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The Riemann Zeta Function
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Speiser: RH is equivalent to all complex zeros
of ('(s) having real part at least 1/2
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Levinson, Montgomery (1974): ((s) and (’(s) have
essentially the same number of zeros in R(s) < 1/2.

Levinson (1974): More than one third of the zeros
of the Riemann zeta function are on the critical line

Conrey (1989): More than two fifths of the zeros
of the Riemann zeta function are on the critical line

Bui, Conrey, Young (2011): More than 41% of the
zeros of the Riemann zeta function are on the critical line
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Horizontal distribution of zeros of the derivative of the Riemann zeta function

Littlewood’s lemma (1924): For an analytic function F'(s)

Zeros of F(s) T+U (Eg° CI(S))
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Np: number of zeros of {'(s) to the left of the 1/2-line
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So number theorists are interested in:
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Random Unitary Matrices

Ais an N x N unitary
matrix:

AAT = ATA =T

eigenvalues of A: e

A is chosen randomly
with respect to Haar
measure on U (V)
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Density of zeros: I
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Probability density for
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consecutive eigenvalues/
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Characteristic polynomial:
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Moments of the Riemann Zeta Function
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Moments of the Riemann Zeta Function: Conjecture
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Zeros of a characteristic polynomial (blue) and its derivative (green)
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Horizontal (radial) distribution of zeros of the derivative of

zeta (characteristic polynomial)
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Important to number theorists:
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We would like to calculate:

fU(N) ‘Ai4 (8) ‘,UdAHa,a/r U non-integer

v =1 Winn: Commun. Math. Phys. 315 (2012)
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Important to number theorists:
T 4\ [v
fo 1" (a + it)|dt
We would like to calculate:

fU(N) ‘Ai4 (S) ‘,UdAHa,ar U non-integer

We can calculate:

oy INA(e)PE T2 AL () P dAnaar

K-M integer

Hughes (2001); Conrey, Rubinstein, Snaith (2006); Dehaye (2008);
Bailey, Bettin, Blower, Conrey, Prokhorov, Rubinstein, Snaith (preprint);
Basor, Bleher, Buckingham, Grava, Its, Its, Keating (preprint)
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Important to number theorists:
T 4\ [v
fo 1" (a + it)|dt
We would like to calculate:

fU(N) ‘Ai4 (S) ‘,UdAHa,ar U non-integer

We can calculate:

2K

dAHaar, K integer

Conrey, Snaith: Commun. Number Th. and Physics. Vol. 2, Num.3 (2008)

Bailey, Bettin, Blower, Conrey, Prokhorov, Rubinstein, Snaith: preprint
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Important to number theorists:
T 4\ [v
fo 1" (a + it)|dt
We would like to calculate:

fU(N) ‘Ai4 (S) ‘,UdAHa,ar U non-integer

We can calculate:
fSO(ZN) (A/, (1))K dAHaar, K integer

Altug, Bettin, Petrow, Rishikesh, Whitehead (2014)
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Important to number theorists:
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We would like to calculate:

fU(N) ‘Ai4 (S) ‘,UdAHa,ar U non-integer

We can calculate:

Al rA’(e_qb)
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Important to number theorists:
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fo 1" (a + it)|dt
We would like to calculate:

fU(N) ‘Ai4 (S) ‘,UdAHa,ar U non-integer

We can calculate:

: K
fso(gN) (A (6_0‘)) dA g ar, Tor integer K

Mason and Snaith (2018)
Emilia Alvarez (thesis)
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For large N
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For large IV
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