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1. Domino tilings of rectangular Aztec diamonds

2. Lozenge tilings of non-convex polygons !



1. Domino tilings of Aztec diamonds

Usual Aztec diamond!




e Domino tilings by 4 kind of domino’s, with a height function

h_h h__h

h h h h h h
! h+1 h h h+1
== 8

htl h+t b+l pplb—p 41 A h+ | Wp

Blue Green Red Yellow

e Lozenge tilings of hexagonal regions

‘



Arctic circle (n=100) Arctic ellipse (n=100)

e Airy Process (stationary process version of the Tracy-Widom distrib.)
e GUE-minor process (interlacing spectra of the minors of GUE-matrix)

e Gaussian Free Field (courtesy Sunil Chhita)



Rectangular Aztec diamond: Covering with domino’s

m;=n-+~k

n=238, mi =10, mo =3, kK = 2.

Imagine n, m1, mo very large, keeping x finite!
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Courtesy Sunil Chhita

n =100, k = O,



m;=n-+ekK

Proposition: an Aztec rectangle is tilable iff

leOa m2§n+1

T hroughout assume >0 !



e \Weights:

— vertical domino’s have weight a
— horizontal domino’s have weight 1

e Probability on tilings:

a#vertical domino’'s in T
P(domino tiling T') =

Z a#vertical domino’'s in T

all possible tilings T

e GOAL: study the following random point process with kernel Kred:



e Random surface and its level lines, corresponding to levels
1/2, 3/2, ...,n+1/2, etc....

e [ he point process of the intersections of the oblique lines
with the (red) level lines, <
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Random surface and its level lines: two important num-
bers p and «.

Imagine n, mi1, mo very large, 0 0

keeping p and t finite! 1 .

minimal # of red dots

{oblique lines with } 3
p = —1

=mi1—mo+1
— width of strip = 8

In this example n =8, m1 = 10, my, =3

n -+ mq



Random surface and its level lines: two important num-
bers p and «.

Imagine n, mi1, mo very large, 0 0

keeping p and t finite! 1 .
. oblique lines with L3
P minimal # of red dots

=mi1—mo+1
= width of strip = 8 -

N red dots along the | |
o p + 1 oblique lines n

n +

=n—mo+1=p—K=06,

n -+
n—+3

mi=n—t+p, mo=n-—t+1

In this example n =8, m1 = 10, mo =3

n -+ mq
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Dual paths to the level lines (green paths):

Remember the red paths coming from the following tiles:

h_h h__h

h h h h  h h
S hﬂ&h B BV
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h+1 h+1 h+l K41 h+1 h h+1 h+1

Construct the dual paths (green) to the red paths :

) | = N




(Green) Dual paths to the (red) paths:




STEP 1: Point process defined by the intersection of
the dual paths (green) with oblique lines:
(1) the green paths connect mo contiguous points

(2) #{ dots per oblique line} = my




Kernel K9"¢€" for the Green paths , where s;, vy, € Z.



Coordinates (&£,7n) and (s,y):

N

+1

& — (sy)=Mn+1, 3(n—€+1))




KI™*N (s1,y1; 82, v2)
— _181<82p81;32(y17 yQ) + Kgreen(‘Sl’ Y1, 52, y2)

where (with radii a < p1 < 01 < 0o < pp <a~ 1)
K9I™®®N (51,1 82, 92)

zY1dz wY2dw
— [y /y wSl,Q’I’L—'—l(z)wO,SQ(w)

p1 2z Yo 2miw

Dpp—1 [¢0,2n+1(C) (1 — g) (1 _ é)

. Dy [%0,2n41(C))]
where
. . d
Dn(f) = det(fiv)ycjns Wit Jo = fs zwz;zf,i’j)

Toeplitz determinant with singularity!



Transition functions:

(140031121

Ps1,52(C) = (1— %)82—[872]—81+[871]
©sq,5,(C)  for so < 2n+41
¢81,82(C) —
@9081,82(C) for sop =2n +1

_ d
Prasa(e) = [ V(O



Key Lemma: The Toeplitz determinant for a singular sym-

bol:

AT {P/\@ﬂ)

D) = 1 o D [P 0|

where PA(2) := 11 (\; — 2).

Lemma (Case-Geronimo-Borodin-Okounkov)

<

Dpy—1 {¢O,2n—|—1(<) (1 _ é) (1 _ C)

| mo—1 ;|
_ f(wjz)% ﬁ)\j d\;
(FR)® [ 27i PA(2)

det(1-53 ) (w2, 2)) >my—1




From kernel K9reen o Kblue

STEP 2 :

Dual process:

UQ} o KQTGGn(”? uj, n, UQ)'

u2) = Ly,

Y

Ui, n

)

Kblue(n



For any s1 and so:
KY€ (s1,u1; 52, u0)
— — IL82<81psl,82(u1>UQ) (1)

_I_ pSl,n(ula .) *e Kblue(na o, n, O) *0 pn,82(07 UQ)

Notice: f(z) *z g(z) = Xyez f(2)g(2).



STEP 3: From K% to the actual point process K"¢4:
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T heorem:

Kred<Bl, BQ) — Kred




Proof. the dimer model of the tilings is the dual graph of the
Aztec rectangle. It is obtained by

e putting a black circle (b1,bs) € (2Z,27Z + 1) in the middle of
a black square

e putting a white circle (wq,w>) € (2Z 4+ 1,27Z) in the middle

of a white square

Kasteleyn matrix Ky, = the adjacency matrix for this dual

graph.

One shows:
KI_(}Lst<<w17 w2)7 (bla bQ)) — _(—1)(w1_w2+b1_b2+2)/4

1 1
x KOlue (bz +1, (b2 — b1+ 1), wa 4+ 1, (wz — w1 + 1))

Then deduce K"¢? from Ky, and Kl}ist



mo—1<n<m;=n-+=k
Asymptotics about

E~2nand n~n
with mi=n—+p—tr, mo=n-+1-—=t

|
A B B EEBEHEDN

STEP 4. SCALING: For n — oo, z; € Z and y; € R,

B An n
a=1—|—%, & =2n—2x;, n; i =n—+y;vVan—1, 7:dy >

Putting the scaling in the kernel (before letting n = tiz — 00)

An
K4(&1,m1; €0, 772)7

B B B 2
— (_1)T Sqt Y2 lered(xlayl;mQayQ)ﬁdyl—Ea




L7 = —Lg + Ly + L
with (a<p1<01<02<R<,02<%)

—Lo(x1,y1; 22, y2) = (—V2)T1™ 227 IHE1I=22) (45 — 41) 4 O(1))
£ (=8(\))
£ (1)
(jz(A> + <(]l _ X(A)(O O))>OA331 Y1) BQ)Z\Q y2>>
£ (1)

Li(x1,y1; 22,y2) =

Lo(x1,y1; x0,y2) =

L) = o dn(X) det(I = X(0,0))20f (V)
where

(1 —tx)"TLa),

du(\) 1= orin J  with f(FR)Kdu(A) =1 (2)

1 K
=y



For a kernel A independent of w, z, we have:
o det(/ — A+ (w—2)alw) ®b(z))
= (w—2z2)det(/ —A+a(w)®b(2)) + (1—w—+2z)det({ — A)

.]{ dwF(w)]{ de(z)
Tr Yr

2 27l

det( — A+ a(w) @ b(=))
— det (I—A—I— (ﬂrza(w)dwF(w)) 2 (72 b )G(z)dz))

[, o) 4, et e

2

o For Q(z) =11 (z—v;) = Z?zl(—l)iz”_iei(vl, ...,Un), We have
n

Hé‘i(’UJU)% = Z C)\(’YQ)S)\(UL ce ,”Un), Schur pol.
1 0<A <TE %

0<A{ <o, [N Py



Step 5. Limiting kernel = “Discrete Tacnode Kernel” L9Ta¢

For z; € Z and y; € R:

H d . acC .
t!l_% L"%(x1,y1; x2,y2) = L (21, y1; x2,y2)



For x;, 7, € Z and y; € R:

L (2 yniwy2)|
= HTl_TQ(\@(yl —y2))
1z Ve s FEHVDV o (1 2)
Mo (27r|)2 ]{TL0+ Z =V 2P 24 (By2v2) 2 ©r(0,0)

2
% dZ VT2 e_VT_I_(B_yQ\/i)Vet(V’ Z)
Mo (27r|)2 Mot Z =V 2T 24 (8-y1v2)z ©r(0,0)

N V—Tl e—v—z_(ﬁ_yl\/i)v @_I_ (V Z)

Lo+ (27TI)2 ]{TLO—l— £PTT2 ——+(5+y2\/_)Z ©:(0,0)

]{ VP—Tle—T-I-(B-I-yl\f)V@t_I_l(V, Z)
Mo (2m)2 fo ~ Z7™2 22 (8yv2)z  ©:(0,0)




where

H™(2) :=

tF1
_ 111 7§TL0+ 2miWEh

Zm—l

(m

MNa—2WaqW,  Z7—W,

1 T
ol EU%LH oriwh  \V—W,

€W§—25Wa dW,,

|

(Z=Wa) (V=Wg))T!

1)|1Z201m21, (Heaviside function)

AZ(W1, ..., Wy)

X AZ g (W1,..., Wez1).



2. Lozenge tilings of non-convex polygons !



Lozenge tilings of non-convex polygons ! What are the

statistical fluctuations of the blue tiles between the two cuts?

(Courtesy of Antoine Doeraene)



Let the size of the polygon and the cuts tend to infinity, while

keeping the strip between the two cuts finite.

Then the double scaling limit of the correlation kernel is also

Ld—rac<$17 Yyi, o, yQ)



ni = 50 d=120 no=230

m1 =20 d=2 mo = 60
width of strip =p:=n71 —mq1+b—d =40
#{paths connecting the 2 arctic ellipses } =r :=b—d = 10



Other example

n1 = 105 d = 20 no = 95

m1 = 100 d = 20 mo = 100
r=b—d=>5 p=ni—mi+b—d=10, &

NIl

Courtesy of Antoine Doeraene



\
= \ \“



e n = F{blue tiles along the oblique line 7}= (7 — p)sog + 7
o x(7) cRn

Theorem (distribution and joint distribution of the blue tiles)

P ( x(7) ¢ dx ) = D(7,x; 1,%x)dx, for >0

P ( x(T1) € dx and y(TQ) c dy )
= D(11,X; m2,y)VOI(C(71,X; T2,y))dxdy

forO< 1 <m<p or p<11 <7

Vol(C(71,x; m,y)) = Volume of polytope (Gibbs property!)



Theorem (distribution and joint distribution of the blue tiles)

P ( x(7) € dx ) = D(7,x; 1,Xx)dX, for >0

P ( x(T1) € dx and y(TQ) c dy )

= D(71,x; 72,y)VOI(C(71,X; T2,y))dxdy

forO<m<m<p o p<711<17

where

(

o D(r1,x{™); 5 y(72)) .=

_ 3 n2 e_yi2
CApym(x+ j)Anz (y) z'£[1 NG

for p <11 <1

C/anﬂ_l (X _I_ g)ZnQ,p—TQ(_Y>

for0 <73 <71 <p



e Forn:=(r—p)sg-+r, define:

’ ( 1 1 \
det x;—p—l . wg_p_l , for p <
O 1(x1) ... Pr_1(xn)
_ b _ . (x . P (x
An,T(x) — \ T 7“( 1) T r( n)}
O, 1(z1) ... Pr_1(xn)
det : , forO<7<p
\ Srp(z1) ... Pr_p(xn)




with




L9Tac(xq,y1; x2,y>) IS @ master kernel

discrete-tacnode kernel [.97ac

Dyson BM tacnode kernel Cusp-Airy kernel

|

Pearcey

|

Airy — |GUE-minor




THANK YOU !



