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Tiling model

Log-gases on a quadratic lattice

Fix S Ă R, N ą 0 and

w : S Ñ Rě0, wpxq ě 0.

We consider a class of probability measures PNpS ,wq on all
N-point subsets of S of the form

PNp`1, `2, . . . , `nq9
ź

1ďiăjďN

p`i ´ `jq
2
¨

N
ź

i“1

wp`i q,

where `i P S for i “ 1, . . . ,N,

where S “ tq´x ` uqx : 0 ď x ď Mu with q P p0, 1q, x ,M P Zě0
and u P r0, 1q.
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Tiling model

Tiling model

Lozenge tilings of a hexagon can be viewed as stepped surfaces.
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Tiling model

Tiling model
Consider the probability
measure on the set of tilings defined by

PpT q “ ωpT q
Z pa, b, cq

, where ωpT q “
ź

3PT
ωp3q.

• If we set ωp3q “ 1 we will obtain the uniform measure.
• Let j be the coordinate of 3. Set ωp3q “ q´j , 1 ą q ą 0.

ωpT q “ constpa, b, cq ¨ q´volume.

• Let j be the coordinate of 3. Set ωp3q “ κqj ´ κ´1q´j ,
1 ą q ą 0.
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Tiling model

Limit shape
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Tiling model

Waterfall

Figure: A simulation for a “ 80, b “ 80, c “ 80. On the left picture the
parameters are κ2 “ ´1, q “ 0.8, and on the right picture the
parameters are κ2 “ ´1, q “ 0.98.
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Tiling model

Affine transformation
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Tiling model

Tiling model

It establishes a bijection between tilings and non-intersecting paths:

Let C ptq “ px1, x2, . . . , xNq be the positions of nodes.
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Tiling model

q-Racah ensemble

Theorem (Borodin, Gorin, Rains ’2009)

ProbtC ptq “ px1, . . . , xNqu “ C ¨
ź

0ďiăjďM

pσpxi q´σpxjqq
2

N
ź

i“1

wtpxi q,

where σpxi q “ q´xi ` upκ,N, S ,T qqxi and wtpxq is the weight
function of the q-Racah polynomial ensemble up to a factor not
depending on x.
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Tiling model

Limit shape for domino and lozenze tilings

• Law of Large Numbers for the height function
[Cohn–Larsen–Propp ’98], [Cohn–Kenyon–Propp ’01],
[Kenyon–Okounkov ’07]

• Central Limit Theorem: convergence of the global
fluctuations of the height function
[Kenyon ’01], [Borodin–Ferrari ’08], [Petrov ’13],
[Duse–Metcalfe ’14], [Bufetov–Gorin ’17], [Bufetov-K. ’17]
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Tiling model

Regularity assumptions

• Let q P p0, 1q, M ě 1 and u P r0, 1q.

• Let qN P p0, 1q, MN P N and uN P r0, 1q be sequences of
parameters such that

• MN ě N ´ 1
• max

`

N2
ˇ

ˇqN ´ q1{N
ˇ

ˇ , |MN ´ N ¨ M| ,N|uN ´ u|
˘

ď A1,
for some A1 ą 0.

• Denote

µN “
1
N

N
ÿ

i“1

δ p`i q ,

where p`1, . . . , `Nq is PN ´ distributed with parameters
qN , uN ,MN .
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Tiling model

Assumptions on the weight

Let wps;Nq “ exp p´NVNpsqq ,

• VN is continuous on the intervals r1` uN , q
´MN
N ` uNq

MN
N s;

• For some positive constants A2,A3 ą 0

|VNpsq ´ V psq| ď A2 ¨ N´1 logpNq,

where V is continuous and |V psq| ď A3.

• V psq is differentiable and for some A4 ą 0
ˇ

ˇV 1psq
ˇ

ˇ ď A4 ¨
“

1` |log |s ´ 1´ u|| ` | log |s ´ q´M ´ uqM||
‰

,

for s P
“

1` u, q´M ` uqM
‰

.
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Tiling model

Law of Large Numbers

Theorem (Dimitrov-K. ’18)
There is a deterministic, compactly supported and absolutely
continuous probability measure µpxqdx such that µN concentrate
pin probabilityq near µ. More precisely, for any Lipschitz function
f pxq defined on a real neighborhood of the interval
r1` u, q´M ` uqMs and each ε ą 0 the random variables

N1{2´ε
ˇ

ˇ

ˇ

ˇ

ż

R
f pxqµNpdxq ´

ż

R
f pxqµpxqdx

ˇ

ˇ

ˇ

ˇ

converge to 0 in probability and in the sense of moments.
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Tiling model

Theorem (Dimitrov-K. ’18)
Take m ě 1 polynomials f1, . . . , fm P Rrxs and define

Lfi “ N
ż

R
fjpxqµNpdxq´NEPN

„
ż

R
fjpxqµNpdxq



for i “ 1, . . . ,m.

Assume that the limit measure has one band, then under technical
assumptions the random variables Lfi converge jointly in the sense
of moments to an m-dimensional centered Gaussian vector
X “ pX1, . . . ,Xmq with covariance

CovpXi ,Xjq “
1

p2πi q2

¿

Γ

¿

Γ

fi psqfjptqCps, tqdsdt, where

Cps, tq “ 1
2ps ´ tq2

˜

1´
ps ´ α1qpt ´ β1q ` pt ´ α1qps ´ β1q

2
a

ps ´ α1qps ´ β1q
a

pt ´ α1qpt ´ β1q

¸

,

where Γ is a positively oriented contour that encloses the interval
r1` u, q´M ` uqMs. 14 / 35



Tiling model

General β

Let q P p0, 1q, u P r0, 1q, M ě N ´ 1 P Z, θ ą 0.
• Recall

Γqpxq “ p1´qq1´x pq; qq8
pqx ; qq8

and satisfies
Γqpx ` 1q

Γqpxq
“

1´ qx

1´ q
,

where py ; qqk “ p1´ yq · · · p1´ yqk´1q.

• Let `i “ q´λi ` uqλi , where

λi “ xi ` pi ´ 1qθ, and 0 ď x1 ď x2 ď · · · ď xN ď M ´N ` 1.

• Denote XθN :“ tp`1, . . . , `Nqu.
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Tiling model

General β

We consider probability measures on XθN

PN
θp`1, . . . , `Nq “

1
ZN

ź

1ďiăjďN

q2θλj
Γqpλj ´ λi ` 1qΓqpλj ´ λi ` θq

Γqpλj ´ λi qΓqpλj ´ λi ` 1´ θq
×

×
ź

1ďiăjďN

Γqpλj ` λi ` v ` 1qΓqpλj ` λi ` v ` θq
Γqpλj ` λi ` vqΓqpλj ` λi ` v ` 1´ θq

¨

N
ź

i“1

wp`i q,

v is such that qu “ v .
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Tiling model

General β analogue

Observe as q Ñ 1´ and qx Ñ y P r0, 1q

Γqpx ` αq
Γqpxq

“ p1´ qq´α
pqx ; qq

pqx`α; qq8
„ p1´ qq´αp1´ yqα.

Setting q´λi “ yi , `i “ yi ` u{yi for i “ 1, . . . ,N we get
ź

1ďiăjďN

y2θ
j p1´ yiy´1

j q2θ ¨ p1´ uy´1
i y´1

j q2θ “
ź

1ďiăjďN

p`j ´ `i q
2θ.
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Tiling model

LLN and CLT for discrete log-gases

• Law of Large numbers [Johansson ’00, ’02], [Feral ’08]

• Central limit theorem
• special cases [Borodin-Ferrari ’08], [Breuer–Duits ’13],

[Dolega–Feray ’15]
• general potential with general β [Borodin–Gorin–Guionnet ’15]
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Tiling model

How is CLT usually proved?

Johansson’s CLT proof in RMT is based on loop equations

1
Z

ź

1ďiăjďN

p`i ´ `jq
β

N
ź

i“1

exp p´NV p`i qq

GNpzq “
1
N

N
ÿ

i“1

1
z ´ `i

rEGNpzqs2 `
2
β
V 1pzqrEGNpzqs ` (analytic) “

1
N
p. . . q ,

obtained by a clever integration by parts.
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Tiling model

Assumptions on the weight

• Assume there is an open setM Ă Czt0,˘
?
uu, such that for

large N
´”

q1
N , q

´MN´1
N

ı

Y

”

uNq
MN`1
N , uNq´1

N

ı¯

ĂM.

• Suppose there exist analytic functions φ`N , φ
´
N onM such that

for z PM and σNpzq “ z ` uNz´1 the following hold

wpσNpzq;Nq
wpσNpqNzq;Nq

“
φ`Npzq
φ´Npzq

, φ`Npq
´MN´1
N q “ φ´Np1q “ 0
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Tiling model

Nekrasov’s equation

Theorem
Define

RNpzq “ Φ´Npzq ¨ EPN

«

N
ź

i“1

σNpqNzq ´ `i
σNpzq ´ `i

ff

`

`Φ`Npzq ¨ EPN

«

N
ź

i“1

σNpzq ´ `i
σNpqNzq ´ `i

ff

,

where Φ´pzq “ qpqz2 ´ uqpz2 ´ uqφ´pzq,

Φ`pzq “ pqz2 ´ uqpq2z2 ´ uqφ`pzq and σpzq “ z ` uz´1.

Then Rpzq is analytic in the same complex neighborhoodM. If
Φ˘pzq are polynomials of degree at most d, then Rpzq is also a
polynomial of degree at most d .
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Tiling model

Computations

N
ź

i“1

σpqzq ´ σpq´`i q
σpzq ´ σpq´`i q

“ exp

˜

N
ÿ

i“1

ˆ

log
ˆ

pqz ´ q´`i q
pz ´ q´`i q

¨
pz ´ uq`i´1q

pz ´ uq`i q

˙˙

¸

“ exp

˜

N
ÿ

i“1

ˆ

log
ˆ

1`
pq ´ 1qz
z ´ q´`i

˙

` log
ˆ

1`
pq´1 ´ 1quz´1

uz´1 ´ q`i

˙˙

¸

.

Now we set q “ q
1
N .

N
ź

i“1

σpqzq ´ σpq´`i q
σpzq ´ σpq´`i q

“ q exp
”

pz ´ uz´1qGµpzq`

`
1
N

ˆ

∆GNpzq `
z log q

2
B

Bz
`

pz ´ uz´1qGNpzq
˘

˙

` · · · s,

where ∆GNpzq “ NpGNpzq ´ Gµpzqq.
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Tiling model

Functional equation on the Stieltjes transform

Gµpzq “
ż

R

µpxqdx
z ´ x

lim
NÑ8

EPN

«

N
ź

i“1

σNpqNzq ´ `i
σNpzq ´ `i

ff

“ exp pGpzqq

with Gpzq “ logpqq ¨ pz ´ uz´1q ¨ Gµpz ` uz´1q.

Rµpzq “ Φ´pzqqpz´u{zqGµpz`u{zq ` Φ`pzqq´pz´u{zqGµpz`u{zq.
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Tiling model

Proposition
The density of the limit measure µ for x P p0, Mq is given by

µpxq “
1
π
arccos

˜

Rpq´xq
a

Φ`pq´xqΦ´pq´xq

¸

If the expression inside the arccosine is greater than 1, then we set
µpxq “ 0 and if it is less than ´1, then we set µpxq “ 1.
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Discrete RHP

Definition
Let ωpzq be a 2× 2 matrix-valued function and X Ă R finite. An
analytic function

m : CzXÑ Matp2,Cq

solves a DRHP pX, ωq if the entries of m are meromorphic with at
most simple poles at the points of X and its residues at these
points are given by the jump residue condition

Res
z“x

mpzq “ lim
zÑx

mpzqωpzq, x P X.
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Proposition
The DRHP pS , ωq has a unique solution mpzq such that

ωpψq “

„

0 wpψq
0 0



, mpψq¨

„

ψ´N 0
0 ψN



“ I`O
ˆ

1
ψ

˙

, z Ñ8.

Moreover,

Apzq “ mpσpqzqq
„

Φ´pzq 0
0 Φ`pzq



m´1pσpzqq is analytic and

TrrAs “ Φ´pzq¨EPN

«

N
ź

i“1

σpqzq ´ `i
σpzq ´ `i

ff

`Φ`pzq¨EPN

«

N
ź

i“1

σpzq ´ `i
σpqzq ´ `i

ff

.
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Special cases of Rµpzq

Recall that monic orthogonal polynomials satisfy difference
equation:

ANpzqPNpσpzqq “ BNpzqPNpσpq´1zqq ` CNpzqPNpqzqq.

Then Rµpzq “ lim
NÑ8

ANpzq.
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Nekrasov’s equation

Theorem (Dimitrov-K. ’18)
Define

Rpzq “ Φ´pzq¨EPθN

«

N
ź

i“1

σpqθzq ´ `i
σpzq ´ `i

ff

`

` Φ`pzq ¨ EPθN

«

N
ź

i“1

σpq1´θzq ´ `i
σpqzq ´ `i

ff

,

where Φ´pzq “ qθpq2´θz2 ´ uqpz2 ´ uqφ´pzq,

Φ`pzq “ pqθz2 ´ uqpq2z2 ´ uqφ`pzq and σpzq “ z ` uz´1.

Then Rpzq is analytic in the same complex neighborhoodMθ. If
Φ˘pzq are polynomials of degree at most d, then Rpzq is also a
polynomial of degree at most d .
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Tiling model

Limit shape for the tilings

Let real numbers N, T, S, q and k be such that

N, T, S, q ą 0, k ě 0, q ă 1, N ă T, S ă T, k2q´T ă 1.
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Tiling model

Limit shape

Theorem (Dimitrov-K ’18)
Let

N “ Nε´1 ` Op1q, T “ Tε´1 ` Op1q, S “ Sε´1 ` Op1q,

q “ qε ` Opε2q, κ “ k` Opεq.

Then for any point pt, xq in the hexagon P with parameters N, T, S
and η ą 0 there exists an explicit function ĥpt, xq such that

lim
εÑ0`

Pε
´ˇ

ˇ

ˇ
|ε ¨ h

`

ttε´1u, txε´1u` 1{2
˘

´ ĥpt, xq
ˇ

ˇ

ˇ
ą η

¯

“ 0.
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Tiling model

Limit shape

Figure: The left part shows a simulation of a tiling. The middle part
shows the hexagon P and the liquid region D is the region inside the gray
curve. The right part denotes the image of P and D under the map
pt, xq Ñ pq´t , q´x ` k2q´S´t`xq
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Tiling model

Fluctuations

• Given a random point configuration tpt, x t
kqu on slice t define

pU,V q

Upt, kq “ q´t and V pt, kq “ q´xt
k ` κ2qxt

k´S´t

for 0 ď t ď T and 1 ď k ď N.

• Define a random height function H for the new particle system
as pushforward of h.

• This transform bijectively maps liquid region D to a new
region D1.
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Tiling model

Theorem (Dimitrov-K. ’18)
Fix w P p1, q´Tq and let tpεq be a sequence of integers such that
q´tpεq “ w ` Opεq. There exists a diffeomorfism

Ω : D1 Ñ H

such that for any polinomials fi P R, i “ 1, . . . ,m
ż

R

?
π
`

Hpq´t , vq ´ EPε
“

Hpq´t , vq
‰˘

fi pvqdv

converge jointly to a Gaussian vector with mean zero and covariance

ErXiXj s “

ż bpuq

apuq

ż bpuq

apuq
fi pxqfjpyq

ˆ

´
1
2π

log
ˇ

ˇ

ˇ

ˇ

Ωpu, xq ´ Ωpu, yq
Ωpu, xq ´ Ωpu, yq

ˇ

ˇ

ˇ

ˇ

˙

dxdy .
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Tiling model

Diffeomorphism

Ωpw , vq is a unique solution zpw , vq P H for pw , vq P D1 of

a2pw , vqz2 ` a1pw , vqz ` a0pw , vq “ 0, where

• a0 “ pw ´ 1qpq´T ´ qNqpq´S ´ 1qp1´ k2q´T`Nq;
• a1 “ vqNpq´T ´ 1q `

`

upq´S ´ qNq ´ q´S`N ´ q´T ` 2qN
˘

`

` wk2qNpq´T ` q´S`N ´ 2q´S´Tq ` k2q´T`Npq´S ´ qNqq.
• a2 “ qNpv ´ 1´ k2q´Swq;
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Tiling model

Assumptions

• Assume

Φ´Npzq “ qNpz2 ´ uNqφ
´
Npzq “ Φ´pzq ` ϕ´Npzq ` O

`

N´2˘ and

Φ`Npzq “ pq
2
Nz

2 ´ uNqφ
`
Npzq “ Φ`pzq ` ϕ`Npzq ` O

`

N´2˘ ,

where ϕ˘Npzq “ OpN´1q and the constants in the big O
notation are uniform over z in compact subsets ofM. All the
aforementioned functions are holomorphic inM.

• Assume there exists unique maximal interval

rα1, β1s Ă r1` u, q´M ` uqMs

such that 0 ă µpxq ă fqpσ´1
q pxqq´1 on rα1, β1s, where

σqpxq “ q´x ` uqx and fqpxq “ d
dx σq pq

´xq.
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