 there is an almost surely finite C(c, b) with
/ f2(x)dby
0

Recall from above, first for “nice” test functions,

2 2 =
< C/O [(F)2(x) + xf=(x)]dx + C(c, b)/ 2(x)dx.

0

/OO f2(x)db, = /OO £2(x)bLdx + 2/oo f'(x)f(x)(byx — by)dx,

0 0 0

then note the relative slow growth of the running Brownian increment:
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Key inequality

For any ¢ > 0 there is an almost surely finite C(c, b) with
/ f2(x)dby
0

Recall from above, first for “nice” test functions,

2 2 =
< C/O [(F)2(x) + xf=(x)]dx + C(c, b)/ 2(x)dx.

0

then note the relative slow growth of the running Brownian increment:

Exercise: There is an C(b) < co (almost surely) so that

sup sup Abeiy = b < C(b).
x>00<y<1 \/log(1 + x)

It follows that |b}| and |bx — by| are similarly bounded. (Just uses that b, has
independent homogeneous increments, and a bound on Po(sup, , |b«| > ¢)).
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Existence of the groundstate

Let's introduce the natural norm on L:
12 = [P0 + @+ 00l
0

Then what we have shown can be summarized as: there are constants ¢
(deterministc) and C, C’ (random) such that for all f € £

cllflIZ — ClIfII3 < (F, Haf) < C'IIFIIZ.
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0

Then what we have shown can be summarized as: there are constants ¢
(deterministc) and C, C’ (random) such that for all f € £

cllflIZ — ClIfII3 < (F, Haf) < C'IIFIIZ.

Now argue the existence of an eigenvalue/eigenvector pair:
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(deterministc) and C, C’ (random) such that for all f € £

cllflIZ — ClIfII3 < (F, Haf) < C'IIFIIZ.

Now argue the existence of an eigenvalue/eigenvector pair:

o Let f, € £ be a minimizing sequence, (f,, Hgf,) — Ao
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Existence of the groundstate

Let's introduce the natural norm on L:
12 = [P0 + @+ 00l
0

Then what we have shown can be summarized as: there are constants ¢
(deterministc) and C, C’ (random) such that for all f € £

cllflIZ — ClIfII3 < (F, Haf) < C'IIFIIZ.

Now argue the existence of an eigenvalue/eigenvector pair:

o Let f, € £ be a minimizing sequence, (f,, Hgf,) — Ao

e The (a.s.) uniform bound on ||f,]|. produces a subsequence f,; — fy occuring:
weakly in H, uniformly on compacts, and in L2,

Brian Rider (Temple University) Operator limits of random matrices 5/16



Existence of the groundstate

Let's introduce the natural norm on L:
12 = [P0 + @+ 00l
0

Then what we have shown can be summarized as: there are constants ¢
(deterministc) and C, C’ (random) such that for all f € £

cllflIZ — ClIfII3 < (F, Haf) < C'IIFIIZ.

Now argue the existence of an eigenvalue/eigenvector pair:
e Let f, € £ be a minimizing sequence, (f,, Hzf,) — Ag

e The (a.s.) uniform bound on ||f,]|. produces a subsequence f,; — fy occuring:
weakly in H, uniformly on compacts, and in L2,

e From here can conclude (fy, Hgfy) = Ao. (And Ao = Ny = —TW;s.)
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Higher eigenvalues and more

We can now define Ay < Ay < --- by Rayleigh-Ritz, for example

Ay = felllr,]:fj_ﬁ)<f’ Hpf).

The same type of argument will show a pair (Ay, f;) exists. Then can check it is
an eigenvalue/eigenvector (and announce the former = A;).
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Higher eigenvalues and more

We can now define Ay < Ay < --- by Rayleigh-Ritz, for example

Ay = felllr,]:fj_ﬁ)<f’ Hpf).

The same type of argument will show a pair (Ay, f;) exists. Then can check it is
an eigenvalue/eigenvector (and announce the former = A;).

A couple cute points. With A = —:722 + x the usual Airy operator what we have
can yield..
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Higher eigenvalues and more

We can now define Ay < Ay < --- by Rayleigh-Ritz, for example

Ay = felllr,]:fj_ﬁ)<f’ Hpf).

The same type of argument will show a pair (Ay, f;) exists. Then can check it is
an eigenvalue/eigenvector (and announce the former = A;).

A couple cute points. With A = —:722 + x the usual Airy operator what we have
can yield..

Exercise: For any ¢ > 0 there is a random C so that
—C+(1-eA<Hzg<(1+e€A+Cl

in the sense of operators (quadratic forms).
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Higher eigenvalues and more

We can now define Ay < Ay < --- by Rayleigh-Ritz, for example

Ay = felllr,]:fj_ﬁ)<f’ Hpf).

The same type of argument will show a pair (Ay, f;) exists. Then can check it is
an eigenvalue/eigenvector (and announce the former = A;).

A couple cute points. With A = —:722 + x the usual Airy operator what we have
can yield..

Exercise: For any ¢ > 0 there is a random C so that
—C+(1-eA<Hs<(1+eA+Cl

in the sense of operators (quadratic forms).

Exercise: Granted the classical asymptotics A«(A) = (37k)*3 + o(1), show that

k23N, — (gﬂ)2/3

with probability one.
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Convergence proof: setup

Bring back the matrix model H, g with ﬁgk and \/%Xﬁ(,,,k) on the
diagonals/offdiagonals. No controversy to declare:

Wi(n) = ||T||i21<v’ I:In,ﬁV>7 ’LAIn,ﬂ = ”2/3(2/ — Hap).
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Convergence proof: setup

Bring back the matrix model H, g with ﬁgk and \/%Xﬁ(n,k) on the
diagonals/offdiagonals. No controversy to declare:

Wi(n) = ||T||i21<"’ I:In,ﬂ‘/>a ’LAIn,ﬂ = ”2/3(2/ — Ha.p).

Now write:

n n
(v, Anpv) = n?/? Z(VkJrl — )’ + Znn,kvkvk+1
k=0 k=0

+\Fzyn Vk +y,, kaVk+1
in which vy = vp,41 = 0 and
1
Mok = 230°(v/Bn = Expn-r)s Voi = —5n"°g

’ 2

@)

and y,", a centered/scaled x5, k)-
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Convergence proof: improved heuristics
Want to show

i A, inf (f, Hgf).
||rv"||'21<"’ V) = inf {f, Hsf)
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Convergence proof: improved heuristics
Want to show .
|\rvr\]|i21<v’ Hpv) — figfﬁ(f,’r’-lgf).
Embed the discrete minimization problem in L2: any v € R” is identified with a
piecewise constant f,(x) = v([n/3x]) for x € [0, [n*/3]], f, = 0 otherwise.
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Convergence proof: improved heuristics
Want to show
A inf (f, Hgf).
|m|m1<v .3 >—)flg£< JHpf)

Embed the discrete minimization problem in L2: any v € R” is identified with a
piecewise constant f,(x) = v([n/3x]) for x € [0, [n*/3]], f, = 0 otherwise.

With this point of view better to consider

n n

(Vi Fngv) = 'Y (veen = vi)> + 072 mo kv
k=0 k=0

2 173
/ E Vk+ynkaVk+l

A calculation shows:

[n/3x] [n/3x]

- _ 1 2
Y nnw—, 0 k) = b
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Convergence proof: An actual estimate

Need to show the discrete quadratic form is bounded below, as n — oc.
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Convergence proof: An actual estimate

Need to show the discrete quadratic form is bounded below, as n — oo.

Very much as in the proof that Stochastic Airy is well defined: show the noise
part of the form can be controlled by deterministic part: e.g., for any ¢ > 0,

n
— 1
WL
k=0

n
< cfvfnx + an an—1/3
k=1

where
Cp = Coly™, ¢) is a tight random sequence
and
n n
vz, = Z n'A(vier — w)? + Z kn=**;
k=0 k=0
is the analog of our || - [|2 norm from before.

And similarly for the y(® noise term.
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Convergence proof: Now what?

The bound just described gives (also similar to the continuum):
cllvI. = GallvIIZ, < (v, Anpv) < GV
n,* n t, =\, ngV) = L n,*

for tight C, and C].
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Convergence proof: Now what?

The bound just described gives (also similar to the continuum):
cllvi?. = Gallvi?, < (v, Hngv) < GlIvI.
for tight C, and C].

e Can select a subsequence of eigenvalue and (normalized) eigenvectors
(Mo(n’), vi) such that you have the convergence

Mo(n') = A, Vo — £ € 2PN H
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Convergence proof: Now what?

The bound just described gives (also similar to the continuum):
cllvi?. = Gallvi?, < (v, Hngv) < GlIvI.
for tight C, and C].

e Can select a subsequence of eigenvalue and (normalized) eigenvectors
(Mo(n’), vi) such that you have the convergence

Mo(n') = A, Vo — £ € 2PN H

e In fact will have .
)\o(n/) = <V,-,/7 Hn’,BVn’> — <f*,7'[5f*>
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Convergence proof: Now what?

The bound just described gives (also similar to the continuum):
cllvi?. = Gallvi?, < (v, Hngv) < GlIvI.

for tight C, and C].

e Can select a subsequence of eigenvalue and (normalized) eigenvectors
(Mo(n’), vi) such that you have the convergence

Mo(n') = A, Vo — £ € 2PN H

e In fact will have .
)\o(n/) = <V,-,I7 Hn’,BVn’> — <f*,7'[5f*>

e Gives at least
Ao = (f, Hpf) > No = —TWp

for any such limit point... (and that limit point is an eigenvalue of 73...)
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Other ensembles: Wishart matrices

These are the random matrices of form MMt for M = n x m with iid entries.

Brian Rider (Temple University) Operator limits of random matrices



Other ensembles: Wishart matrices

These are the random matrices of form MM for M = n x m with iid entries.
In the real, complex, quaternion Gaussian cases the eigenvalue laws are again

determinantal or Pfaffian processes. Well known see Tracy-Widom fluctuations for
the largest eigenvalues (work of Johnstone, Johansson...)
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Other ensembles: Wishart matrices

These are the random matrices of form MMt for M = n x m with iid entries.

In the real, complex, quaternion Gaussian cases the eigenvalue laws are again
determinantal or Pfaffian processes. Well known see Tracy-Widom fluctuations for
the largest eigenvalues (work of Johnstone, Johansson...)

The appropriate general beta version is to take the density on n positive points
with joint density: for 5 >0and kK > n—1

- B(k—n —
PE (s ) o JTIN = Ael? x H/\kz( -1 - Znx,
Jj<k k=1

(When B8 =1,2,4 and x = m € Z this realizes the MM real, complex, or
quaternion Gaussian Wishart ensemble.)
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(B-Laguerre

There is again a tridiagonal matrix model, due to Dumitriu-Edelman.
Let B = B, 3, be the random upper bidiagonal

XBr  XB(n—1)
XB(k—1)  XB(n—2)

XB(k—n+2) XB
XB(k—n+1)

with all variables independent.

Then the eigenvalues of W = BB have joint density P ..
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(B-Laguerre

There is again a tridiagonal matrix model, due to Dumitriu-Edelman.
Let B = B, 3, be the random upper bidiagonal

XBr  XpB(n—-1)
1 XB(k—1)  XB(n—2)

XB(k—n+2) XB
XB(k—n+1)

with all variables independent.
Then the eigenvalues of W = BB have joint density P ..

Exercise: For M an m x n matrix of independent real/complex Gaussians show there are
U and V unitary with UMV = the advertised B.
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Tracy-Widom(f3) for -Laguerre

Previous procedure gives:

Theorem (Ramirez, R, Virdg)

Let Ay > X, ... denote the ordered B-Laguerre eigenvalues and set

= n K/2 ana o _—(\/%)1/3
,U/n,n—(\/_‘f'\/_), d n,n—(\/ﬁ+ﬁ)4/3.

Then for any k, as n — oo with arbitrary kK = k, > n — 1 we have

(Un,n(,ufn,n = M)) s (/\o,/\1, a0 ,/\k—1>,

yeoay

the ordered eigenvalues for Stochastic Airy.
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An application: Spikes

Johnstone raised the question: What happens to Tracy-Widom for non-null
Wishart ensembles?

Or, what is \p.x for MZMT for “general’ ¥ # I? Even in the “spiked” case:
Y=Y, ®l,, for L, =diag(c,...,c ).

In 2005 Baik, Ben Arous, and Péché, found a phase transition (in the complex
case), here for r = 1:
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An application: Spikes

Johnstone raised the question: What happens to Tracy-Widom for non-null
Wishart ensembles?

Or, what is \p.x for MZMT for “general’ ¥ # I? Even in the “spiked” case:
Y=Y, ®l,, for L, =diag(c,...,c ).

In 2005 Baik, Ben Arous, and Péché, found a phase transition (in the complex
case), here for r = 1:

If c < P(o,,()\max — pin) < t) — Fa(t).
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An application: Spikes

Johnstone raised the question: What happens to Tracy-Widom for non-null
Wishart ensembles?

Or, what is \p.x for MZMT for “general’ ¥ # I? Even in the “spiked” case:
Y=Y, ®l,, for L, =diag(c,...,c ).

In 2005 Baik, Ben Arous, and Péché, found a phase transition (in the complex
case), here for r = 1:

If c < P(on()\max — pin) < t) — Fa(t).

1f > e P} (hmac = 1) <€) = 1 e /2 2
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An application: Spikes

Johnstone raised the question: What happens to Tracy-Widom for non-null
Wishart ensembles?

Or, what is \p.x for MZMT for “general’ ¥ # I? Even in the “spiked” case:
Y=Y, ®l,, for L, =diag(c,...,c ).

In 2005 Baik, Ben Arous, and Péché, found a phase transition (in the complex
case), here for r = 1:

If c <ec: P(Jn()\max — pn) < t) — F(t).
—X2 X
|fC>C: P(U;()\max_uz)gt) _>f_tooe /2\7?

If c=c¢— wn1/3; P(Un()\max — pn) < t) — F(t,w) = Fy(t)f(t,w) where f can
again be described in terms of Painlevé II.
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An application: Spikes

Johnstone raised the question: What happens to Tracy-Widom for non-null
Wishart ensembles?

Or, what is \p.x for MZMT for “general’ ¥ # I? Even in the “spiked” case:
Y=Y, ®l,, for L, =diag(c,...,c ).

In 2005 Baik, Ben Arous, and Péché, found a phase transition (in the complex
case), here for r = 1:

If c < P(a,,()\max — pin) < t) — Fa(t).

1f > e P} (hmac = 1) <€) = 1 e /2 2

If c=c¢— wn1/3; P(Un()\max — pn) < t) — F(t,w) = Fy(t)f(t,w) where f can
again be described in terms of Painlevé II.

That 8 = 2 is absolutely critical to the analysis.
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Spiked beta ensemble

Can still tri-diagonalize. Get the same product of random bidiagonal B matrices,
but with a multiplicative shift by \/c in the (1,1) entry. (Exercise?)
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Spiked beta ensemble

Can still tri-diagonalize. Get the same product of random bidiagonal B matrices,
but with a multiplicative shift by \/c in the (1,1) entry. (Exercise?)
Theorem (Bloemendal-Virdg)
At criticality, the appropriately scaled BB} with ¢ = ¢ — wn—1/3, converges in the
now familiar operator sense to

d? 2
_ —_p

dX2 + X + \/B (X)7

but subject now to f'(0) = wf(0) at the origin.

Hp =
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Spiked beta ensemble

Can still tri-diagonalize. Get the same product of random bidiagonal B matrices,
but with a multiplicative shift by /c in the (1,1) entry. (Exercise?)

Theorem (Bloemendal-Virdg)
At criticality, the appropriately scaled B.B] with c = ¢ — wn™'/3, converges in the

now familiar operator sense to

d? 2,
T a2 a4 XX =R ﬁb (x),

but subject now to f'(0) = wf(0) at the origin.

Hp =

So have a “general beta spiked” Tracy-Widom law TWg ,,, with TW3 = TWj o
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PDE for TWj ,, distributions

Can again use the Riccati trick.

The Robin boundary condition means that any x — ¢(x, ) satisfying Hp) = \p

is subject to (1/(0,A),%’(0,A)) = (1,w), or p(0,\) = 15:( A))
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PDE for TWj ,, distributions

Can again use the Riccati trick.

The Robin boundary condition means that any x — ¢(x, ) satisfying Hp) = \p

is subject to (1/(0,A),%’(0,A)) = (1,w), or p(0,\) = 15:( A))

The upshot is:
P(TW;g w < A) = P w(p never explodes),

with p our friend from before: dp; = %dbt + (t — p?)dt, now begun at place w
at time .

Brian Rider (Temple University) Operator limits of random matrices 16 / 16



PDE for TWj ,, distributions

Can again use the Riccati trick.

The Robin boundary condition means that any x — ¢(x, ) satisfying Hp) = \p

is subject to (1(0,A),¢’(0,\)) = (1, w), or p(0,\) = ﬁ( A))

The upshot is:
P(TW;g w < A) = P w(p never explodes),

with p our friend from before: dp; = %dbt + (t — p?)dt, now begun at place w
at time \.

Now view F(XA, w) = Fg(A,w) = P(TW;s,,, < A) as a hitting distribution for the
“space-time” Markov process (p:, t). By general theory any such function is killed
by the generator:

OF 2 0°F oF

AJrBaz—WJr(A )aw 0.

This PDE has been used by Rumanov to find the first Painlevé formulas for TWj
outside of 5 =1,2,4 - for 5 = 6!
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Operator limits of random matrices
I1l. Hard edge

Brian Rider

Temple University
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Back to complex Wishart

Have n x m matrices M of independent complex Gaussians and form the
appropriately scaled %MI\/IT.
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Back to complex Wishart

Have n x m matrices M of independent complex Gaussians and form the
appropriately scaled %MMT.

The Marchenko-Pastur law replaces the semi-circle: if say 7 — v > 1,

dA

1 n
2 20 V=R 55

where ¢ = (1 — \ﬁ)2 and r=(1+ ﬁ)z
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Back to complex Wishart

Have n x m matrices M of independent complex Gaussians and form the
appropriately scaled %MMT.

The Marchenko-Pastur law replaces the semi-circle: if say 7 — v > 1,

dA

1 n
2 20 V=R 55

where £ = (1 —/7)? and r = (1 + /7)?
When v > 1 both edges are “soft”, and see Tracy-Widom fluctuations.
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Back to complex Wishart

Have n x m matrices M of independent complex Gaussians and form the
appropriately scaled %MMT.

The Marchenko-Pastur law replaces the semi-circle: if say 7 — v > 1,

dA

1 n
2 20 V=R 55

where £ = (1 —/7)? and r = (1 + /7)?
When v > 1 both edges are “soft”, and see Tracy-Widom fluctuations.

When v =1, then ¢ = 0 and eigenvalues feel the "hard edge” of the origin.
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Back to complex Wishart

Have n x m matrices M of independent complex Gaussians and form the
appropriately scaled X MM

The Marchenko-Pastur law replaces the semi-circle: if say 7 — v > 1,

dA

1 n
2 20 V=R 55

where £ = (1 —/7)? and r = (1 + /7)?
When v > 1 both edges are “soft”, and see Tracy-Widom fluctuations.

When v =1, then ¢ = 0 and eigenvalues feel the "hard edge” of the origin.

In fact, if m = n-+ a as n T oo there is a one-parameter family of limit laws for
Amin (also due Tracy-Widom).
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Hard edge kernel/process

Using the determinantal structure: with m — n = a as n — oo it holds,

]P(n2>\min > t) — deth[O,t)(I - KBesseI)

where

_ (V)Y (VYY) — (V)X (VX)
KBessel(Xa }/) - 9
X—=y
and J, is the Bessel function of first kind. (The Fredholm determinant itself can
be expressed in terms of Painlevé V).
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Hard edge kernel/process

Using the determinantal structure: with m — n = a as n — oo it holds,
]P(n2>\min > t) — deth[O,t)(I - KBesseI)

where

_ (V)Y (VYY) — (V)X (VX)
KBessel(Xa }/) - 9
X—=y
and J, is the Bessel function of first kind. (The Fredholm determinant itself can
be expressed in terms of Painlevé V).

Defines the “hard-edge” process for each a.
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Hard edge kernel/process

Using the determinantal structure: with m — n = a as n — oo it holds,
]P)(n2>\min > t) — deth[O,t)(I - KBesseI)

where
Ko y) — 2L IVTID) — I IIEI/R)
Bessel\ X x—y 3
and J, is the Bessel function of first kind. (The Fredholm determinant itself can
be expressed in terms of Painlevé V).

Defines the “hard-edge” process for each a.

As a — oo recover the soft edge:
a"* Kpessel (3 — a*/37, 8° — a3 1) = Kairy (A, 1),

with similar statement at the point distribution (Painlevé) level.
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General beta

Tuned for the hard edge (and in a slightly different form then before), define:

X(n+a)B  —X(n-1)8
1 X(nta—1)8  —X(n—2)B
= 7
X(a+2)8 —XB
X(a+1)8

here a > —1, 8 > 0 and all entries are independent.

Then, the eigenvalues of W = BB' have joint density

n
B _
Pa o [[ A T8 T oy — Al
k=1 Jj<k
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Hard edge operator

Here's a version of the result:

Theorem (Ramirez, R.)

For all B >0, a> —1 and x — by a standard Brownian motion define

X d? 2 oy @
T =1TB,a= —€ (W—(a—i— \/be)$> 5

Acting on functions supported on R which vanish at the origin T has eigenvalues
0 < Ao(B,a) < Ai(B,a) < ---. Also, as n — oo and for any fixed k

{n2>\i}i:1,...,k = {/\0(/87 a)a coo 7Ak—1(ﬂa 2)}

for {\i}i=1,2,. .. the ordered points of Pg ,.
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Other formulations of 73,

While it is suggestive to write 7 as the (negative of the) generator for a
“Brownian motion with white noise drift”, perhaps better to note
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Other formulations of 73,

While it is suggestive to write 7 as the (negative of the) generator for a
“Brownian motion with white noise drift”, perhaps better to note

7(a+1)xfib

2
with m(x) = e V5" and s(x) = e UEP),

Then the eigenvalue problem —7f = Af can be written as a system:

F'(x) = s(x)g(x), &'(x) = Am(x)f(x), (f(0),&(0)) =(0,1)

and g(x) = s(x)~1f'(x) can be solved for in C*.
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Other formulations of 73,

While it is suggestive to write 7 as the (negative of the) generator for a
“Brownian motion with white noise drift”, perhaps better to note

(a+1)xfib

2
with m(x) = e V5" and s(x) = e UEP),

Then the eigenvalue problem —7f = Af can be written as a system:
F'(x) = s(x)g(x), &'(x) = Am(x)f(x), (f(0),&(0)) =(0,1)
and g(x) = s(x)~1f'(x) can be solved for in C*.

In other words, 7 is really a “classical” Sturm-Louiville operator.
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The integral operator 7'/8_;
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The integral operator TB_;

Better still:

= [ ([ st rnminay

is (a.s.) non-negative and compact in L?[R, m(dx)].
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The integral operator TB—;

Better still: - hy
0= [T ([7 st@az) fminay
is (a.s.) non-negative and compact in L?[R, m(dx)].

Exericise: Check that. In fact, it is a.s. “trace class”: [~ [ s(z)m(x)dzdx < oo.
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The integral operator Tﬂ_;

Better still:

= [ (] s(2)dz ) F(y)m(y)dy

is (a.s.) non-negative and compact in L?[R, m(dx)].
Exericise: Check that. In fact, it is a.s. “trace class”: [~ [ s( x)dzdx < oc.
Further 771 = 'k with

(oo}
()0 = 2 [ HEN ()

X

This kernel satisfies [~ [~ [5(x, y)[?dm(x)dm(y) < oo (so 71 is product
Hilbert-Schmidt).

Noting the matrix model W = BB has the same structure, we actually pin down
the integral operator limit of (nB)~!
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Embedding

A = a; € R™" can be embedded into L2[0, 1] without changing the spectrum: for
xi=1i/nfori=0,1,....,nand f € L?[0,1],

Xj
(AF)( x)—Zau/ f(x)dx, when x;_; < x < x;.
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Embedding

A = a; € R™" can be embedded into L2[0, 1] without changing the spectrum:

xi=1i/nfori=0,1,....,nand f € L?[0,1],
Xj
(AF)( x)—Za,J/ f(x)dx, when x;_; < x < x;.

By the inversion formula for bidiagonal matrices we can view (nB)~! as an
(L2[0,1] + L2[0,1]) integral operator with the discrete upper-triangular kernel

VBn YT Xk

XB(n+a—i) k=it1 XB(n+a—k)

kn(x,y) =

ij?

inwhich T ={0<x <y <1l:x€(xi—1,x], ¥y € (yj-1,5]}
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Embedding

A = a; € R™" can be embedded into L2[0, 1] without changing the spectrum: for

xi=1i/nfori=0,1,....,nand f € L?[0,1],
Xj
(AF)( x)—Za,J/ f(x)dx, when x;_; < x < x;.

By the inversion formula for bidiagonal matrices we can view (nB)~! as an
(L2[0,1] + L2[0,1]) integral operator with the discrete upper-triangular kernel

VBn YT Xk

XB(n+a—i) k=it1 XB(n+a—k)

kn(x,y) =

ij?

inwhich T ={0<x <y <1l:x€(xi—1,x], ¥y € (yj-1,5]}

Exercise: Convince yourself of all that!
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Pointwise limit of the kernel

A bit more streamlined:

o [ny] ~
__VBn exp Z log XBln=k)_

kn(x,y) =~
! XB([n(1—x)]+a) XB(n+a—k)

k=[nx]

The most complicated bit here is a sum of independent variables.
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Pointwise limit of the kernel

A bit more streamlined:

— [ny] ~
__VBn exp Z log XBln=k)_

kn(x,y) =~
! XB([n(1—x)]+a) XB(n+a—k)

k=[nx]

The most complicated bit here is a sum of independent variables.
Exercise: For fixed x € [0,1)

[nx]

Vi 1 n— 1
pn = , Zlogixﬁ( ) :>N<(1—x)a/2,f
XB(nt+a—|nx]) 1—x —1 XB(n+a—k) ﬁ

in law.
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Pointwise limit of the kernel

A bit more streamlined:

k"(xvy) =~ 1X<}"

A [ny] ~
_Vbn exp Z log XBn—k)
XB([n(1—x)]+a) kg XB(nta—h)
The most complicated bit here is a sum of independent variables.

Exercise: For fixed x € [0,1)

[nx]
Vi 1 n— 1 1
pn ; > IogM:>N<(1—x)a/2,—log >
XB(n+a—|nx]) 1-—x 1 XB(n+a—k) B (1-x)
in law.

The process version of this produces kn(x,y) — kg a(x,y) where

La a
Ko.a(x,y) = (1— %)% exp [ ](1 s

and b, is a Brownian motion.
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Putting it together

The inverse of the full matrix model should then converge to the integral operator
with kernel (kTk)(x,y) =

dby

dz | (1 y)2e ¥ Vi

4 db,
1 a2~ I8 A= xry oI5 75ig

_ e = e v
= o Go2p

on L2[0,1].
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Putting it together

The inverse of the full matrix model should then converge to the integral operator
with kernel (kTk)(x,y) =

2 dby
_orx db, XAy 210 /B(1—t) _ db,
(1—x)"?e o Zsas (/ e = veiTg dz) (1-y)"?e e
0

(1—z)1

on L2[0,1].

Get the advertised limit by a change of variable:
XNy
(KTk)(1— e, 1—e)e /2e/? = (/ s(z)dz> [m(x)m(y)]?,
0

on L2[0,c0).
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Putting it together

The inverse of the full matrix model should then converge to the integral operator
with kernel (kTk)(x,y) =

2 dby
_orx db, XAy 210 /B(1—t) _ db,
(1 - x)/2e” 5 75as (/ e Y dz) (1— y)2e 750
0

(1—z)"

on L2[0,1].

Get the advertised limit by a change of variable:
XNy
(KTk)(1— e, 1—e)e /2e/? = (/ s(z)dz) [m(x)m(y)]?,
0

on L2[0,c0).
You'll recall: 77*(x,y) = (J;"" s(z)dz) m(y) on L?[[0,00), m] and that

2 _ o —2
S(X) _ eaXJr\/EbX, m(x) —e (a+1) \/Bbx.
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What actually gets proved
Let Kj . be the integral operator on L?[0, 1] with kernel

_db,
ksa(x,y)=(1—x)"%e K B (1 - y)2L, .,

and K, the integral operator derived form the embedded bidiagonal random
matrix (nB)~!, with kernel

XB([n(1— k=[] XB(n+a—k

[ny]
ko(x,y) ~ — Y vBn exp | S log XB(n—k) Lo,
x)|+a) )
also acting in L2[0, 1].

Theorem (Ramirez, R.)

For any sequence of the operators K, there is a subsequence n' — oo and
suitable probability space on which

P [ [ 1k

Brian Rider (Temple University) Operator limits of random matrices 11 /17
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Fun Fact

Return to the pB-Laguerre density:

n

g [T =N TTwn), wd) = A -lem5m,
i i—1

Brian Rider (Temple University) Operator limits of random matrices



Fun Fact

Return to the pB-Laguerre density:

n

Cn,B H |Ai — )\j|,3 H w(A), w(A) = AE (@) —1,-5nx
i#J i=1

When g(a +1) =1 (e.g, =2 and a =0) immediate that

R el n n n2
/ [T Ix = AlPe P2 xia s dX, = e 777,
b

P()\min > t) = Cn,ﬂ/
t

i.e., a simple exponential.
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Fun Fact

Return to the pB-Laguerre density:

n

Cn,B H |Ai — )\j|ﬁ H w(A), w(A) = AE (@) —1,-5nx
i#J i=1
When g(a +1)=1(e.g, =2 and a=0) immediate that

oo

o n n n2
P(Amin > t) = Cn,b‘/ / H|/\i—>\j|ﬁeiﬁ5zk:1 Mdp .. .dh, =e T
t

b
i.e., a simple exponential.

This means for example that:

o0 1 F1\2 be—zx
o (e P
in 5
F£0,£(0)=0 =

#0,f(0) fOOO(fX)ze\/E

but | have no direct proof of this.
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Riccati at the hard edge

Write out (t) = A\~ )(t):

e’} tAs 2 2
P(t) = )\/ (/ et du) ¢(s)e_(a+1)s_ﬁbs ds.
0 0

Read off that ¢(0) = 0.

Brian Rider (Temple University) Operator limits of random matrices



Riccati at the hard edge

Write out (t) = A\~ )(t):

w(t) :)\/Ooo (Atl\s eau+%bu du) ’QZJ( ) —(a+1)s— \f ds.

Read off that ¢/(0) =0

Taking one derivative throughout, followed by an Ito differential gives the system:

dy= Fyvidbe+ ((a+ 3t — Ae "0t
due= vidt,

And g = solves

dg: = 75qedbe + ((a+ 3)q: — q? — \e t)dt.

Passages of this process (started at +o0) will count eigenvalues of 7.
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Riccati at the hard edge - more precise

Theorem (Ramirez, R.)
Take the law induced by q defined by

dgr = 2qedbe + ((a+ 2)q: — g — Ae”")dt.
started at +oco, and restarted at +oco after any passage to = —oo. Then,

P(No(7p,a) > A)= P(1o0,0)(q never hits 0),
P(Ak(78,a) < A\)= P(100,0)(p hits O at least k + 1 times).

If a > 0 can replace hits to the origin with hits to —oc.
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Riccati at the hard edge - more precise

Theorem (Ramirez, R.)
Take the law induced by q defined by
dgr = 2qedbe + ((a+ 2)q: — g — Ae”")dt.
started at +oco, and restarted at +oco after any passage to = —oo. Then,

P(No(7p,a) > A)= P(1o0,0)(q never hits 0),
P(Ak(78,a) < A\)= P(100,0)(p hits O at least k + 1 times).

If a > 0 can replace hits to the origin with hits to —oc.

The deal is that 73, has a Neumann condition “at infinity”, while for a > 0 can
take either Dirichlet or Neumann there.
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Riccati at the hard edge - more precise

Theorem (Ramirez, R.)
Take the law induced by q defined by
dgr = 2qedbe + ((a+ 2)q: — g — Ae”")dt.
started at +oco, and restarted at +oco after any passage to = —oo. Then,

P(No(7p,a) > A)= P(1o0,0)(q never hits 0),
P(Ak(78,2) < A)= P(400,0)(p hits O at least k + 1 times).

If a > 0 can replace hits to the origin with hits to —oc.

The deal is that 73, has a Neumann condition “at infinity”, while for a > 0 can
take either Dirichlet or Neumann there.

An easier observation: When a > 0 the process g will hit —oo with probability one
once it hits zero.
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General hard to soft transition

We indicated earlier how (at 3 = 2) Bessel(a) point process converges to the Airy
point process as a — 0.
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General hard to soft transition

We indicated earlier how (at 3 = 2) Bessel(a) point process converges to the Airy
point process as a — 0.

In fact it holds that:

Theorem (Ramirez, R.)

For all 3 > 0,
32 — /\0(7’5 23)
—34/3 = TWﬁ

as a — oQ.

Have a proof via Riccati - haven't succeeded in showing this directly through the
operators.
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Proof for the transition (sketch)

On one hand, P(TW;p < X) is the probability that
dpe = Zdby + (t + X — p7)dt

never hits —oo (started from +00). And for a > 1, P(Ao(75,22) > p) is the
probability that

dq: = ﬁ‘hdbt +((2a + %)qt - q? — pe”")dt

never hits —oo (started from +oc0).
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Proof for the transition (sketch)

On one hand, P(TW;p < X) is the probability that
dpe = Zdby + (t + X — p7)dt

never hits —oo (started from +00). And for a > 1, P(Ao(75,22) > p) is the
probability that

dg: = 75qedbe + ((22+ 5)qe — q? — pet)dt

never hits —oo (started from +00).

Should be enough to show there is the convergence
(£ @@, p=a2=a"0) = (£ p?),

as measures on paths (started from +00).
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Proof for the transition (sketch con't)
Given g = ¢?*~"*X gatisfies:

dg: = 2-q:db; + ((23 +2)ar — q? — (3% - 34/3/\)64) dt
make the change of variables
n(t) = a *3q(a—**t) — a'/3,

noting 79 = +oc0 and 7; hits —oc if and only if g does.

Brian Rider (Temple University) Operator limits of random matrices 17 /17



Proof for the transition (sketch con't)
Given g = ¢?*~"*X gatisfies:
dq: = Z5qrdb; + ((23 +2)ar — q? — (3% - 34/3/\)e’t) dt
make the change of variables
n(t) = a?q(a7?t) — a3,
noting 19 = 400 and 7; hits —oo if and only if g does. Then:

dne = % [1 + 3_1/377t] db;

—2/3,; 2—2/3¢

+ {)\e*a
~ Zdbs + [+t —nf]dt,

+ a3 —e” )=+ %(371/3 + 372/377t)] dt

for bounded sets of time and space. And this is just the equation for the TWj
Riccati diffusion.
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IV. Universality and exotic limits
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Universality

Back in the measure on matrices worldview, the natural form of universality would
be to ask whether replacing say

GUE: e "My
(where dM = Lebesgue measure on the space of n x n Hermitian matrices) with
e—ntrV(M) dM,

alters local statistics.
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Universality

Back in the measure on matrices worldview, the natural form of universality would
be to ask whether replacing say

GUE: e "My
(where dM = Lebesgue measure on the space of n x n Hermitian matrices) with
e—ntrV(M)dM’

alters local statistics.

Importantly, these ensembles maintain the same analytic structure at the
eigenvalue density level:

o e " VO TT N = A2 = det(K,Y()m A,))
i<j

—nV/(X)

with KV the projection kernel onto the span of the first n OPs for weight e
on R.
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RHPs and 5 =1,2,4

Sticking with S = 2 for a moment, the universality of any local statistic is passed
onto the universality of the appropriately scaled K.
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RHPs and 5 =1,2,4

Sticking with 8 = 2 for a moment, the universality of any local statistic is passed
onto the universality of the appropriately scaled K.

This in turn is passed onto asymptotics for the family of OPs with nonclassical
weight(s) e "V(N) | and the mighty hammer that is the RHP method has basically
settled the matter: universality holds at regular points of the non-universal
equilibrium measure:

=l 0
i=1
—argmin, ([ vOU(@n) 2 [ [1og 3~ lu(@nn(a) ).

With more tears, 5 =1 and 3 = 4 can be pushed through.
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Both general V and (8

The random operator approach is in principle available, as one can still write down
a tridiagonal matrix model.
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Both general V and (8

The random operator approach is in principle available, as one can still write down
a tridiagonal matrix model.

Again denote
T(A, B) = tridiag(B, A, B),

for (A1, ..., A,) real coordinates and (B, ..., B,_1) all positive.
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Both general V and (8

The random operator approach is in principle available, as one can still write down
a tridiagonal matrix model.

Again denote
T(A, B) = tridiag(B, A, B),

for (A1, ..., A,) real coordinates and (By, ..., B,_1) all positive.

Then if you draw (A, B) according to the law with density

x exp( nBtrV(T ) Hbﬁn k=

the random Jacobi matrix T(A, B) has joint eigenvalue density

Psv oc [T I\ — AjfPePnEia V),

i<j
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Both general V and (8

The random operator approach is in principle available, as one can still write down

a tridiagonal matrix model.

Again denote
T(A, B) = tridiag(B, A, B),

for (A1, ..., A,) real coordinates and (By, ..., B,_1) all positive.

Then if you draw (A, B) according to the law with density

x exp( nBtrV(T ) HbB” k=

the random Jacobi matrix T(A, B) has joint eigenvalue density

Psv oc [T I\ — AjfPePnEia V),

i<j

Note if V(\) = %Az get the S-Hermite ensemble of Dumitriu-Edelman. The proof

is the same.
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A metatheorem (for Stochastic Airy Universality)

The idea is that if there is a centering (&) scaling rate (v, — o0) after which top

the eigenvalues of T, = T,(A, B) approach those of the Stochastic Airy operator,
the game is the following.
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A metatheorem (for Stochastic Airy Universality)

The idea is that if there is a centering (&) scaling rate (v, — o0) after which top
the eigenvalues of T, = T,(A, B) approach those of the Stochastic Airy operator,
the game is the following.

Write
Yo(El = To(A, B)) = m? tridiag(—1, 2, —1) + tridiag(A, B, A),

and, interpreting the As and Bs as combining to a potential on discretization
scale m;1: show that,

[tm,] 5

Z(ANk+QEk):>%+ : b(t)

VB

for b a Brownian motion.
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A metatheorem (for Stochastic Airy Universality)

The idea is that if there is a centering (&) scaling rate (v, — o0) after which top
the eigenvalues of T, = T,(A, B) approach those of the Stochastic Airy operator,
the game is the following.

Write
Yo(El = To(A, B)) = m? tridiag(—1, 2, —1) + tridiag(A, B, A),

and, interpreting the As and Bs as combining to a potential on discretization
scale m;l: show that,

[tm,] B B t2 5
Ak +2By) = — 4+ —=b(t
kz:;( P =3 NG (t)

for b a Brownian motion. Along with sufficient compactness should mean

Amax (%(5/ ~To(A, B)) = TW;.
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What compactness?

Re-notate on/off diagonals of already centered/scaled tridiagonal matrix as in
2m% + mn(Xn,k - Xn,k71)7 _m,21 + mn(Yn,k - Yn,k71)~

With X,(t) = X, (m,q. €tc., in addition to X,(t) +2Y,(t) = 5t> + fb( )
require...

There are decompositions:

k k
Xnk_ Znn€+w Ynk— ZWM"‘W
Mn Mn 3
such that
t/Ch— Gy < ﬂnx(f)+77,3/(f) <Gt + Gy,
and

w () = Wy ()2 + [wy (1) = w, (5))* < Ca(1 + t/(2)).

for all n and t,s € [0,n/m,] with |t — s| < 1 with tight C, and some ¢(t) — .
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Universality of Stochastic Airy

Theorem (Krishnapur, R., Virag)

Let V' be a strictly convex polynomial. There exists a coupling of the random
matrices T, realizing Pg  on the same probability space and constants v and £
depending only on V so that: almost surely,

2 2

—— +x+ —=b(x

FERRRR L0

The indicated convergence is such: for every k, the bottom kth eigenvalue
converges and the corresponding eigenvector converges in norm.

31— T,) —

Note similar to before we view £/ — T, acting on R” C L2(R.) with coordinate
vectors

& = (79”)1/61[,'71,1'](«9")71/37

with ¢ yet another constant depending on V.
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Full disclosure - there are better universality results

Around the same time two separate groups proved stronger forms of soft-edge
universality:

e Bekerman-Figalli-Guionnet by transportation of measure.

e Bourgade-Erdos-Yau by their relaxation of Dyson Brownian motion approach.

Both groups require only some number of derivatives of V/, along with py having
one band of support and being regular.
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Full disclosure - there are better universality results

Around the same time two separate groups proved stronger forms of soft-edge
universality:

e Bekerman-Figalli-Guionnet by transportation of measure.

e Bourgade-Erdos-Yau by their relaxation of Dyson Brownian motion approach.

Both groups require only some number of derivatives of V/, along with py having
one band of support and being regular.

Aside: Convexity of V is the only simple geometric condition that produces one
band plus regularity of py.
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Full disclosure - there are better universality results

Around the same time two separate groups proved stronger forms of soft-edge
universality:

e Bekerman-Figalli-Guionnet by transportation of measure.

e Bourgade-Erdos-Yau by their relaxation of Dyson Brownian motion approach.

Both groups require only some number of derivatives of V/, along with py having
one band of support and being regular.

Aside: Convexity of V is the only simple geometric condition that produces one
band plus regularity of py.

Both these alternate methods are “by comparison”. The philosophical advantage
of the operator approach is that it (re)identifies the limit.
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The set-up

One has a Gibbsian type law on tridiagonal (A, B): e~ "#H(2:b) dadb for
Hamiltonian

n—1

H = x(V(To(a. b)) = S (1~ =) log(by).

k=1
The good.
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One has a Gibbsian type law on tridiagonal (A, B): e~ "#H(2:b) dadb for
Hamiltonian

n—1

H = x(V(To(a. b)) = S (1~ =) log(by).

k=1
The good.

Convexity of V yields convexity of H.
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The set-up

One has a Gibbsian type law on tridiagonal (A, B): e~ "#H(2:b) dadb for
Hamiltonian

n—1
H = x(V(To(a. b)) = S (1~ =) log(by).
k=1

The good:
Convexity of V yields convexity of H.

Polynomial V gives a Markov field property: the (A, B) variables in past/future
are independent given a block of length d = 1deg(V) — 1.

The bad-

Want to use convexity of H to show the variables fluctuate in a small window
about the minimizer (a*, b*). You're not actually going to compute the
minimizer...
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Rough idea

Proceed in blocks. Consider a stretch of coordinates (Ax, Bx) with k € Z and
|Z| = n® with & “small”.
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Rough idea

Proceed in blocks. Consider a stretch of coordinates (Ax, Bx) with k € Z and
|Z| = n® with & “small”.

Fix the values of (Ak, Bk) in the blocks of length d to the left/right of Z. Denote
these conditional “boundary values” by g
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Rough idea

Proceed in blocks. Consider a stretch of coordinates (Ax, Bx) with k € Z and
|Z| = n® with & “small”.

Fix the values of (Ak, Bk) in the blocks of length d to the left/right of Z. Denote
these conditional “boundary values” by g

Induced law reads 1
d%ﬁzf/e%muwam)

Convexity/concentration gives

_ _ 1 _
Hq(a, b) ~ Hg + VHg - (a — ag, b — bg) + 5(3 — ag, b — bg)"(V*Hy)(a — ag, b — by)

with an error that can be dropped at the exponential level.
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Rough idea

Proceed in blocks. Consider a stretch of coordinates (Ax, Bx) with k € Z and
|Z| = n® with & “small”.

Fix the values of (Ak, Bk) in the blocks of length d to the left/right of Z. Denote
these conditional “boundary values” by g

Induced law reads 1
d%ﬁzf/eﬂmumme)

Convexity/concentration gives
_ _ 1 _
Hq(a,b) ~ Hy + VH, - (a — aq, b — bg) + E(a — ag, b — by) (V?Hy)(a — aq, b — by)
with an error that can be dropped at the exponential level.

Will yield that Pz is a mixture of Gaussians - in total variation norm.

Doesn't look very universal - now have the problem of estimating/computing
these conditional minimizers (aq, by).
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The local minimizer(s)

To characterize the idea that minimizers should be locally constant, introduce a
“local Hamiltonian".
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The local minimizer(s)

To characterize the idea that minimizers should be locally constant, introduce a
“local Hamiltonian".

Fix t € [0,1]. Consider the index k, % = t, and keep only those terms of H in
which a, and by appear.
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The local minimizer(s)
To characterize the idea that minimizers should be locally constant, introduce a
“local Hamiltonian".

Fix t € [0,1]. Consider the index k, % = t, and keep only those terms of H in
which a, and by appear.

In the resulting function, set all a, and by to the same quantity. Produces a
Hamiltonian in two variables:

H® = H®(a, b) = W(a, b) — (1 — t) log b.

Now define (&;, b:), the minimizers of this expression, as your “local minimizers”.
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The local minimizer(s)

To characterize the idea that minimizers should be locally constant, introduce a
“local Hamiltonian".

Fix t € [0,1]. Consider the index k, % = t, and keep only those terms of H in
which a, and by appear.

In the resulting function, set all a, and by to the same quantity. Produces a
Hamiltonian in two variables:

H® = H®(a, b) = W(a, b) — (1 — t) log b.
Now define (4, Bt) the minimizers of this expression, as your “local minimizers”.

Remark: Let C is the symmetric circulant matrix derived from the tridiag(b, a, b)

matrix. Then 1

dim C

W(a, b) = trV(C),

assuming dim C > deg V.
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Local minimizers and equilibrium measures

This “local potential” W may also be written as in
W(a, b) = [1IV(a+ bz + 1/2))

where [1] denotes the coefficient of the constant term in the Laurent series in z.
See this by counting random walk paths.
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Local minimizers and equilibrium measures

This “local potential” W may also be written as in
W(a,b) = [1]V(a + bz + 1/2))

where [1] denotes the coefficient of the constant term in the Laurent series in z.
See this by counting random walk paths.

Using the integral formula for the Laurent coefficient, the equations for (4, b;)
are equivalent to

Re sV{(s)ds —or Re V/(s) ds ~0
— Lt)(Rt — 5) L: A/ (S — Lt)(Rt — 5)
where
1

Vl’ V Lt = at - 2bl’7 Rt = é\t + 281’

1_

This identifies (L¢, Ry) as the left and right endpoints of support for the
equilibrium measure associated with the family of potentials V4.
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Beyond regularity - higher order Tracy-Widom

It is possible to cook up Vs where the limiting eigenvalue density vanishes faster
that square root at its right-most edge of support &:
4k+1

Yy(t)~(E—t) 2, fork=1,2,...

Claeys-Its-Krasovsky (2010) showed at § = 2 that

P(nﬁ (Amax — &) < t) — Painlevé Stuff.
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Beyond regularity - higher order Tracy-Widom

It is possible to cook up Vs where the limiting eigenvalue density vanishes faster
that square root at its right-most edge of support &:

441

Yy(t)~(E—t) 2, fork=1,2,...

Claeys-Its-Krasovsky (2010) showed at § = 2 that

P(nﬁ (Amax — &) < t) — Painlevé Stuff.

Conjecture

Let T, be a tridiagonal ensemble realizing the k" order degeneracy. Then
Hpx = yn#3(E1 — T,), with a constant -y = v converges to the operator

2

Hok="ga

1 2 k
+ X T 4 ——x~ % b (x).
VB

The problem: cannot produce this sort of behavior with convex potentials.
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A concrete example

Take the quartic:

then
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A concrete example

Take the quartic:

then

Yv(x) =
The density on tri-diagonal matrix coordinates reads: e~ "?H for
1 k+1 /5
EZ(b +2b2bk+1) Z(l ——)log
20 Z ( ak +4a2 + 323k>

——(x+2)12(2 — x)*2.
s

H(a, b) =

+g Z bi (2 + akak+1 + ai + aiJrl —4(ak + 3k+1)>-

Just need to prove a CLT for the running sum of the (a, b)-coordinates!
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The hard and soft edges meet

Claeys-Kuijlaars introduces a Wishart-like model that mimics a vanishing inside
the bulk. With dM = Lebesgue on

1
Z7Y(det M)2e="VMgn V(x) = o (x = 2)2.

The parameter ¢ can be tuned so that the equilibrium measure:
Has a hard edge at the origin for ¢ > 1.
Is supported away from the origin for ¢ < 1
Has an exact square-root vanishing right at the origin when ¢ =1

There's even a double scaling limit around ¢ = 1 + sn~2/3. At the level of
correlations Claeys-Kuiljaars show that:

lim n=23K, . .(xn"2/3 yn=2/3) = K(x, y; a, 5).

n— o0

Another Painlevé object, but get back the Bessel and Airy kernels by taking limits

s — £oo afterwards.
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General 3 hard-meets-soft case

Want a tridiagonal matrix with eigenvalue density:

Py =~ > ep (nZ)\ —2) >HA§ CRTTT N — Ml

J<k

for (A1,...,A\p) €R" and c = ¢(s,n) =1 —sn2/3,

Draw (X, Y) € (R?,R7") according to density e=#<" for

H(X:.V):%Z(le‘FYE)‘F%Zxk(}/k‘F)’k—l)—Z(Xk‘F}/k)
k=1 k=1 k=1
+1-28" : k 257t
o (N N I

The matrix model is W, = B, (X, Y)B/(X, Y) where now B has v/Xi's on diagonal and
Y on off-diagonal.
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A (forthcoming) theorem

Easier to state in the special case g(a +1)=1

Theorem (Ramirez, R.)

Let \; < \a < ---be the ordered points under the law Pj , . Then {n?/3)\;}

converge in the sense of finite dimensional distributions to those of the random

Schrodinger operator
— + Z°(x) + Z'(x)

(with Dirichlet conditions on the positive half line). Here Z(x) = Z(x; 3, s) is
defined at follows. Let x — z(x) be the diffusion

_ 2
VB

Then Z(x) is z conditioned never to explode.

dz, db, + (s +x — z2)dx, z(0) = 0.
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