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Fermionic mean-field regime

Consider a system of N interacting fermions with wave function ¢ € L3(R3V).
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Consider a system of N interacting fermions with wave function ¢y € L2(R3N).

Hamiltonian:

N
HE™ =3 (—0y M@ry)JrAZv P — X))
Jj=1 i<j
where V., confines the system in a region A C R3, |A| = O(1).

General goal
remove the trap and study the dynamics of the low energy states

{ 0Nt = vt
UYNO = YN -

Solution vy s = e~Mlyy, but N is huge = look for regimes in which the
evolution can be well approx.
by an effective dynamics.
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Fermionic mean-field regime

Fix A such that interaction and kinetic energy are of the same order:

Epot = wmzv i = X)Un) ~ AN?

i<j

N
Eiin = (N, »_ —Dyton) ~ N/°
j=1
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Fermionic mean-field regime

Fix A such that interaction and kinetic energy are of the same order:

wN,AZv i = X)Un) ~ AN?

i<j

N
Eiin = (N, »_ —Dyton) ~ N/°
j=1

Mean-field Hamiltonian:

N N
HY™ =" =Dy + V() + NT1EY V(X — ;).
Jj=1 i<j

Relevant time scale: N~ /2 (typical velocity per particle ~ N'/3)

iN'2ppn s = Z —Ayx + N~ ‘/32 V(xi — X)) | ¥ns-

i<j 3/19



Fermionic mean-field regime

Let
and multiply by £2:
N

N
) 1
iedppne = | Y —2Dy + N D> V(xi—x) | Unit

j=1 i<j
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Fermionic mean-field regime

Let

and multiply by £2:

N N
, 1
iedppne = | Y —2Dy + N > V(X = x) | U

j=1 i<j

The mean-field scaling is naturally linked with a semiclassical limit
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Effective equations

M-B Schrodinger Eq.

. 1
ZE@;’[/)NJ = Z 762Aj + N Z V(Zl — :Ej) I,/J]\r,t
ij

J

N — o0

1981: Narnhofer & Sewell Vlasov Eq'
Spoh ~ ~ -
ponnt W, +v -V, Wy + (VV %) - VW, = 0

o) = [ Witz de
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Effective equations

. N>>1
M-B Schrodinger Eq. ;. Hartree-Fock Eq.

1 icQwyy = [~E2A+Vxp— Xy, wny]
ifat’l/)h"t = Z 762Aj + N Z V(Zl — :Ej) I,/J]\r,t [
(%

j pi(@) = N wy (w5 2)

Vlasov Eq.
W, +v-V, W, + (VV * ) - VW =0
o) = [ Witz de
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State of art

@ MBQ dynamics — Hartree-Fock:

» 2003: Elgart, Erdds, Schlein, Yau;
» other scalings:

* 2002: Bardos, Golse, Gottlieb, Mauser;
* 2010: Fréhlich, Knowles;
* 2016: Petrat, Pickl; Bach, Breteaux, Petrat, Pickl, Tzaneteas;

2013: Benedikter, Porta, Schlein;

2015: Benedikter, Jaksic, Porta, C.S., Schlein;
2017: Porta, Rademacher, C.S., Schlein;
2018: C.S.

v

v
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State of art

@ Hartree-Fock dynamics — Vlasov:

» No rate, weak* convergence:

* 1993: Lions, Paul;
* 2014: Figalli, Ligabo, Paul.
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State of art

@ Hartree-Fock dynamics — Vlasov:

» No rate, weak* convergence:

* 1993: Lions, Paul;
* 2014: Figalli, Ligabo, Paul.

» Explicit rates, weak convergence:
* 2017-19: Golse, Paul; Golse, Paul, Pulvirenti; Lafleche;

» Explicit rates, strong convergence:

* 2009: Athanassoulis, Paul, Pezzotti, Pulvirenti;
* 2016: Benedikter, Porta, C.S., Schlein;
* 2019: C.S,;

Goal: singular interactions V(x) = # a € (0,1]

» strong convergence (trace norm)
» explicit rate of convergence 7119



Motivation

Study large atoms and molecules
N

N
1 1 1
: _ 2
iedtYnt = Z—ﬁ Ay — m + Nzi\x-—xﬁ PNt

J=1 / i<j 77
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Motivation
Pure and mixed states, smooth interaction potential:

Many-body —..3y Hartree —..3 ")’(')"’i‘::(‘)’r‘]

9 9
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Motivation
Pure and mixed states, smooth interaction potential:

Many-body —..3y Hartree —..3 ":’(';‘:;’(‘)’r‘]

9 9

A class of pure states, singular potentials:

Many-body

Hartree Vlasov-
> > Poisson

o X

(A class of) mixed states, singular potentials:

Many-body ....3y Hartree ..., I\DI:)?::;;

X /]
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Semiclassical limit

Compare Hartree-Fock Eq.
{ fe Own,i(X; y) = [—EZA + ﬁ * pan,t] (x;y)
pi(x) = Fun,(X; x)

and Vlasov Eq.

{ OWi(x, v) + v - Vx Wi(x, v) + (v 1 *5,) (x) - VyWi(x,v) =0

pi(x) = [ Wa(x, v) dv
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Semiclassical limit

Compare Hartree-Fock Eq.
ie drwoni(x:y) = [_EZA + ﬁ * pt7WN,t:| (x;y)
pi(X) = gni(X: X)

and Vlasov Eq.

OWi(x, V) + v - Vi Wi(x, v) + (v ek 5,) (x) - V, Wi(x,v) =0

pi(x) = [ Wa(x, v) dv

‘ ww,t densities on L2(R®), 0 < wy; < 1 ‘

Vs

‘ W; : RS x R3 — R, prob. density on the phase space ‘
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Weyl and Wigner transforms

Wigner transform

Wh(x,v) = (%)3/01,\/ (X + s%; X — 6%) e VYdy
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Weyl and Wigner transforms

Wigner transform

Wh(x,v) = (%)S/w,\, (x + s%; X — 6%) e VYdy

Weyl transform

wn(x y) = N/ Wi (X;ry,v) eV x=n/egy

Remark: when |x — y| > ¢, [x,wp] is small

tr|[x, wn]| < Ne
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Weyl and Wigner transforms

Compare Hartree-Fock Eq.
{ i Bom = [+ e x pryow]
pr(X) = qeon (X x)
and Weyl-trasformed Vlasov Eq.
{ ied@n: = [—°A, Dy + Ar

Axiy) = (Ve # 71) () - (x = ) Bn(x:y)
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Results

@ Fora € (0,1/2):
» strong convergence
» explicit rate
» smooth initial data

11/19



Results

@ Fora € (0,1/2):
» strong convergence
» explicit rate
» smooth initial data

@ Forae[1/2,1]:
» strong convergence
» explicit rate
» smooth initial steady states for the Vlasov equation
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Sketch of the proof: step 1

Compare wy,; and Wyt

is&t ((.UN,[ — (:JNJ) = [—€2A, (WN’[ — LNUNJ)] + ...
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Sketch of the proof: step 1

Compare wy,: and w ¢

i€ 0O (wn,t — @ t) = [-2A, (wne — DN+ -

Problem 1. How to get rid of the kinetic term?
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Sketch of the proof: step 1

Compare wy ; and wy t:

ie@,u*(t) (wN,t - LNUNJ)U(Z‘) =...

Problem 1. How to get rid of the kinetic term?

Idea 1. Define a unitary operator 1/(t)

icdU(t) = h(HU(L),
{ U©0)=1.
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Sketch of the proof: step 1

Compare wy,: and w ¢
ieotU* (1) (wn,t — wnt)U(E) = ... compute ...
1

— (1) [.p “ (o1 m,aN,t] Ut) + U (DB

where

B0 = | e = i) = 9 () () | @it
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Sketch of the proof: step 1

Compare wy,: and w ¢

ie U (t) (wn,t — wnt) U(E) = ... compute ...

U0 e (o= 70, U0+ U DB UG,

where

B0 = | w0 = i) = 9 () () | @it
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Sketch of the proof: step 1

ie U™ (t) (wn,t — wnt) U(E) = ... compute ...
1 -
— (1) [ (e po,w,t] Ut) + U (O BU().

Duhamel + trace norm:

. 1/
tr |wn, — Wnye| < 7/ tr ds
€ Jo

1 JUN
|:| K |a N (pS - Ps)wa,s}

1 t
—l-*/ tr |Bg| ds
€Jo
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Sketch of the proof: step 1

ie U™ (t) (wn,t — wnt) U(E) = ... compute ...
* 1 ~\ o~ *
U0 [ o )+ OB,
Duhamel + trace norm:

ds

1 oy~
|: K |O¢ * (pS - pS)awN,S:|

- 1t
tr |wn, — Wnye| < f/ tr
€ Jo

1 t
—l-*/ tr |Bg| ds
€Jo

dominant term
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Sketch of the proof: step 1

ie U™ (t) (wn,t — wnt) U(E) = ... compute ...
* 1 ~\ o~ *
U0 [ o )+ OB,
Duhamel + trace norm:

ds

~ 1t 1 SN
tr ‘WNJ - wN,f| S g tr | |a * (pS - Ps)7wN,s
0 .

1 t
+*/tr\Bs|dS
€ Jo

error term
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Sketch of the proof: step 2

Focus on the dominant term

1 t
f/tr
€ Jo

ds

1 JUN
[_|a *(ps — Ps)awN,s:|
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Sketch of the proof: step 2

Focus on the dominant term

1 t
f/tr
€ Jo

Problem 2. Find a handier representation for the dominant term.

ds

1 o~
|: . |a * (pS - ps)va,S:|
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Sketch of the proof: step 2

Focus on the dominant term

ds

1 o~
|: . |(, * (pS - p3)7wN,S:|

Problem 2. Find a handier representation for the dominant term.

Idea 2. Generalised Fefferman - de la Llave representation formula

1 <A
‘X 7y|o¢ - C/O r1+a X(r’Y)(X) dr

X(ry)(X) = exp (=|x — y[2/r?)
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Sketch of the proof: step 2

Focus on the dominant term

Problem 2. Find a handier representation for the dominant term.

Idea 2. Generalised Fefferman - de la Llave representation formula

1 1
‘X 7y|o¢ = C/O r1+a X(r’Y)(X) dr
Hence

tr

U * (ps — Ps), WON s”
,s/o M/ms ¥) = Bol0)ltr l[xy), Gl dy o
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Sketch of the proof: step 3

tr |CUN1—&N1|

1// ,1+a/|p5 — ps(W)1tr [[x(r,y)> @n,¢]| dy dr ds + error term
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Sketch of the proof: step 3

tr |CUN1—&N1|

1// ,1+u/|ps — ps(W)1tr [[x(r,y)> @n.,¢]| dy dr ds + error term

||Ps - ﬁsHU < Ntr |0JN,s - @N,s
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Sketch of the proof: step 3

tr jwn,r — @il

1// ,1+u/|p5 — ps(W)1tr [[x(r,y)> @n.,¢]| dy dr ds + error term

~ 1 -
||Ps - PSHL1 < Ntr |0JN,s — WN,s

tr [[X(r,y) On,s]|
{ rz Ne + error terms — ac(0,1/2)

< 1 5
R ST 1t 55
re i lemanally lomanalli= = a€[1/2,1]
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Sketch of the proof: step 3

tr jwn,r — @il

1//'NM/MS — ps(W)1tr [[x(r,y)> @n.,¢]| dy dr ds + error term

~ 1 -
||Ps - PSHL1 < Ntr |0JN,s — WN,s

tr |[X(r.y)> On,s]|
_ { rz Ne + error terms — «ac(0,1/2)
~ 3_ 3 145 5.5
r2= 0y e allf oanalli~ = a€[1/2,1]

Propagation of regularity for the Vlasov equation:
@ smooth initial data (mixed states);
@ smooth steady states for the Vliasov system.
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Sketch of the proof: step 3

tr |th_wN[‘

1// ,1+a/|p5 — ps(W)1tr [[x(r,y)> @n,¢]| dy dr ds + error term
~ 1 -
lps = psllr < i |wn,s — WN,s

tr |[X(r.y), @n,s]| S Vr Ne + error terms

Therefore, for k > 0,

t rk 1
b o, — Ol S/ / "
0o Jo rz

tr |wn,s — Wn,s| dr ds+ error terms
«
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Sketch of the proof: step 3

tr |th_wN[‘

1// ,1+a/|p5 — ps(W)1tr [[x(r,y)> @n,¢]| dy dr ds + error term

~ 1 ~
llps — psllor < Ntr |wn,s — WN,s

3

~ 3_ 145 3_5

tr [y Onsll S 7270 ol 1oipan il
i=1

Therefore, for k > 0,

t 1
tr jwn e — Onye| S / / —tr |wn,s — Wi s| dr ds+ error terms
' o Jo rztd
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Trace norm convergence

Theorem 1 (C.S., CMP 2019)
Leta € (0, }).

Let wy a sequence of fermionic operators on L2(R3) with tr wy = N and
tr (—e?A)wy S N.

Let Wy, Wigner transform of wy, satisfy:
@ Wyel'nL>R3xR3) andHo = [[|v]?2 Wn(x,V)dxdv < oo;
° Letmy > 2% Form < mg, Hm < 0o;
@ ForallR, T>0,0</<5andk=0,2,
sup{(1 + x* + V) |V'Wn|(y + tv,w) : |y — x| <R, |w—v| < Rt}
e L((0, T) x R; L' n LA(RY));
@ Fork=0,...,6, Wy € H{(R® x R3, (1 + x2 + v?)*dxdv).
Then there exists C > 0 such that

~ n_ o
tr jwn,r — Wnt| < e“/Ne2~% + h.o.t.
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Trace norm convergence

Theorem 1 (C.S., CMP 2019)
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Let wn a sequence of fermionic operators on L2(R®) with tr wy = N and
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Theorem 2 (C.S., arXiv:1903.06013)

Let wy be a sequence of fermionic operators on LZ(RS), 0 <wpy <1, with
tr wy = N and with Wigner transform W)y satisfying:

) Wy e L' nL=(R3 x R3) and Mp(Wy) < oo for mg > 3.
i) Letmyg>6,VR,T>0,fork=0,1,...,5

sup{|V*Wn|(y + vt,w) : |y — x| < R,|w — v| < R}
e L=((0, T) x RS; L'(R%) N L3(R3))

i) 3C>0s.t, fork=0,....6, Wyl < C
iv) 3T, C>0s.t
| 0itx,@w A1 I o= ([0, Th;Lo(re)) < CNe, ¥V p € [1,00].

Then, there exits a constant Cr depending on T > 0 and ||Wy||.z such that

4
tr lwnt —Ont| < CrNe |1+ Zsi sup || WN||H£+2
: N
i=1
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Theorem 2 (C.S., arXiv:1903.06013)

Let wy be a sequence of fermionic operators on L2(R%), 0 < wy < 1, with
tr wy = N and with Wigner transform W)y, satisfying:

) Wy e L' nL=(R3 x R3) and Mp(Wy) < oo for mg > 3.
i) Letmyg>6,VR,T>0,fork=0,1,...,5
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Remarks

@ Attractive and repulsive potentials: V(x) = g
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Remarks

@ Attractive and repulsive potentials: V/(x) = %

@ Superpositions of coherent states satisfy the assumptions:
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Outlooks

@ Beyond steady states (with L. Lafleche):
propagation of regularity for ||g‘[xi@N,[” Il

@ Pure states - zero temperature (with D. Dimonte);

@ From many-body quantum dynamics to Hartree-Fock with Coulomb
interaction for more general initial data.
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