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Moments of Random Matrices

I j,p.d.f. of the eigenvalues at the classical RMT Ensembles

1

Cn,β

n∏
j=1

wβ(xj)χI (xj)
∏

1≤j<k≤n
|xk − xj |βdx1 · · · dxn

β = 1, 2, 4, I = R, I = R+ and I = [0, 1]

I The weights are

wβ(x) =


e−(β/2)x

2
Hermite

x (β/2)(m−n+1)−1 e−(β/2)x Laguerre

(1− x)
β
2
(m1−n+1)−1 x

β
2
(m2−n+1)−1 Jacobi
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Moments of Random Matrices

I GUE ensemble

Pn(x1, . . . , xn) = Cn

n∏
j=1

exp
(
−x2j

) ∏
1≤j<k≤n

|xk − xj |2

I The k-point correlation function

Rk(x1, . . . , xk) = det
k×k

[Kn(xi , xj)]ki ,j=1

I The kernel is expressed in terms of Hermite polymonials,

Kn(x , y) = e−(x2+y2)/2
n−1∑
k=0

Hk(x)Hk(y)√
π2kk!

Hk(x) = (−1)kex
2 dk

dxk
e−x

2∫ ∞
−∞

Hk(x)Hj(x)e−x
2
dx =

√
π2kk!δjk
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Moments of Random Matrices

I We define the eigenvalue density ρ
(β)
n (x)

ρ
(β)
n (x) = R1(x) = E

 n∑
j=1

δ(x − xj)



I The main object we study

ETrX k
n =

∫
I
xkρ

(β)
n (x) dx

I Applications:

I Quantum Transport: Conductance, Shot noise, Wigner
time-delay

I Quantum Field Theory — maps enumerations
I Others...
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Moments of Random Matrices

I If Xn is a GUE matrix then

QC
k (n) = ETrX 2k

n = nk+1

[k/2]∑
g=0

εg (k)

n2g
.

εg (k) is the number of maps of genus g with k edges.

I Take Xn in the LUE, i.e. w(λ) = λne−nλ.

I Then τ = (1/n) TrX−1n is the Wigner delay time

I The CGF Hn(t) satisfies Painlevé III (FM & Simm, 2013)

(zH ′′n )2= 4Hn

(
(H ′n)2 − H ′n

)
−
(
4z(H ′n)2

−(4z + (b − 2n)2)H ′n − 2n(b − 2n)
)
H ′n + n2.
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Moments of Random Matrices

I Take the cumulant expansion of τ ,

Cν =
1

(2n2)ν−1

∑
g≥0

cg (ν)

ng

I c0(ν) are integers for all ν (FM & Simm, 2013)

I Take

M
(β)
k (n) = nk−1ETrX−kn k ≥ 0, β = 1, 2

I Now take the asymptotics expansion of the moments

M
(β)
k (n) =

∞∑
g=0

κ
(β)
g (k)n−g , β = 1, 2.
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Moments of Random Matrices

I Conjecture: κ
(2)
g ∈ N (Cunden, FM, Simm & Vivo 2016)

I Cumulant expansion of negative powers of matrices in the LUE

Ck
(
TrX−µ1n , . . . ,TrX−µkn

)
=

1

(2N2)k−1

∑
g≥0

n−gcg (µ1, . . . , µk),

with (µ1, . . . , µk) ∈ Nk .

I The cg (µ1, . . . , µk) are Hurwitz numbers (Cunden, Dahlqvist
& O’Connell 2018)
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Moments & Hypergeometric OP’s

I If Xn is a GUE matrix then ETrX 2k
n is a polynomial in n

ETrX 8
n = 14n5 + 70n3 + 21n. (∗)

I Can we say something about it as a function of k?

(k+2)QC
k+1(n) = 2n(2k+1)QC

k (n)+k(2k+1)(2k−1)QC
k−1(n),

(Harer and Zagier, 1986)

I It turns out that

1

(2k − 1)!!
ETrX 2k

4 =
4

3
k3 + 4k2 +

20

3
k + 4.

This is a Meixner polynomial!
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Moments & Hypergeometric OP’s

I Meixner polynomials have the representation

Mn(x ; γ, c) = 2F1

(
−n,−x
γ

; 1− 1

c

)

I They obey the orthogonality relation

∞∑
x=0

(γ)x
x!

cxMn(x ; γ, c)Mm(x ; γ, c)

=
c−nn!

(γ)x (1− c)γ
δmn, γ > 0, 0 < c < 1

I They obey the recurrence relation

(c − 1)xMn(x ; γ, c) = c(n + γ)Mn+1(x ; γ, c)

− [n + (n + γ) c]Mn(x ; γ, c) + nMn−1(x ; γ, c)
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Moments & Hypergeometric OP’s

I Take Xn in the LUE with parameter α = m − n and define

QC
k (m, n) = ETrX k

n

I We have

QC
k (m, n)

Γ(k + α + 1)
=

mn

Γ(2 + α)
3F2

(
1− n, 1− k , 2 + k

2, 2 + α
; 1

)
= mn(2 + α)k−1Rn−1((k − 1)(k + 2); 1, 1,−2− α).

I The polynomial

Rn(λ(x); γ, δ,N) = 3F2

(
−n,−x , x + γ + δ + 1

γ + 1,−N ; 1

)
,

λ(x) = x(x + γ + δ + 1), is a dual-Hahn polynomial.
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Moments & Hypergeometric OP’s

I Let’s consider again

QC
k (m, n)

Γ(k + α + 1)
=

mn

Γ(2 + α)
3F2

(
1− n, 1− k , 2 + k

2, 2 + α
; 1

)

I Now take k ∈ C and set k = −1
2 + ix , x ∈ R

QC
− 1

2
+ix

(m, n)

Γ(−1
2 + ix + α + 1)

=

mn

Γ(2 + α)
3F2

(
1− n, 32 + ix , 32 − ix

2, 2 + α
; 1

)

=

1

Γ(n) Γ(m)
Sn−1

(
x2;

3

2
,

1

2
, α +

1

2

)
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Moments & Hypergeometric OP’s

I The polynomials

Sn(x2; a, b, c) = (a + b)n(a + c)n 3F2

(
−n, a + ix , a− ix

a + b, a + c
; 1

)
are continuous dual Hahn polynomials.

I They obey the orthogonality relation

1

2π

∫
R+

∣∣∣∣Γ(a + ix)Γ(b + ix)Γ(c + ix)

Γ(2ix)

∣∣∣∣2×
×Sm(x2; a, b, c)Sn(x2; a, b, c)dx

= Γ(n + a + b)Γ(n + a + c)Γ(n + b + c)n! δmn.
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Moments & Hypergeometric OP’s
We compute ρ

(2)
n (x) using orthogonal polynomials. For the GUE∫ ∞
−∞

Hk(x)Hj(x)e−x
2
dx =

√
π2kk!δjk

The moments

ETrX k
n =

∫ ∞
−∞

x2kρ
(2)
n (x)dx

are Hypergeometric OP’s in k of degree n − 1.

This is a statement on the Mellin transform

M [ρn(x); s] =

∫ ∞
0

ρ
(2)
n (x)x s−1dx .
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are Hypergeometric OP’s in k of degree n − 1.

This is a statement on the Mellin transform

M [ρn(x); s] =

∫ ∞
0

ρ
(2)
n (x)x s−1dx .



Moments & Hypergeometric OP’s
I They admit a representation in terms of hypergeometric

functions

pFq

(
a1, . . . , ap
b1, . . . , bq

; z

)
=
∞∑
j=0

(a1)j · · · (ap)j
(b1)j · · · (bq)j

z j

j!

(q)n = q(q + 1)(q + 2) · · · (q + n − 1), (q)n =
Γ(q + n)

Γ(q)

I Hermite polynomials are hypergeometric OP (of first type)

Hn(x) = (2x)2n2F0

(
−n/2, −(n − 1)/2

;− 1

x2

)

They satisfy the second order ODE

y ′′(x)− 2xy ′(x) + 2ny(x) = 0
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Moments & Hypergeometric OP’s

1. First Type: Solutions of continuous second order ODE’s.
(Classical Orthogonal Polynomials: Hermite, Laguerre and
Jacobi, etc.)

2. Second Type: Solutions of second order discrete difference
equations with real coefficients. (Meixner, Hahn, dual Hahn
and others)

3. Third Type: Solutions of second order discrete difference
equations with complex coefficients. (Meixner-Pollaczek,
continuous Hahn, continuous dual Hahn and others.)

4. Askey Scheme of Hypergeometric OP’s.
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Moments & Hypergeometric OP’s

I Define

ζXn(s) = Tr |Xn|−s =
n∑

j=1

1

|λj |s
, Xn ∈ {GUE,LUE, JUE},

I and

ξn(s) :=



22s

Γ (1/2− 2s)
E ζXn(4s) if Xn ∈ GUE ,

1

Γ(1 + α− s)
E ζXn(s) if Xn ∈ LUE ,

Γ(1 + α1 + α2 + 2n − s)

Γ(1 + α2 − s)
×E (ζXn(s)− ζXn(s − 1)) if Xn ∈ JUE ,
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Moments & Hypergeometric OP’s

Theorem (Cunden,FM,O’Connell and Simm, 2019)

For all n, ξn(s) is a hypergeometric orthogonal polynomial:

ξn(s) =



i1−n√
π

P
(1)
n−1 (2ix ; π/2) Xn ∈ GUE

1

Γ(n)Γ(α + n)
Sn−1

(
(ix)2;

3

2
,

1

2
, α +

1

2

)
Xn ∈ LUE

Γ(α1 + α2 + n + 1)

Γ(n)Γ(α2 + n)
(−1)n−1(α1 + n) Xn ∈ JUE

×Wn−1

(
(ix)2;

3

2
,

1

2
, α2 +

1

2
,

1

2
− α1 − α2 − 2n

)
,

where x = 1/2− s. In particular, ξn(s) satisfies the functional
equation ξn(s) = ξn(1− s), and all its zeros lie on the critical line
Re(s) = 1/2.



Moments & Hypergeometric OP’s

These polynomials have the hypergeometric representations:

P
(λ)
n (x ;φ) = (2λ)n

e inφ

n!
Meixner-Pollaczek

× 2F1

(
−n, λ+ ix

2λ
; 1− e2iφ

)
Sn(x2; a, b, c) = (a + b)n(a + c)n continuous dual Hahn

× 3F2

(
−n, a + ix , a− ix

a + b, a + c
; 1

)
Wn(x2;a, b, c , d) = (a + b)n(a + c)n(a + d)n Wilson

× 4F3

(
−n, n + a + b + c + d − 1, a + ix , a− ix

a + b, a + c , a + d
; 1

)



Moments & Hypergeometric OP’s

Matrix ens. Correlation func. Moments
(classical OP’s) (hypergeo. OP’s)

GUE Hermite Meixner-Pollaczek
LUE Laguerre continuous dual Hahn
JUE Jacobi Wilson



Moments & Hypergeometric OP’s

They obey the orthogonality relations

1

2πi

∫
1
2
+iR+

ξm(s)ξn(s)w(s)ds = hm δmn

where

w(s) =



∣∣2√πΓ(2s)
∣∣2 if Xn ∈ GUE∣∣∣∣Γ(s)Γ(s + 1)Γ(s + α)

Γ(2s − 1)

∣∣∣∣2 if Xn ∈ LUE

∣∣∣∣ Γ(s)Γ(s + 1)Γ(s + α2)

Γ(s + α1 + α2 + 2n)Γ(2s − 1)

∣∣∣∣2 if Xn ∈ JUE ,



Moments & Hypergeometric OP’s

The zeros of ξ(s) for the LUE and JUE.



The limit n→∞

I Take the equilibrium measure for the LUE

ρ∞(x) =
1

2πx

√
(x+ − x)(x − x−) 1x∈(x−,x+)

I Define

ζ∞(s)=

∫
R
|x |−sρ∞(x)dx

ξ∞(s) = (x−x+)s/2ζ∞(s),

Theorem (Cunden, FM, O’ Connell and Simm 2019)

The functional equation ξ∞(s) = ξ∞(1− s) holds, and the zeros of
the ζ∞(s) all lie on the critical line Re(s) = 1/2.
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Wronskians & Hypergepometric OP’s

I Set

φn(x) = (2nn!
√
π)−1/2Hn(x)e−

x2

2

φ∗n(s) =

∫ ∞
0

x s−1φn(x)dx

I Theorem (Bump and Ng ’86; Bump, Choi, Kurlberg and
Vaarg ’00)
The Mellin transform φ∗n(s) is a Meixner-Pollaczek
polynomial along the line Re(s) = 1

2 .

I The density of state is

ρ
(2)
n (x) =

n−1∑
j=0

φ2j (x) =
kn−1
kn

[
φn(x)φ′n−1(x)− φ′n(x)φn−1(x)

]
=

kn−1
kn

Wr(φn−1(x), φn(x)).
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Wronskians & Hypergeometric OP’s

I Let φn(x) be Hermite wavefunctions and set

ωn,`(x) = φn(x)φn+`(x)

Wn,`(x) = Wr(φn(x), φn+`(x))

I Theorem (Cunden, FM, O’Connell and Simm 2019)

1. The Mellin transform of the products is

ω∗
n,`(s) = in2

`
2−s

√
n!

(n + `)!

Γ(s)

Γ
(
s−`+1

2

) P( `+1
2 )

n

(
− is

2
;
π

2

)
2. The Mellin transform of the Wronskians is

W ∗
n,`(s − 1) =

2`

s − 1
ω∗
n,`(s)
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β = 1 and β = 4

I Set

QR
k (n) = ETrX 2k

n if Xn ∈ GOE

QH
k (n) = ETrX 2k

n if Xn ∈ GSE

I We have the duality (Mulase and Waldron, 2003)

QH
k (n) = (−1)k+12−1QR

k (−2n)

I Define

SR
k (n)= QR

k+1(n)− (4n − 2)QR
k (n)− 8k(2k − 1)QR

k−1(n)

SH
k (n)= 2QH

k+1(n)− (16n + 4)QH
k (n)− 16k(2k − 1)QH

k−1(n)
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Moments for β = 1 and β = 4

Theorem (Cunden, FM, O’Connell and Simm, 2019)

The quantities SR
k (n) and SH

k (n) have Meixner polynomial factors:

SR
k (n) = −3n(n − 1) (2k − 1)!! Mn−2(k; 3,−1)

= −3n(n − 1) (2k − 1)!! Mk(n − 2; 3,−1)

SH
k (n) = −6n(2n + 1) (2k − 1)!! M2n−1(k ; 3,−1)

= −6n(2n + 1) (2k − 1)!! Mk(2n − 1; 3,−1).

In particular, SR
k (n)/(2k − 1)!! and SH

k (n)/(2k − 1)!! are
polynomials invariant up to a change of sign under the reflection
k → −3− k , with complex zeros on the vertical line
Re(k) = −3/2.



Moments for β = 1 and β = 4

Theorem (Cunden, FM, O’ Connell, Simm, 2019)

We have the following duality between GOE and GSE

QR
k (2n + 1) = 2k+1QH

k (n) + 4kΓ (k + 1/2) fk(n)

where

fk(n) =
inn!

Γ (n + 1/2)
P
(1/4)
n (−i(k + 1/4);π/2)

and P
(λ)
n (x , φ) is a Meixner-Pollaczek polynomial.



Conclusions

1. The moments ETrX k for the GUE, LUE and JUE are
hypergeometric OP’s along the vertical line Re(k) = 1

2 .

2. Studying the moments as functions of k has remarkable
consequences and leads to new results in RMT and beyond
(local Riemann hypothesis and Wronskians of classical OP’s).
It also unifies strands of previous research in a single
framework.

3. Moments for β = 1 and β = 4 can also be studied in terms of
hypergeometric OP’s.

Cunden, F.D., Mezzadri, F., O’Connell, N., Simm N., Commun.
Math. Phys. (2019)
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