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Did they actually meet?
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Figure 1: E.S.: 1887 - 1961 and J.G.: 1938 - 777
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-
GOE to the comparison

Consider the Gaussian Orthogonal Ensemble (GOE), i.e. matrices

1 i
X — §(Y +YT)eR™": Yik lid N(0,1). (Mehta 1960)
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-
GOE to the comparison

Consider the Gaussian Orthogonal Ensemble (GOE), i.e. matrices
1 i
X=2(Y+YT)eR™: v S N(0,1). (Mehta 1960)
Equivalently think of this setup as a log-gas system

A< X<...< X, ANER,
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GOE to the comparison

Consider the Gaussian Orthogonal Ensemble (GOE), i.e. matrices

1 i
X=2(Y+YT)eR™: v S N(0,1). (Mehta 1960)
Equivalently think of this setup as a log-gas system
A< X<...< X, ANER,

with joint pdf for the particles’ locations equal to (Hsu 1939)

1 1
F1An) = > 1T Ak—Aj\exp<—2ZAj?>.
j=1

" 1<j<k<n
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GOE to the comparison

Consider the Gaussian Orthogonal Ensemble (GOE), i.e. matrices

1 i
X — §(Y +YT)eR™": Yik lid N(0,1). (Mehta 1960)

Equivalently think of this setup as a log-gas system
A< X<...< X, ANER,

with joint pdf for the particles’ locations equal to (Hsu 1939)

1 1
F1An) = > 1T Ak—Aj\exp<—2ZAj?>.
j=1

" 1<j<k<n

Objective: What can we say about the underlying limit laws?
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|
The eigenvalues {)\;}7_; form a Pfaffian point process (Dyson 1970),

n!
Rk()\la“'a)\k) _(I‘l—/()l\/R » H d)\ *Pf )\”)\)],j 1’

j=k+1

with a Hilbert-Schmidt class 2 x 2 matrix-valued kernel K,. Now
analyze Ry asymptotically in different scaling regimes.
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The eigenvalues {)\;}7_; form a Pfaffian point process (Dyson 1970),

n!
Rk()\la“'a)\k) :_(n—k)!\/R,, . H d)\ *Pf )\”)\)],j 1’

j=k+1

with a Hilbert-Schmidt class 2 x 2 matrix-valued kernel K,. Now
analyze Ry asymptotically in different scaling regimes.

(A) The global eigenvalue regime: define the ESD

1
#X(S):;#{léjgna )\JSS}7 s eR,

Thomas J. Bothner (KCL) Ginibre and Schrodinger April 11th, 2019 4 /37



|
The eigenvalues {)\;}7_; form a Pfaffian point process (Dyson 1970),

n!
Rk()\la“'a)\k) _(I‘l—/()l\/R » H d)\ *Pf )\”)\)],j 1’

j=k+1

with a Hilbert-Schmidt class 2 x 2 matrix-valued kernel K,. Now
analyze Ry asymptotically in different scaling regimes.

(A) The global eigenvalue regime: define the ESD
px()= 1#{1<j<n y<s) sem

then, as n — oo, the random measure iy, converges almost surely
to the Wigner semi-circular distribution (Wigner 1955)

1
pe(A) = — V222, dA.
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Figure 2: Wigner's law for one (rescaled) 2000 x 2000 GOE matrix on the left,
plotted is the rescaled histogram of the 2000 eigenvalues and the semicircular
density psc(A). On the right we compare Wigner's law to the exact eigenvalue
density for n = 4 and the associated eigenvalue histogram (sampled 4000 times).
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Universality |

Wigner's law is a universal limiting law (Arnold 1967, ...), it holds
true for any (properly centered and scaled) symmetric or Hermitian
Wigner matrix X = (Xj)] —; with E|[Xj|* < oo where Xj,j < k are
iid real or complex variables and Xj; iid real variables independent of
the upper triangular ones.
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Universality |

Wigner's law is a universal limiting law (Arnold 1967, ...), it holds
true for any (properly centered and scaled) symmetric or Hermitian
Wigner matrix X = (Xj)] —; with E|[Xj|* < oo where Xj,j < k are
iid real or complex variables and Xj; iid real variables independent of
the upper triangular ones.

(B) The local eigenvalue regime: We shall zoom in on the right edge
point A\p = v/2n and let n be even (Forrester, Nagao, Honner 1999),

<\ﬁ+\ﬁé V2n+ >_>QAI(X7Y)7

\fnﬁ \fn%

as n — oo uniformly in x,y € R chosen from compact subsets.
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Here, Qa; is Hilbert-Schmidt on L3(sp, 00) with kernel entries
1 y
Qui(x,y) = Qu(y,x) = KAi(Xv)/)"‘EAi(X)/ Ai(t)dt

Qua(x.y) =~ 5. Ku(x.y) = 5 AGOA)

and
Q21(Xa}’):_/ KAi(tJ/)dt—E/ Ai(t)dt
+ 1/oo Ai(t) dt - /OO Ai(t) dt — Esgn(x — y),
2 Jx Y 2
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Here, Qa; is Hilbert-Schmidt on L3(sp, 00) with kernel entries
1 y
Qui(x,y) = Qu(y,x) = KAi(Xv)/)"‘EAi(X)/ Ai(t)dt

Qua(x.y) =~ 5. Ku(x.y) = 5 AGOA)

and
) 1 y .
Qa(x,y) = —/ Kai(t,y)dt — 5/ Ai(t)dt
1 [ . oo 1
+ f/ Al(t)dt-/ Ai(t)dt — = sgn(x — y),
2 Jx Y 2
where we use the trace-class kernel (on L?(sp, 0))

Kai(x,y) = /OOO Ai(x + s)Ai(y + s) ds.
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The limiting kernel Qai(x, y) is once more universal (Soshnikov
1999), it governs the soft edge scaling limits of the k-point

correlation functions for any (properly centered and scaled) real
Wigner matrix X (modulo some decay constraints).
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The limiting kernel Qai(x, y) is once more universal (Soshnikov
1999), it governs the soft edge scaling limits of the k-point
correlation functions for any (properly centered and scaled) real
Wigner matrix X (modulo some decay constraints).

The above kernel allows us to formulate the following central limit
theorem for the largest eigenvalue Ay in the GOE, as n — oo,

Amax(X ):>\/ﬂ+fn6
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The limiting kernel Qai(x, y) is once more universal (Soshnikov
1999), it governs the soft edge scaling limits of the k-point
correlation functions for any (properly centered and scaled) real
Wigner matrix X (modulo some decay constraints).

The above kernel allows us to formulate the following central limit
theorem for the largest eigenvalue Ay in the GOE, as n — oo,

Amax(X ):»x/ﬂ+fn6

where the cdf of F; equals (Tracy, Widom 2005)
(P(F1 <)) = det(1 — GQAG ™ [12(s.00)012(s,0) )

with G = diag(g, g7 ') and g(x) = V1 + x2.
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Figure 3: Tracy-Widom distribution F; (blue) versus N(0, 1) (red).

mean variance skewness kurtosis
N(0,1) 0 1 0 0
F -1.20653 1.60778 0.29346 0.16524
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There are other explicit formulae for the cdf of Fi:
1. Airy determinant and resolvent formula (Forrester 2006)

(P(Fy < 5))° = det(1 — (Kai + U@ V) [ 2(s.00))

where (U ® V)(x,y) = Ai(x)A(y) and A(x) = [*__Ai(y)dy.
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There are other explicit formulae for the cdf of Fi:
1. Airy determinant and resolvent formula (Forrester 2006)

(P(Fy < 5))° = det(1 — (Kai + U@ V) [ 2(s.00))

where (U ® V)(x,y) = Ai(x)A(y) and A(x) = [*__Ai(y
2. Expression in terms of Painlevé-Il (Tracy, W|dom 1996)

(P(Fy < 5))° = exp (- / oc(x — §)q?(x)dx — / h q(x)dx)

where g solves % = xq + 2¢° with g(x) ~ Ai(x), x — ~+oc.
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There are other explicit formulae for the cdf of Fi:
1. Airy determinant and resolvent formula (Forrester 2006)

(P(Fy < 5))° = det(1 — (Kai + U@ V) [ 2(s.00))

where (U ® V)(x,y) = Ai(x)A(y) and A(x) = [*__Ai(y
2. Expression in terms of Painlevé-Il (Tracy, W|dom 1996)

(P(Fy < 5))° = exp (- / oc(x — §)q?(x)dx — / h q(x)dx)

where g solves 3 1 = xq + 2¢> with g(x) ~ Ai(x), x = 4o0.
3. Single determinantal formula (Ferrari, Spohn 2005)

]P)(Fl < 5) = det(l - F rLQ(s,oo))v Kai = F2.
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|
Somewhat GOE but non-symmetric
We now consider the Real Ginibre ensemble (GinOE), i.e. matrices

XeR™: X " N(0,1). (Ginibre 1965)
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-
Somewhat GOE but non-symmetric

We now consider the Real Ginibre ensemble (GinOE), i.e. matrices
XeR™: X " N(0,1). (Ginibre 1965)
Equivalently think of this setup as a log-gas system

A< <. .. <AL xx<...<Xpm Y,y >0 L+2M =n

= a=(A1,-AL) — B=(x1+iy1,-... xm+ivm)
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-
Somewhat GOE but non-symmetric

We now consider the Real Ginibre ensemble (GinOE), i.e. matrices

XeR™: X " N(0,1). (Ginibre 1965)

Equivalently think of this setup as a log-gas system
A< <. .. <AL xx<...<Xpm Y,y >0 L+2M =n
— d=(A1,AL) — B=(xa-+iy1,....xm+iym)

with (L, M)-partial joint pdf (Lehmann, Sommers 1991)

o 1 1 n
fLm(a, B) = H |z — zj| exp —7221.2

; 2

1<j<k<n

< [[erfe(V21Szl), Z=(a,5,6*)ecC"
j=1

Ginibre and Schrédinger

ZnLM
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The saturn effect

The above pdf is not absolutely continuous, in particular

P(z,...,z, € R) =274 (Edelman 1997)

Thomas J. Bothner (KCL) Ginibre and Schrodinger April 11th, 2019 12 /37



The saturn effect

The above pdf is not absolutely continuous, in particular

P(z,...,z, € R) =274 (Edelman 1997)

Objective: What can we say about the underlying limit laws?

Thomas J. Bothner (KCL) Ginibre and Schrodinger April 11th, 2019 12 /37



The saturn effect

The above pdf is not absolutely continuous, in particular

P(z,...,z, € R) =274 (Edelman 1997)

Objective: What can we say about the underlying limit laws?

The eigenvalues {z}7_; form a Pfaffian point field (Borodin, Sinclair
2009), with [7: S Ré, veCm, and ﬁ\/ a= (,ul, ey M, Oy ey Oé[__g),

-,

o 1 o
Rem(i7):= 3 (L—0O)}(M — m)! /RL_Z /CM_,” fLm(iv & vy f)

(L,M)
L>0,M>m

L—¢ M—m
x [[dej T a°8i = Pf
j=1 k=1

R,R ox0 R,C ¢
[K% R(Nja k) 1,7<=1 [K% C(Mja Vk) j,7<21
[Kn™ (v 12k) J"?kX:e1 [Kn™ (v, vk) _]r?kX:n],.
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using four 2 x 2 matrix-valued Hilbert-Schmidt kernels K##. Now
analyze Ry, asymptotically in different scaling regimes.
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using four 2 x 2 matrix-valued Hilbert-Schmidt kernels K##. Now
analyze Ry, asymptotically in different scaling regimes.

(A) The global eigenvalue regime: define the ESD
1
MX(Sa t) = ;#{1 S_/ <n, ész <s, %zj < t}? s, te R7

then, as n — oo, the random measure iy, converges almost surely
to the uniform distribution on the unit disk (Ginibre 1965)

1
pel2) = xjaja(2) P2
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Figure 4: The circular law for 1000 real (rescaled) Ginibre matrices of varying
dimensions n x n in comparison with the unit circle boundary. We plot
n=4,8,16 from left to right. A saturn effect is clearly visible on the real line.
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Figure 5: Densities of normalized real (left) and complex (right) eigenvalues for
n=5,10,20,50,100 (left) and n = 100 (right). The larger n, the better their
approach to the uniform density on [—1,1] (left) and x* + y? < 1 (right).
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The circular law is a universal limiting law (Tao, Vu 2010), it holds
true for any (properly centered and scaled) non-Hermitian real or
complex matrix X = (Xj)7,—; with E|Xj|* < oo where Xj, are iid
real or complex variables.
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The circular law is a universal limiting law (Tao, Vu 2010), it holds
true for any (properly centered and scaled) non-Hermitian real or
complex matrix X = (Xj)7,—; with E|Xj|* < oo where Xj, are iid
real or complex variables.

(B) The local eigenvalue regime: We shall zoom in on \/n for n even
and discuss “only” the scaling limit of KER(. .} (Borodin, Sinclair
2009; Poplavskyi, Tribe, Zaboronski 2016):

K (v +x,v/n +y) = Pe(x,)

as n — oo uniformly in x, y € R chosen from compact subsets.
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Here, P, is Hilbert-Schmidt on L?(sp, 00) with kernel entries
1 Yy
Pll(x,y):P22(y,x):Ke(x,y)+§e(x)/ e(t)dt

— 00

Pia(x,y) = —%Ke(xd/) - %Q(X)Q(YL

and

P21(x,y):—/OoKe(t,y)dt—%/ye(t)dt

vy [ 0ae [0 sty
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Here, P, is Hilbert-Schmidt on L?(sp, 00) with kernel entries

Pi(x,y) = Paaly, x) = Ke(x,y) + %e(x) /y o(t) dt

— 00

Pia(x,y) = —%Ke(xd/) - %Q(X)Q(YL

and

P21(x,y):—/OoKe(t,y)dt—%/ye(t)dt

vy [ 0ae [0 sty

where we use the trace-class kernel (on L?(sp, 0))
Ke(x,y) = / e(x + s)e(y + s)ds; e(x) = —=e .
0
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It is an open question whether P (x, y) is universal, i.e. whether it
governs the scaling limits of the real-real (¢, m)-point correlation
functions for any (properly centered and scaled) non-Hermitian real
matrix X with iid entries (modulo some decay constraints).
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It is an open question whether P (x, y) is universal, i.e. whether it
governs the scaling limits of the real-real (¢, m)-point correlation
functions for any (properly centered and scaled) non-Hermitian real
matrix X with iid entries (modulo some decay constraints).

The above kernel allows us to formulate the following central limit
theorem for the largest real eigenvalue Apnax € R in the GinOE, as

n— oo,
Amax(X) = Vn+ G
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It is an open question whether P (x, y) is universal, i.e. whether it
governs the scaling limits of the real-real (¢, m)-point correlation
functions for any (properly centered and scaled) non-Hermitian real
matrix X with iid entries (modulo some decay constraints).

The above kernel allows us to formulate the following central limit
theorem for the largest real eigenvalue Apnax € R in the GinOE, as
n— oo,

Amax(X) = Vn+ G

where the cdf of G equals (Rider, Sinclair 2014; Poplavskyi, Tribe,
Zaboronski 2017)

2 _
(P(G <)) = d2et(1 - GP.G™! [ 12(s,00)®L2(s,00) )

with G = diag(g, g~ !) and g(x) = V1 + x2.
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Figure 6: Tracy-Widom distribution F; (blue) versus G (red).

mean variance skewness kurtosis
G -1.30319 3.97536 -1.76969 5.14560
F1  -1.20653 1.60778 0.29346 0.16524
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What other explicit formulae for the cdf of G are available?

1. Exponential determinant and resolvent formula (Rider, Sinclair
2014; Poplavskyi, Tribe, Zaboronski 2017)

(P(G < S))2 = det(l — (Ke + U ® VK) rL2(s,oo))

where (U, ® Ve)(x,y) = e(x)€(y) and E(y) = [ _e(y)dy.
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What other explicit formulae for the cdf of G are available?

1. Exponential determinant and resolvent formula (Rider, Sinclair
2014; Poplavskyi, Tribe, Zaboronski 2017)

(P(G < S))2 = det(l — (Ke + U ® VK) rL2(s,oo))

where (U, ® Vo)(x,y) = e(x)€(y) and €(y) = [7_e(y)dy.
2. Any Tracy-Widom type closed form expression?
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1. Exponential determinant and resolvent formula (Rider, Sinclair
2014; Poplavskyi, Tribe, Zaboronski 2017)

(P(G < S))2 = det(l — (Ke + U ® VK) rL2(s,oo))

where (U @ Ve)(x,y) = e(x)€(y) and €(y) = [7_e(y)dy.
2. Any Tracy-Widom type closed form expression?
3. Any Ferrari-Spohn type determinantal formula?
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What other explicit formulae for the cdf of G are available?

1. Exponential determinant and resolvent formula (Rider, Sinclair
2014; Poplavskyi, Tribe, Zaboronski 2017)

(P(G < S))2 = det(l — (Ke + U ® VK) rL2(s,oo))

where (U @ Ve)(x,y) = e(x)€(y) and €(y) = [7_e(y)dy.
2. Any Tracy-Widom type closed form expression?
3. Any Ferrari-Spohn type determinantal formula?
Roadblock: Kai(x,y) has a Christoffel-Darboux type structure, i.e.
(x)(y) — p(x)o(y)

Ko y) = SO0 2) = AiG2), w(z) = AT (2),

but this is not true for K,(x, y)!
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What other explicit formulae for the cdf of G are available?

1. Exponential determinant and resolvent formula (Rider, Sinclair
2014; Poplavskyi, Tribe, Zaboronski 2017)

(P(G < S))2 = det(l — (Ke + U ® VK) rL2(s,oo))

where (U @ Ve)(x,y) = e(x)€(y) and €(y) = [7_e(y)dy.
2. Any Tracy-Widom type closed form expression?
3. Any Ferrari-Spohn type determinantal formula?
Roadblock: Kai(x,y) has a Christoffel-Darboux type structure, i.e.
(x)(y) — p(x)o(y)

Ko y) = SO0 2) = AiG2), w(z) = AT (2),

but this is not true for K.(x, y)! — Do remember N. Wiener and F!
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|
And finally they meet

Define

F(t;) = \/det(l — (Ko + Ue @ V&) [12000)s  tER, 7 €[0,1].

and consider the following Riemann-Hilbert problem (RHP):
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And finally they meet

Define

F(t:7) = \/det(1 = 1(Ke + Ue @ Vo) o)) tER, 7 €[0,1],

and consider the following Riemann-Hilbert problem (RHP):

Zakharov-Shabat (ZS) RHP
For any (x,7) € R x [0, 1] determine X(z) = X(z; x,7) € C?*2 such that

(1) X(z) is analytic for z € C\ R and continuous on C..
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F(t:7) = \/det(1 = 1(Ke + Ue @ Vo) o)) tER, 7 €[0,1],

and consider the following Riemann-Hilbert problem (RHP):

Zakharov-Shabat (ZS) RHP

For any (x,7) € R x [0, 1] determine X(z) = X(z; x,7) € C?*2 such that

(1) X(z) is analytic for z € C\ R and continuous on C..
(2) The limits X£(z) := lim¢jo X(z £ ic), z € R satisfy

1= [r(2)P —F(z)e 2

. _1,2
X+(Z) = X,(Z) 2ixz 1 ' r(z) = r(Z;’\// = _lﬁe }1

r(z)e
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And finally they meet

Define

F(t:7) = \/det(1 = 1(Ke + Ue @ Vo) o)) tER, 7 €[0,1],

and consider the following Riemann-Hilbert problem (RHP):

Zakharov-Shabat (ZS) RHP

For any (x,7) € R x [0, 1] determine X(z) = X(z; x,7) € C?*2 such that

(1) X(z) is analytic for z € C\ R and continuous on C..
(2) The limits X£(z) := lim¢jo X(z £ ic), z € R satisfy

1= [r(2)P —F(z)e 2

. _1,2
X+(Z) = X,(Z) 2ixz 1 ' r(z) = r(Z;’\// = _lﬁe }1

r(z)e

(3) As z — oo, we require X(z) =1+ X1z~ + O(272), X; = Xi(x,7).
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Baik-B 2018
The ZS-RHP is uniquely solvable for any (x,~) € R x [0, 1]. Also,
X{2(-,~) € R is continuous for any v € [0, 1]
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The ZS-RHP is uniquely solvable for any (x,~) € R x [0, 1]. Also,
X{?(-,~7) € R is continuous for any v € [0, 1] and

(F(t;’}')>2 = exp (— i/too(x —t) ‘y (%;7) i dX) (1)
X {cosh w(t; ) — /7 sinh u(t;“y)}7

using the abbreviations

pu(tiv) = —;/tooy (g;v) dx,

and y(x;7) := 2iX2(x, 7).

Identity (1) mirrors a corresponding ~-deformed TW identity in the
superimposed GOE (Forrester 2006).
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-
But where is Prof. Schrodinger?

Set .
W(z):=X(z)e ™™, zeC\R,

then %—‘)’(’W‘l is entire,
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-
But where is Prof. Schrodinger?

Set .
W(z):=X(z)e ™™, zeC\R,

then Z¥W-1 is entire, in fact by (3) above and Liouville's theorem

ov [ . |0y
&(—{—1203—1—21 [}7 0]}“’, (2)

which is the famous Zakharov-Shabat system of 1972.
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But where is Prof. Schrodinger?

Set .
W(z):=X(z)e ™™, zeC\R,

then Z¥W-1 is entire, in fact by (3) above and Liouville's theorem

ov [ . |0y
&(—{—1203—1—21 [}7 0]}“’, (2)

which is the famous Zakharov-Shabat system of 1972. It is directly
related to several of the most interesting nonlinear evolution
equations in 1 + 1 dimensions which are solvable by the IST method.
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For instance, in order to solve the Cauchy problem for the defocusing
nonlinear Schrodinger equation,

Ve + vx — 2ly[2y =0, y(x,0) = yo(x) € S(R); y =y(x,t):R* = C,

one first computes the reflection coefficient r(z) € S(R) associated
to yo through the direct scattering transform. Note that yo — r is a
bijection from S(R) onto S(R) N {r: ||r]l~ < 1} (Beals, Coifman
1984).
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For instance, in order to solve the Cauchy problem for the defocusing
nonlinear Schrodinger equation,

Ve + vx — 2ly[2y =0, y(x,0) = yo(x) € S(R); y =y(x,t):R* = C,

one first computes the reflection coefficient r(z) € S(R) associated
to yo through the direct scattering transform. Note that yo — r is a
bijection from S(R) onto S(R) N {r: ||r]l~ < 1} (Beals, Coifman
1984). Second, one considers the ZS-RHP above subject to the

replacement
. o
elez e21(21.‘2 +xz)’ te R,

and provided this problem is solvable, its (unique) solution solves
dNLS with y(x,0) = yo(x) via y(x, t) = 2iX}?(x, t).
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R
Some corollaries

First, tail estimates for G.

Let v € [0, 1], then as t — +o0,

F(t;v)=1- %erfc(t) + O(’y%t_le—%?).
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R
Some corollaries

First, tail estimates for G.

Let v € [0, 1], then as t — +o0,
F(t;v)=1- %erfc(t) + O(’y%t_le—%?).

On the other hand, as t — —oo0,

F(ti7) = e™mo(3) (1 +0(1)), m(7) =5 ;gLig(V)

in terms of the polylogarithm Lis(z) and with a t-independent
positive factor (7). Also, 19(1) = 0.75277069.
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Figure 7: We doublecheck our tail estimates (blue) against the numerically
computed values of F(t;1) (red).

Second, the analogue of the Ferrari-Spohn formula for G:
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Baik-B 2018
We have
F(ti1) = det(l = S [12(¢.00)) o

where S : L2(R) — L3(R) is the integral operator with kernel

oAt

S(X7y) =

2y
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Baik-B 2018

We have
F(ti1) = det(l = S [12(¢.00)) o

where S : L2(R) — L3(R) is the integral operator with kernel

oAt

S(X7y) =

2y

v

Next objectives: What is the probabilistic interpretation of F(t;~y) for
all v € [0,1]7 What is the exact value of 1(y)? Can we generalize
(3) for F(£;7),7 € [0,1]?
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-
Some proof ideas

Recall that

Ke(x,y) = /OOO e(x +s)e(y +s)ds;  e(x) = —=e* (4)
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Some proof ideas

Recall that
Ke(x,y) = /0 e(x +s)e(y +s)ds; e(x)= \ﬁe

and use )
2 _1y2.;
e = [N\ xeR.
27 Jr
37 A T
T \\ Ve 4
// ) y \ r
£ N ye \

[ e | o™
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After substitution into (4),

Ke(x, / / e~ sV W) gmilxA—yw) [ / " i) du] dw dA
I 0

we choose (/\, w) € 'y x [, such that Sw > S\ and obtain

p ( / / )\2+w —i(xA—yw) dw
(%, ¥) wdA.
27T Tx w)
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After substitution into (4),

K, (X y / / e 1(N+w?) —1(><>\ yw) |;/OO e—iu(/\—w) dU:| dw d)
[N 0

we choose (/\, w) € 'y x [, such that Sw > S\ and obtain

A2+w —i(xA—yw)
K.(x,y) / / dwdA.
( 27T Tx w)

Use residue theorem
Suppose w € I, satisfies Sw > 0. Then for any y,t e R: y # t,

R RO

_ iw(y—t)
omi | - w € X(t,oo)(y)
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Now combine (I, =R, I, =),

K. e—ixA efz(/\ +w?)—it(u—w) q el Qi
X w
) = [ oz | | oy )

=:E(A\,p)

Thus, K.X(t,00) on L2(R) is simply the operator composition FEF L.
After properly modifying the function spaces, E is trace-class and can
be massaged into the aforementioned Christoffel-Darboux structure.
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Thank you very much for your attention!!!

—
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