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Domain Decomposition Methods (DDM)
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Domain Decomposition Methods (DDM)

oo

Domain Decomposition Methods

m The domain is decomposed into subdomains
m The model is transformed to include interface conditions

m The problem is solved in parallel
m Choose an initial guess u in Q or ur on the interface
m Solve local problems in each subdomain Q;
m Update u (or ur) and iterate
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Domain Decomposition Methods (DDM)

oo
L)

m Inside ©; and on 99, the problem remains the same

The local problems in Q;

m What boundary condition should we impose on I'?

m Dirichlet BC — imposed temperature
m Neumann BC — imposed heat flow
m Robin BC — heat flow depending on the temperature
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The Hybrid Solver approach

e
T,
" -

m K is a sparse matrix. We want to solve Ku = f.
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The Hybrid Solver approach

Global Matrix IC Adjacency graph G
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m The adjacency graph of K (nxn) is used as an algebraic mesh:

G = ({157'7}7 {(I7J)7 175./7 aI_]?’éo ‘ ajl#o})
m On the first row of IC, k11, k12 and ki 11 #0
= (1,2) and (1,11) € G
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The Hybrid Solver approach

Global Matrix K Adjacency graph G

m A graph partitioner is used to split the graph
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The Hybrid Solver approach

Local Matrices C; Adjacency graph G
M
mEE
R
S
T
Ki= = i K=)>) Rq5KiRaq,
(’Cr,z,- Krir, 2 RakiRa,
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The Hybrid Solver approach

Local Matrices C; Adjacency graph G

N
i = =i i K= RT,IC,'R )
(IcriIi ICriri) I;. @ i

m We have to split the interface non-zeros
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The Hybrid Solver approach

Local Matrices C; Adjacency graph G

N
K; = (]CI,‘I,‘ ICIiri) K = Z Rgz_i]CiRQi
i=1

1

Krz, Krir,
m We have to split the interface non-zeros
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The Hybrid Solver approach

Local Matrices C; Adjacency graph G

Kz.z, /Crr) L
K= i i K= R&KiRa,
(IcriIi ICriri I;. @ i

m We have to split the interface non-zeros
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The substructuring approach

Local Matrices C; Adjacency graph G

N
K= R} KiRe,
i=1
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The substructuring approach

Local Schur Matrices S; Adjacency graph G

N
Si=Krr; — ’CriIi’Ci-lI,-ICIiri S=> RIZ: SiRr;
i=1
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abstract Schwarz (aS) Preconditioners - [Dryja, Widlund, 1990]
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abstract Schwarz (aS) Preconditioners - [Dryja, Widlund, 1990]

N
Ax =b A:ZR,-TA,-R;
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abstract Schwarz (aS) Preconditioners - [Dryja, Widlund, 1990]

N N (aS)_l
Ax=0b A= R,-T.A,' Ri A1l Mus=>] R,T.AI- R;
i=1 i=1

m Additive Schwarz (AS)
AP = A9 — R ART

m Neumann Neumann (NN)

N
AP — Dt DY S RIDRi =1
i=1
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abstract Schwarz (aS) Preconditioners - [Dryja, Widlund, 1990]
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abstract Schwarz (aS) Preconditioners - [Dryja, Widlund, 1990]

N N (aS)_l
Ax=b A=)} R,-T.A,' Ri Al M, = > R,T.AI- Ri
i=1 i=1
m Additive Schwarz (AS)
AP = A = RIART
m Neumann Neumann (NN)
N
AgaS) _ Di—lAi*Di—l Z R,'TDiRi =

i=1
m not fully algebraic: AF — A
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abstract Schwarz (aS) Preconditioners - [Dryja, Widlund, 1990]

N N (aS)_l
Ax=0b A= R,-T.A,' Ri A1l Mus=>] R,T.AI- R;
i=1 i=1

m Additive Schwarz (AS)
AP = A9 — R ART

m Neumann Neumann (NN)

(5) -
A’,a = Di_lAi*Di_l Z R,-TD,'R,' =1
i=1
m not fully algebraic: AF ¢ A
m singular?
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abstract Schwarz (aS) Preconditioners - [Dryja, Widlund, 1990]

N N (aS)_l
Ax=b A=)} R,-T.A,' Ri Al M, = > R,T.AI- Ri
i=1 i=1
m Additive Schwarz (AS)
AP = AN = RIART

m Neumann Neumann (NN)
N
AP = plADt SRIDR; =1
i=1
m not fully algebraic: AF ¢ A
m singular?

= Shifted (Sh)
AP — A A
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abstract Schwarz (aS) Preconditioners - [Dryja, Widlund, 1990]

N N (aS)_l
Ax=b A=)} R,-T.A,' Ri Al M, = > R,T.AI- Ri
i=1 i=1
m Additive Schwarz (AS)
AP = AN = RIART

m Neumann Neumann (NN)
AP = priar Dt i RIDR; =1
m not fully algebraic: A7 ¢ .I%:ll
m singular?
m Shifted (Sh)
AP = Ax +
= Robin (Ro)

AP = A5+ T,
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Domain Decomposition Methods and Hybrid Solvers

Discretization

Domain Partition Graph Partition
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DDM at the algebraic level

PDE defined on the global domain Q
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DDM at the algebraic level
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PDE defined on the global domain Q

Partition into subdomains Q;

.&Vu’a__— Algebraic DDM for Hybrid Solvers 10/31



DDM at the algebraic level

PDE defined on the global domain ©

Partition into subdomains Q;
Discretization at the subdomain level Q; — K
m Neumann boundary condition on I’
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DDM at the algebraic level

PDE defined on the global domain ©

Partition into subdomains Q;
Discretization at the subdomain level Q; — K

m Neumann boundary condition on I’

DDM at the algebraic level
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Statement:

Domain Decomposition Methods
can be implemented efficiently
at the algebraic level



Context: Coarse Space Correction for aS methods

Choice of a coarse space Vo = SV, RV}

m Constant per subdomain [Nicolaides, 1987]
m Partition of unity [Sarkis, 2003]
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Context: Coarse Space Correction for aS methods

Choice of a coarse space Vo = SV, RV}

m Constant per subdomain [Nicolaides, 1987]
m Partition of unity [Sarkis, 2003]
m Adaptative (GenEO) [Spillane et al., 2013]

m based on element matrices a, and topological information

Coarse Space Correction for abstract Schwarz

Vo Coarse space
Mo = VO(VOT.AVO)Jr Vy  Coarse solve
Po = MpA Projector onto the coarse space

m one-level aS: M, s = Z,Nzl RT AI(aS)TRi
m deflated aS: M,sp = (I — Po)Mas(l —Po)T + Mo
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Context: Coarse Space Correction for aS methods

Choice of a coarse space Vo = SV, RV}

m Constant per subdomain [Nicolaides, 1987]
m Partition of unity [Sarkis, 2003]
m Adaptative (GenEO) [Spillane et al., 2013]

m based on element matrices a, and topological information

Coarse Space Correction for abstract Schwarz

Vo Coarse space
Mo = VO(VOT.AVO)Jr Vy  Coarse solve
Po = MpA Projector onto the coarse space

m one-level aS: M, s = Z,Nzl RT AI(aS)TRi
m deflated aS: M5 p = (I — Po)Mas
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Convergence of aS methods

Conjugate Gradient Error-estimate

k
lIxk — x*|| 4 K(MA) -1 A
lIxo — x*||.4 =2 (\/H(M.A) + 1) MA) = Amin(M.A)
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Convergence of aS methods

Conjugate Gradient Error-estimate

k
ka B X*HA < ’%(M‘A) -1 )\max(M-A)
2 MA) =
Ixo =x*la =\ /k(MA) +1 RMA) Amin(MA)
Algebraic bounds
1 S /\min(MNNA) )\max(MASA) S Nc
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Bound k < x(Af, A- ) Vi) (L. Poirel's thesis - 2018)

Deflated aS Preconditioner: AE"S) and Vj given

T 4(as) T 4(AS)
u! A u; u! A u;
H(Mas’DA) S 1 + sup W NC sup IT+25),
1<i<N I._A’. uj 1<i<N lu. _AI. u;
u; E(A(NN)V,) u,-e(A,(."S) V(;')

. N
where Vo= RTVE  Masp = o + (I —Po) 3 RT AP
i=1

R; (1 7770)7'
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Flavor of the proof

T 4(aS) T 4(AS)
u! A u u! A7 uj
K(MQ&DA) < 1+ sup I(+NN)l NC sup I,faS)I
1<i<n ol Ay 1<i<n ol APy
N L A L
u;€ (AENN) Vé) u;€ (.A,(-as) V(;)
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Flavor of the proof

T 4(aS) T 4(AS)
u! A b u! A
K(MaspA) < [ 1+ sup ’+NN)' N  sup %aS)l
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) ) i i (05) 1\ - i i
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~ A ~ e S
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Flavor of the proof

T 4(aS) T 4(AS)
u! A u u! A u;
K(MQ&DA) < 1+ sup I(+NN)l NC sup I,faS)I
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N L A L
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Flavor of the proof

T 4(as) T »4(AS)
u! A u! A
K(M357DA) < 1+ sup W NC sup I+35)I
1<i<nul ATy 1<i<n ol APy
A A L
uie (A" v) uie (AP V)

Upper bound for \(Ms.A)
A(MasA) < Nc

uTAu uT Au u,-T.A,(-AS)u,- u,-TAEAS)u,-
u,-TA,(-aS)u; - u,-T.A,(-AS)u,' u,-TAgas)u,- ~ u,-TA,(-aS)u,-
Lower bound for A\(M,s.A)
AMnnA) > 1

)\(MasA) ~

T uT ul (NN), T g(NN)
A MasA) ~ u' Au Au A; > LY A u;
TA(QS) T.A(NN)U UTA(QS) uT 4@

1 ul
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Extending GenEO for aS

Choose A'"*) and , build Vo(A*, A" \) such that <

S AS
u,-T.A,(-a )u,- u,-T.A,(- )u,-
k(MaspA) < |1+ sup ——F—— | N.  sup —_
25, ; T 4 (NN) , T 2(a5)
1<i<N Ly A u 1<i<N L A7 uj
ue (.AENN) Vé) u;c (AgaS) Vé,)
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Extending GenEO for aS

Choose A'"*) and , build Vo(A*, A" \) such that <

S AS
u,-T.A,(-a )u,- u,-T.A,(- )u,-
K(MaS’DA) S 1 + sup W NC SUp —T (aS)
L<isN - g A u 1<isN - A7 uj
i€ (AENN ) Vé’) uj€ (AE"’S) Vé)

Choose two thresholds o and
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Extending GenEO for aS

Choose A'"*) and , build Vo(A*, A" \) such that <

S AS
u,-T.A,(-a )u,- u,-T.A,(- )u,-
K(MaS’DA) S 1 + sup W NC SUp —T (aS)
L<isN - g A u 1<isN - A7 uj
i€ (AENN ) Vé’) uj€ (AE"’S) Vé)

Choose two thresholds o and

Solve locally the generalized eigenproblems
AgaS)p _ AI(NN)p and AEAS)p _ AEaS)p

for eigenvalues A > a and n > N3
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Extending GenEO for aS

Choose A'"*) and , build Vo(A*, A" \) such that <

S AS
u,-T.A,(-a )u,- u,-T.A,(- )u,-
K(MaS’DA) S 1 + sup W NC SUp —T (aS)
L<isN - g A u 1<isN - A7 uj
i€ (AENN ) Vé’) uj€ (Afas) Vé)

Choose two thresholds o and
Solve locally the generalized eigenproblems

AgaS)P —\ A,(-NN)P and .A(-AS)P =7 A(aS)p

i i
for eigenvalues A > a and n > N3
Assemble the resulting coarse space Vo = (R{ V§ --- R V)
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Extending GenEO for aS

Choose A'"*) and , build Vo(A*, A" \) such that <

S AS
u,-T.A,(-a )u,- u,-T.A,(- )u,-
K(MaS’DA) S 1 + sup W NC SUp —T (aS)
L<isN - g A u 1<isN - A7 uj
i€ (AENN ) Vg) uj€ (Afas) Vé)

Choose two thresholds o and
Solve locally the generalized eigenproblems

AgaS)P —\ A,(-NN)P and .A(-AS)P =7 A(aS)p

for eigenvalues A > a and n > N3
Assemble the resulting coarse space Vo = (R{ V§ --- R V)
Then:
#(MaspA) < (1+a) B =x
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Shortcut of the results in an abstract Schwarz framework

Convergence theorem
Choose Agas) and
Bound x < (A7, Agas), Vo)

Algebraic GenEO-like coarse space
Choose Agas) and y
Build Vo(A*, A% ) such that x < y

i
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Shortcut of the results in an abstract Schwarz framework

Convergence theorem
Choose Agas) and
Bound x < (A7, Agas), Vo)

Algebraic GenEO-like coarse space
Choose Agas) and y
Build Vo(A*, A" ) such that <

m For any SPSD local preconditioner Agas)
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Shortcut of the results in an abstract Schwarz framework

Convergence theorem
Choose Agas) and
Bound x < (A7, A,(as), Vo)

Algebraic GenEO-like coarse space
Choose A!**)

i

Build Vo(A*, A% ) such that x < y

i

and y

m For any SPSD local preconditioner Agas)

m Need only algebraic input at the subdomain level A*
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Heterogeneous diffusion in a 3D stratified medium

l, -

m Each subdomain ©; has 5 x 30 x 5 @ elements

m Q is decomposed in N x 1 x 1 subdomains
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Heterogeneous diffusion in a 3D stratified medium

l, -

m Each subdomain ©; has 5 x 30 x 5 @ elements

m Q is decomposed in N x 1 x 1 subdomains
m V(kVu)=1 with k =1 (blue) or k = K (red)
m BC: Dirichlet on the left, Neumann elsewhere
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Heterogeneous diffusion in a 3D stratified medium

l, -

Each subdomain Q; has 5 x 30 x 5 @Q; elements

Q is decomposed in N x 1 x 1 subdomains
V(kVu) =1 with k =1 (blue) or k = K (red)
BC: Dirichlet on the left, Neumann elsewhere

Additive Schwarz, Neumann-/Neumann or Shifted
preconditioner, with (a5/S) or without substructuring (aS/KC)

Condition number: x < y
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Condition Number: k(MS)
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Condition Number: k(MS)
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Condition Number: k(MS)
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Number of iterations: Nyeer
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Time (s)

Step by step comparison of the solvers (on S)
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‘Weak scalability: constant subdomain size.

Time (s) - Number of subdomains/MPI processes (3 — 3,072)



Time (s)

Step by step comparison of the solvers (on S)
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Time (s)

Step by step comparison of the solvers (on S)
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Time (s)

Step by step comparison of the solvers (on S)
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Time (s)

Step by step

comparison of the solvers (on S)
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Time (s)

Step by step comparison of the solvers (on S)
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One-level methods are not scalable (numerically and computationally)



Time (s)

Step by step comparison of the solvers (on S)
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‘Weak scalability: constant subdomain size.

Two-level methods are scalable for K < 1000 (weak scalability)



Time (s)

Step by step comparison of the solvers (on S)
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‘Weak scalability: constant subdomain size.

Two-level methods with an adaptative coarse space are fully scalable



Parallel computing of 80_1 - dense centralized

Gather S, Factorize S,

[ [+ | -]

gather(main) facto(master)

DC(1)
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Parallel computing of 80_1 - sparse distributed

Gather S, Factorize S,

(] [e1 ] [e2]
SD(11)

0 facto(main)
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Parallel computing of 80_1 - sparse centralized

Gather S, Factorize S,
5C(3) |
gather(main) facto(group)
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Parallel computing of 80_1 - sparse hierarchical distributed

Gather S,

Factorize S,

SHD(4)

o
[E]

[ee][s]o

hl
w
g ] o
[~ w =
= {2

gather(groups)

facto(masters)
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Parallel computing of 80_1 - sparse replicated centralized

Gather 80

Factorize So

SRC(3)

P10 G3

gather(groups) | allgather(masters)

facto(groups)
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Parallel strategies for computing 80_1

Factorize Sy

DC(1)
dense centralized

SD(11)
sparse distributed

SC(3)
sparse centralized

[ ] [72]0

]l

[Hel=)e

SHD(4) (o] <

sparse hierarchical gather(groups)

distributed

e | [z Joo

(oA frs | [Fe]o:

o84 {ea |[bs |c2

SRC(3) Lol o

sparse replicated gather(groups) allgather(masters) facto(groups)

centralized
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Parallel strategies for applying So_l

Gather rg Solve zg = So_lro Broadcast zg
oL (][
solve(master)

1

DC(1)
dense centralized

SD(11)
sparse distributed

facto(main) bro;;l‘éaét‘(m:;in)

SC(3)
sparse centralized gather(main)
(e [2 oo o [0
e84 Les |[Pa Jor p3|[p3][pa]c2
[e84fra J[Ps o2 s | [pa ] [ps ]c2
SHD(4) [eAfec] < ol &
sparse hierarchical gather(groups) gather(masters)
distributed
e ] P2 Joo v [p2]co Ho | [P2 oo
SRC(3)
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Heterogeneous (k = 1/k = 10, diffusion - Precond

Precond. time(s), log scale
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Heterogeneous (k = 1/k = 10, diffusion - Solve

Solve time(s), log scale
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Heterogeneous (k = 1/k = 10,000) diffusion - Total (1 rhs)

uoreg

Total time(s), log scale
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Respiratory test case (Alya@BSC) - interiors per subdomain

NUN INTERIOR NOD
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Respiratory test case - interface vertices per subdomain

MNUR BOUNDARY NODE:
3462
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12
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Respiratory test case - precond. application time

200
150 1
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Time (seconds), log scale
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T
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Number of processes

Number of eigenvectors/subdomain (n,): *243m5

CSC strategy: = DC(1) » SC(12) « SD(N) = SHD(N/132) = SRC(12)
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Respiratory test case - total time

200+ ‘\‘\\\\\‘\\\‘\\\.///////////////A
150

Time (seconds), log scale

T
264 528 1056 2112
Number of processes

Number of eigenvectors/subdomain (n,): *243m5

CSC strategy: = DC(1) » SC(12) « SD(N) = SHD(N/132) = SRC(12)
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Avip: Plasma Propulsion Simulation (4.5 Mdof )

u, ; [m/s]
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Courtesy: CERFACS/CFD
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Avip: Plasma Propulsion Simulation (4.5 Mdof )

Number of d.o.f. per core
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Courtesy: CERFACS/CFD
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Avip: Plasma Propulsion Simulation (4.5 Mdof )

Number of d.o.f. per core
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Courtesy: CERFACS/CFD
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Thanks for your attention

MaPHyS: F90, MPI+threads
ddmpy: python, MPI
MaPHyS++: C++, MPI, threads, task-based

https://gitlab.inria.fr/solverstack/maphys

Questions ?
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