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Appetizer: What is a Bonnet-B Py surface ?

o Let Pi(x) = Zizo axx* the usual Kac
polynomial with real Gaussian random

coeffs, and N' = N(L) the number of its
real roots on [0,1]. Then for L > 1
EIN] ~ 2 In L (Kac 1943, Thm)

e What about the full distribution: E[m’],
with 0 < m <17 My claim: 3 scaling
function of T =1InL € (0, +00):

E[mV] — exp (—; /OT [H(ﬁ) + \/W])

e H = H(T;m) the (extrinsic) mean curvature of the above, also the
sole 7 regular solution on R4 with H(0) = L_m? H'(0) = H(0)? of

2 0
1\*> [ H" 2 K H' 2
<2> = <2H/+C0th T) +W 1-— <H—|—coth T)
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Appetizer (cont'd)

@ and having a finite

O(m) = _|I

limit for large times T:

im H(T;m) = [sa(m) + ra(m)] (1)

T—4o00

1

2

()] oe( )

@ This recovers — independently and by completely different methods
— a result just obtained (and before ...) by Poplavsky & Schehr':

E[m (L)] oc L=00M/2 o = 0mT/2 7 =" jn [ > 1

Exact persistence exponent for the 2d-diffusion equation and related

Kac polynomials, P

hys. Rev. Lett. 2018 (arXiv:1806.11275)

@ Both answering a famous question by Dembo et al about Random

polynomials having

few or no real zeros (J. AMS 2002)
6(0) 3

lim E[mV(D)] oc 1700)/2 22 — 2 = Gauss (intrinsic) curvature

m—0+

2 16
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Appetizer (bonuses)

@ Yet here bonus: H is a tau-function for a Py1 with monodromy
exponents (up to perm./signs) or parameters

11 1 1 1
{19003”907191)195} - {2a 27070}7 {avlﬁa’}/)&} - {87_8’0’ 2}

@ Universal a la Tracy-Widom: it appears in four different model
systems of interest for nonequilibrium statistical physics

e Halfway (through quadratic+ Okamoto transformations) between
some other famous Pyr: Picard/Hitchin, & Manin

@ = related to Jimbo-Miwa's characterization of the diagonal
correlations of the planar equilibrium Ising model at all temperatures

60) 3 n+B 1/4+1/8 [ sinh2E \?
> - 2 - o o eI =g

@ The reason for all this: Pfaffian structure with an integrable kernel,
the sech-kernel K(x,y) = 5= sech (x — y)/2, on L?(—T /2, T/2)
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Introduction: First-passage properties of a random process

@ What is the chance for a fluctuating quantity Y to have always
remained up to a certain time above a given level (say (Y)), or to
first cross it a certain instant ?

@ Time-honored and basic subject of (applied) probability

@ Usual playground: {Y(T)}+ Gaussian stationary process, thus
A(To — T1) = (Y(T1)Y(T2)) determines everything a priori

@ Py(T) = No-crossing proba. at zero level (=(Y)), up to (fixed) T:

Po(T) x e T, 6= decay rate

—dPy(T)/dT = first-passage proba. at time T

@ Simple pb to state but extremely hard to solve unless for Markovian
(memoryless) processes . ..
The latter have necessarily A(T) = e~ %7 VT (Slepian's theorem),
hence Y = rescaled Brownian: Py(T) = (2/m)arcsin A(T) o< e 0T
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Modern incarnation: persistence in phase-ordering systems

@ How a local degree of freedom can maintain its initial orientation as
domains of globally aligned spins grow as L(t) oc t'/7 ?

@ Simplest situation: quench =+ Ising spins from infinite to zero
temperature. Introduce somewhat natural geometric definition:
po(t) = fraction of spins which have never flipped up to time t:
—dpp(t)/dt = first-passage probability. of a domain wall at a
particular location in space.

@ For large times algebraic decay po(t) o< t— 9 0 = persistence exponent

S rd ire m

FEDICV

FIG. 2.1 - Paysage des domaines dans le modéle d Ising 2d évoluant selon la
dynamique de Glauber ¢ T = 0, pour des temps t = 256,1024,4096 dans un
systeme de N = (512)? sites (avec des conditions auz limites périodiques).
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Two early climaxes in the physical literature circa 1995

e Simple diffusion equation 9;4(r, t) = V2¢(r, t), with ¢(r,0) = white
noise. A popular model of phase ordering because ¢(r, t) Gaussian.
Local "spin” variable (at r = 0 say) sgn[X(t)], X(t) = ¢(0, t)

@ Yet non-trivial §(d) in all space dimensions d !

(Majumdar, Sire, Bray, Cornell & Derrida, Hakim, Zeitak, PRLs '95)

@ "Simply” because non-Markovian correlator for the associated process
Y(T) = X(eT)/[(X?(eT))]*/? (normalized and rendered stationary
on the logarithmic timescale T = Int)

@ In particular in d =2, 6(2) = 0.1875(10) (num.) with a correlator
A(T)=(Y(0)Y(T)) =sech(T/2) (sech =1/cosh)

o Later realized (Dembo et al., Schehr-Majumdar, Forrester ...) that
the very same Gaussian {Y(T)}t also describes the number of real
roots of random Kac's polynomials or the eigenvalues of truncated
random orthogonal matrices, both Pfaffian point processes
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Second climax: Derrida, Hakim, Pasquier’s tour-de-force

o An exact expression for the persistence proba. pf°'*(t1, to; q) that a
g-state Potts spin on a 1d chain with zero-temperature Glauber
dynamics has not flipped between (arbitrary) times ¢, t

o After tremendous technicalities, pf°tts(ty, tr: ) o< (t2/t1)~%(@) with

0(q) = -5 7% [arccos (2\[(7 ﬂ i — 0(2) =3/8 (Isingspins)

@ Their crucial insight: the pers. proba. for the particular spin located
at the origin of a semi-infinite chain is determined by the Pfaffian
formed by the no-meeting proba. c(s, t) between two random walkers

> Ip(x; s)p(y; t) — p(x; t)p(y:s)] ~ 1 — iarctan\/f

0<x<y

o Enough since p§™F (1, to; q) = [p§°™(t1, t2; q)]*/? (to/t1)~0(0)/2
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Yet . ..

@ Verbatim from the conclusions of DHP (J.Stat.Phys.'96):
This probably means that there are simpler ways of rewriting our
expression (for p5™F (t1, ty; q)) where all the cases can be treated in
the same manner. Unfortunately, we did not find these simpler
expressions.

@ Puzzling numerical proximity

0(g=2)/2= %(3/8) vs. 6(d =2)=0.1875(10)
But how these two model systems, apparently so dissimilar, and that
do not even live in an ambient space with the same physical
dimension, could possibly be related at the level of a quantity so
sensitive to details as the persistence exponent?

@ :-( Just proved by M. Poplavskyi & G. Schehr! Exact persistence
exponent for the 2d-diffusion equation and related Kac polynomials,
arXiv:1806.11275 (PRL in press)

sgnXPif2d (1) = Sg emilsing (1) (ag processes)
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What else ? Different and More (if possible. . .)

| had (vague) indications of a Painlevé VI lurking in the background

and my hope was that this could allow to rederive PS’s result "somehow”
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Angle of attack: SouthWest face ((©Fig.1 from PS’'s PRL)

D'”‘::'ch_"“at'on Kac's polynomials
GSP with
(T} = sech(T/2)
Semi-infinite Truncated random

Ising chain with
Glauber dynamics

orthogonal matrices

Bottom-up, pedestrian approach ("alpine style”): no representation theory,
no Riemann-Hilbert, no isomonodromy, no conformal field theory, no
algebraic geometry. Essentially (by now) classical Tracy-Widom + old
school Painlevé VI (with a generous seasoned guide for the latter)
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Hidden in the persistence probas. are new non-trivial and

universal limit distributions for correlated random variables

= The exact analog for the sech-kernel and a Py transcendent of the
famous Tracy-Widom Py distributions for the Airy kernel (G-U/O-E at the
edge), or the Jimbo-Miwa-Mori-Saté Py found for the Gaudin-Mehta sine
kernel (GOE in the bulk).

Ex.: KPZ universal interface growth (Takeuchi et al., 2010)

rescaled height X

Ivan Dornic (CEA Saclay & Sorbonne Univ., ( Persistence, Bonnet P71, & Ising




Relevant literature

/A As far as | can tell, none of the results | present relies on any of PS

@ B. Derrida, V. Hakim, V. Pasquier, Exact Exponent for the Number
of Persistent Spins in the Zero-Temperature Dynamics of the
One-Dimensional Potts Model, J. Stat. Phys. 85, 763 (1996).

o C. A. Tracy, H. Widom, Fredholm determinants, differential equations,
and matrix models, Commun. Math. Phys. 163, 33-72 (1994).

o C. A. Tracy, H. Widom, On orthogonal and symplectic matrix
ensembles, Commun. Math. Phys. 177, 727-754 (1996).

@ A.l. Bobenko, U. Eitner, Bonnet Surfaces and Painlevé Equations, J.
Reine Angew. Math. 499, 47-79 (1998).

@ Tsuda, Okamoto, Sakai, Folding transformations of the Painlevé
equations, Math. Annal. 331, 919 (2005)

@ Matsumoto, Shirai, Correlation functions for zeros of a Gaussian
power series and Pfaffians, Electron. J. Probab. 18, 1 (2013).

Ivan Dornic (CEA Saclay & Sorbonne Univ., ( Persistence, Bonnet Py, & Ising



Results 0/4 (preparatory notations)

@ Best expressed for the persistence probability(ies) on the log.
timescale T =Int; —Int; AND by trading g-state Potts spins for +
Ising spins on an arbitrarily m-magnetized half-space chain:

PH(T = Ta— Tuim) = ~ ™™ (T, e )]s o
q q
A\ sum-rule VT, m (reversing globally the initial condition):
Py (T m) = PJ(Tim) + Py (Tim), Py (T;m) = Py (T;—m)
@ Consider the even-difference sech-kernel

K(x,y) = Klx —y) = o sech [(x = 1)/2] (= poA(x — ),

(po = 1/(2m) also density of zero-crossings for the 2d diffusing field)
@ On log. scale s = X, t = €¥, the no-meeting proba. c(s,t) is:

(y—x)/2 _
2 € d u= v/ y—x
Clx.y) = c(e, ) = = / _du_umer / dv K(v)
s X

e(xfy)/2 1 + U2 —y
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Results 1/4

e Consider the solutions 1 > \o(T) > A1(T) > --- > 0 of the

eigenvalue integral equation for K+ = K|[_T/2 /2

T/2
/ dy K(x — y)d(y) = Ab(x)
-T2

and the associated Fredholm determinants generating functions
De,o(T:€) = [k evenjodall —EAk(T)] for the even/odd part of K.

PSE(T; m) _ De(T; 5) + mDo(T;g) Poi(O; m) — ]':tTm

2 {:1—m2’
@ The pers. proba. is a Fredholm Pfaffian gap probability gen. function:

T/2
Pé{alﬂ(-r; m) = De(T, &) = exp {—/0 dx[R(x, x)+R(x, —X)]}

with R(x,y) = (x|R|y) the matrix elements of the resolvent operator
R for (K7, ie. 1+ R=(1—£¢KT)™L, (and 6(x — y) = (x|1]y))
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Proof: recast DHP in the framework of TW-GOSE

@ Start from the central result of DHP:

Po™* (t1, t2; ) = (v 1= pé(te, t2) — A/ —pé(te, tz)) g3 TrlosM
where A\ =q— 1, = (1 —q)/q, and M, & = cM~! are two operators
defined in terms of c¢(s,t) = 1 — (4/m)arctany/s/t:

2(l—qg)d
M(s, t)dt = [5(5 — 1)+ (qq)dj dt = [1— (1— m?)K(x — y)|dy
after s = e, t = €¥,1/q = (14 m)/2. This gives the (easy) 1st piece:

e%TrLogM _ det(l — fKT) _ ef% OT/QdX[R(X,X)+R(*X,7X)]

@ For the ominous-looking "amplitude”, & = —C(1 — ¢K7)~! with C
the antisymmetric operator with matrix elements C(x, y) = c(e*, &)

C=-2K, e=D"'= %sgn(x —y) (sgn’(x) =26(x))

@ Intrinsic computation valid for any even difference kernel on a

symmetric interval: just relies on the Pfaffian-structure
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Time for a (first) old Reminder

SURLALOILIMITE DE L’ESPACEMENT DES VALEURS PROPRES
D'UNE MATRICE ALEATOIRE
MICHEL GAUDIN
Centye d'Etudes Nucléaives de Saclay, Gif-sur-Yvette (S. et 0.), France
Regu le 16 Janvier 1961

Abstract: The distribution function of the level spacings for a random matrix in the limit of
large dimensions is expressed by means of a rapidly converging infinite product which has
been used for a numerical calculation. Comparison with Wigner's hypothesis gives a very
good agreement.

inférieure & 0.0066 dans la région S < 3D. La fig. 2 représente les fonctions

p et py, dont la différence relative est inférieure & 5 %, pour S < 2D, et I'écart

moindre que 0.0162.

g




In a "modern” language

RELATIONSHIPS BETWEEN 7-FUNCTION AND FREDHOLM
DETERMINANT EXPRESSIONS FOR GAP PROBABILITIES IN RANDOM
MATRIX THEORY

PATRICK DESROSIERS AND PETER J. FORRESTER

ABSTRACT. The gap probability at the hard and soft edges of scaled random matrix ensembles
with orthogonal symmetry are known in terms of 7-functions. Extending recent work relating
to the soft edge, it is shown that these 7-functions, and their generalizations to contain a gen-
erating function parameter, can be expressed as Fredholm determinants. These same Fredholm

oceur in exact for the same gap probabilities in scaled random matrix

ensembles with unitary and symplectic symmetry.

1. INTRODUCTION

In the 1950’s Wigner introduced random real symmetric matrices to model the highly excited
energy levels of heavy nuclei (see [13]). From the experimental data, a natural statistic to
calculate empirically is the distribution of the spacing between consecutive levels, normalized so
that the spacing is unity. For random real symmetric matrices X with independent Gaussian
entries such that the joint probability density function (p.d.f.) for the elements is proportional to

e TX*)/2 (such matrices

are said to form the Gaussian orthogonal ensemble, abbreviated GOE),

math-ph/0604027v2 4 Jul 2006

‘Wigner used heuristic reasoning to surmise that the spacing distribution is well approximated
by the functional form

PV (s) = e (1)

arXiv

d

In the limit of infinite matrix size, it was ml)scquently proved by Gaudin that the exact spacing
distribution is given by

&2
pils) = T det(I— K, (1.2)
where I stands for the identity operator and where K '(bt;'l;; * s the integral operator supported

on (0,s) with kernel

sinm(z —y)
(@ —y)

(1.3)




Bilinear representation for an integrable integral operator

@ For the Airy, Bessel, or sine kernels there exists a representation

K(x.y) ¢(X)w(y2 - f(y)z/}(X) _ /O T4z + )y + 2)

Ex.: For the Airy kernel Kairy, ¢ = Ai, ¢ = Af’, and Q = Al itself.

o (very) useful for determination of limiting distrib. in RMT: allows to
rewrite KAiTY|[5,+oo)(X7y) as the square of Ai(x +y —s), and to find
a differential operator £ commuting with K (also WKB techniques)

@ Sech-kernel self-dual in Fourier space:

R(q) = sech (rq) = %r(l/z +1g)T(1/2 - 1q)

Complement formula for Gamma function = Wiener-Hopf
factorization for the sech-kernel. Allows to derive the asymptotic
decay of PLI(T: ¢), but no obvious £ (yet there exists sthg else. . . )
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Results 2/4: Compute the Fredholm dets.

@ The sech-kernel is an integrable integral operator:

1 _ 2sinh [(x— y)/2] e3%/2av/2 _ ox/2g3y/2
cosh [(x— y)/2] sinh [(x—y)] e2x _ @2y

the same Christoffel-Darboux like identity as for the finite-/V sine
kernel (Circular Unitary Ensemble of RMT),

1 sin[N(x—y)/2]
27N sin[(x—y)/2] ’

Kn(x,y) =

known to give rise to a Py, up to x,y — 2ix,2iy, and N = £1/2 (!)
@ Output for the two resolvent functions G(T) = R(T/2,—T/2) and
H(T) = R(T/2, T/2): coupled 1st order quadratic non-linear ODEs:

H = G? ('=d/dT,Gaudinsrelation), ©%= N?=1/4
©2(Gsinh T)? + [(Hsinh T)']? = (Hsinh T)? + [(G sinh T)']?
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Results 2/4 (cont'd)

e Eliminating differentially (without square-root !) G, one obtains a
closed 2nd order 2nd degree nonlinear ODE for H

(H"+2H' coth T)>—4H' [(H'+H coth T)?—H>*+©2?H'] =0

o (Local) Cauchy problem at T =0: H(T) = hg + hy T + ..., coeffs.
determined through Neumann expansion of the resolvent:
ho = po& = 3525, by = k3
= there should exist a unique regular solution for H on [0, +00)
connecting a finite limit H(T) — hy to have a pers. exponent

@ This regular sol. H(T; (ho, hy)) should be the equivalent of the Pyg

Hastings-McLeod sol. for the GBE-like tail distribution functions:

det[1—(1-m?)Kr] = E(T)= /T 40 pa(0) = exp [— /O TdéH(é)}

1/2 1 T
P(I){alfl(T; m) — El(T) _ [Ez(T)] / exp [—2/0 df\/m}
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The explicit Py and its monodromy exponents

e H(T) = Hvi(p,q,s) evaluated on Hamilton's equations of motion:

(x —1) x2y2 — 022

H(T):_ 2 y( _1)(y_ ) y(X)Iq(S),XIS:e

2T

(Chazy 1911-Jimbo-Miwa-Okamoto form of Pyr)

o The distribution functions F(T) or PY(T; m) are 7-functions, as
for critical scaling correlations of e.g. the 2d Ising model. Here best
viewed as exact Kramers' formula for an explicitly time-dependent
Hamiltonian, where persistence exponent asymptotic decay rate!

o Nice-looking parameters Pyi[y(x); a, 3,7, 6] with ©% = N2 =1/4 ..

1/1 1 1 1 1 1 -1)(y—
Y = (+ i >y,2 <+ N )y,+y(y )y x)>

x2(x—1)2

2 - —
X \Q-/XI—F\Q./X%"‘ % X_ 11 _@(@2+ 2) XX(X_ 12)

Ivan Dornic (CEA Saclay & Sorbonne Univ., ( Persistence, Bonnet P71, & Ising



How this ? Ask a local/global expert for indications

Pofiep Kot

Mls e MeosaTT

Metop [MeHneBe
M €ro NPUIOXKEeHMS
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Bonnet 1867 /Hazzidakis 1897, found the same 3rd/2nd

order nonlinear ODE for H(T) in a different context . ..

JOURNAL

(1

L'ECOLE IMPERIALE POLYTECHNIQUE.

MEMOIRE

LA THEORIE DES SURFACES APPLICABLES SUR UNE SURFACE DONXEE",

Pan M. Ossiux BONNET,

Marehre de Plnsibiut

DEUXIEME PARTIE.

Détermination de toutes des surfuces applicables sur wne surface donnde.

17. Supposons I'élément lindaire de la surface donnde 8, évalud en fone-
tion des variables particuliéres que nous avons appelées x ety duns la pre-
miire partie, et soit

ds* = fg%cle ey
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Here a particular co-dimension 3 Py

e Monodromy exponents for Py Bonnet surfaces (up to homographic
transformations):

(19§07192719%7 ("9X - 1)2) = (07@25 92’0)

@ That RC had just extrapolated to the full Py (Gauss-Codazzi moving
frame equations = "best” Lax pair) ...

@ Cross)
¢

JOURNAL OF MATHEMATICAL PHYSICS 58, 103508 (2017)

Generalized Bonnet surfaces and Lax pairs of Py,

Robert Conte?

Centre de mathématiques et de leurs applications, Ecole normale supérieure de Cachan,
CNRS, Université Paris-Saclay, 61, Avenue du Président Wilson, F-94235 Cachan Cedex,
France and Department of Mathematics, The University of Hong Kong,

Pokfulam Road, Hong Kong

(Received 13 July 2017; accepted 11 October 2017; published online 30 October 2017)

We build analytic surfaces in R*(c) represented by the most general sixth Painlevé
equation Pyy in two steps. First, the moving frame of the surfaces built by Bonnet in
1867 is extrapolated to a new, second order, isomonodromic matrix Lax pair of Pyg
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Results 3/4: Ayewpetntol undell eoutw

@ Bonnet surfaces in conformal coordinates (z,Z) uniquely determined
by the 2nd order 2nd degree nonlinear ODE satisfied by their mean
curvature function Hp,, = a Py-Hamiltonian (Bobenko & Eitner)

Hn(Rz=T)=—-H(T)/2

Reincarnation of the coarsening motto " motion by mean-curvature” !
@ Persistence exponent §(m)(= 6(q = 2/(1+m)) simply related to the
asymptotic average curvatures of the underlying Bonnet-B surface:

- 00 ()] e (3]

(kind of non-linear Buffon's needle formula, in the spirit of random
geometry of Edelman & Kostlan, How many zeros of a random
polynomial are real?, Bull. Amer. Math. Soc. 32, 1 (1995))

o A\ Expression for 0(q) or §(m) buried somewhere in Jimbo '82, who
solved completely the connexion problem for Py1 (RC & ID, in prep.)
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Results 3/4 cont'd

Lecture Notes in

Mathematics

Alexander 1. Bobenko Ulrich Eitner

Painlevé Equations
in the Differential
Geometry of Surfaces
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Results 3/4 (last but not least) geometric interpretation

@ Recall that
1 T

If —H/2 =Hp, VH' is also some length ...
@ For Bonnet surfaces, the metric (first fundamental quadratic form of
Gauss) is given by
dzdz 1
dr? = e'dzdz = Z—_22, T =%z, ——— = Hopf factor
H'(T)sinh T sinh® T
@ Recall that (from DHP), the amplitude of the persistence proba
e Jo VH/2 o Vg2 —-q)xymasqg—2 orm— 0" =

singularity in the metric: umbilic point where curvatures coincide

Hm:\/KGrauss:H:_‘g(;)):_136

By Gauss' Theorema Egregium, Kaauss intrinsic: Persistence exponent
has topological content for symmetric Ising spins 2!
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Results 4/4: Universality

@ Expanding the Pfaffian Fredholm generating function, and using
Matsumoto-Shirai:
YT, PYAI(T; m = 0) = PEPH(T|Y(0) = 0) — di(d = 2) = —

T 16

(conditioning due to Ex(T) = ;foodﬁpg(é): once-conditioned spacing
proba., guaranteed by a choice of the origin on the stationary
timescale)

o Conjecture: due to its intrinsic geometric content, and given that

O1sing2d = OModera = 0.19(1),

Oopig = 3/16 could even be the universal critical exponent for
curvature-driven growth of a non-conserved scalar order parameter in
two space dimensions.

If true, needs to understand why autocorrelation exponents are
distinct: Apigeq = 1/2 while Aigingad =~ 5/8 (Fisher-Huse). Large
cancellations in (5(0)S(T)) = >_,(—=1)"pa(T) (pn n-flip proba.) ?
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Conclusions

@ Take-home message: Painlevé transcendents capable of fulfilling, on
the exemplary value of the persistence probability, the Holy Grail of
statistical physics: the exact integration through a local
non-Markovian temporal process of the remaining spatial interacting
degrees of freedom

o feasible because of a lot of underlying structure: harmonious interplay
— with Py at the center — between algebra, geometry, probability,
analysis. stochastic integrability (H. Spohn) or integrable probability
(A. Borodin et al.)

@ Phenomenon generic for all Painlevé, with a lot of universal
non-trivial limit distributions to discover (cf. RC & ID, The master
Pv1 heat equation, CRAS Maths. (2014)
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Another example: Phase-noise distribution, imaginary

exponential functional of Brownian Motion, and the
Sine-Gordon Py transcendent (ID, in prep.)

e What is the distribution (in the complex plane) of

+oo
Zy = / dsexp[—s + 20 B(s)] = Re”, B 1d Brownian?
0

@ Related to the solution w(r) of

d?w  1dw

1 .
a7 Ty Tasn(ew) =0

Ivan Dornic (CEA Saclay & Sorbonne Univ., ( Persistence, Bonnet P71, & Ising



(Broken) m-symmetry: not one but two pers. exponents

@ Reversing globally the initial condition (leaving unaffected the dual
dynamics of coalescing random walkers):

0.4(m) = 6_(—m) = 6(m) = 6(q)|qa/(1+m), With

O(m) = E [2 arccos (m>] 2 [2 arccos <1)] 2
PRRE: V2 ™ V2
/A NOT even in m: asymp. behavior of

P T m) = Py (T; m) + Py (T; m) dictated by slower decay rate,
i.e. smaller exponent

Ivan Dornic (CEA Saclay & Sorbonne Univ., ( Persistence, Bonnet P71, & Ising




Paradox: Just the branch m > 0 of 6(m) observable 7!

o Asymptotic expression for PYH(T; m) can be checked (along with
computation of amplitudes: "Widom's constant problem”) using
results in the math. literature on truncated Wiener-Hopf+Hankel
Fredholm determinants

@ Cusp due to the singular behavior of the "symbol” for the sech-kernel,
whose (self-dual) Fourier transform is F[K](q) = sech (7q). Hence
largest eigenvalue \g(T) — 1 and logarithm of det[1 — (1 — m?)K7]
has pbs for T > 1 AND m — 0. ..

@ Somewhat spurious: disappears if conditioning POi also w.r.t. the
value the Ising spin at the origin had in the "initial” condition

Ivan Dornic (CEA Saclay & Sorbonne Univ., ( Persistence, Bonnet P71, & Ising



