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Introduction



Boundary Integral Equation

We want to solve a PDE in Q using
Boundary Integral Equations (BIE)
- Reformulation on 992 using its fundamental solution
- Non-local integral operators (pseudo-differential operators)

- Dense matrices using Galerkin approximation

Figure 1: Mesh of a cavity
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Implementation

Some practical difficulties
- Compression (H-matrices, FMM,SCSD,...)
- Parallelism and vectorization (MPI, OpenMP....)

— Htool library by P-H. Tournier and PM. (available on GitHub &)
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Figure 2: H-matrice for COBRA cavity


https://github.com/PierreMarchand20/htool

Different points of view for DDM

Volume domain decomposition THEN boundary integral

- PMCHWT formulation

- Boundary Element Tearing and Interconnecting (BETI) method
— boundary element counterpart of the FETI methods

- Multitrace formulation
— the local variant is equivalent to Optimal Schwarz Method for
particular parameters’

Claeys, Dolean, and M. Gander 2019; Claeys and Marchand 2018.
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Different points of view for DDM

Boundary integral formulation THEN surface domain decomposition:
Additive Schwarz Method (ASM).

- Two-level Schwarz

preconditioners with coarse
mesh?

- In our turn, we develop

GenEO-type preconditioners
Figure 3: Surface decomposition for

COBRA cavity

2Hahne and Stephan 1996; Heuer 1996; Stephan 1996; Tran and Stephan 1996.
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Boundary Integral Equations



Function spaces

Geometry

- Q c RYford=2ord=3, Lipschitz domain
- T CoQ

Sobolev spaces

< HV2(I) == {u|r |u € H'/?(0Q)}

- FV2(T) = {u € H'2(99) | supp(u) € T}

- By duality: A=/2(T") := HY2(N)* and H=2(T) := H'/2(I)*
where H'/2(9Q) is defined using local charts
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Function spaces

Geometry

- Q c RYford=2ord=3, Lipschitz domain
- T CoQ

Sobolev spaces

< HV2(I) == {u|r |u € H'/?(0Q)}

- FV2(T) = {u € H'2(99) | supp(u) € T}

- By duality: A=/2(T") := HY2(N)* and H=2(T) := H'/2(I)*
where H'/2(9Q) is defined using local charts

Associated norms

lp(x) — @ (y)?
H‘pHHW aQ) ||30||L2 o) T fanxaﬂ W do(x,y)

HSDHHW/Z = ”El'( )HHW/Z(ﬁQ)

where Er is the extension by zero.
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Boundary Integral Equations

Model problem
L(u)=0 inQcR?
+ condition at infinity if Q is an unbounded domain

L is a general linear, elliptic differential operator with constant
coefficient and G the associated fundamental solution

8/28



Boundary Integral Equations

Model problem
L(u)=0 inQcR?
+ condition at infinity if Q is an unbounded domain

L is a general linear, elliptic differential operator with constant
coefficient and G the associated fundamental solution

Fundamental solution

L(G) = & in RY

Example of a fundamental solution
Laplacian in R*:

6(x) = m forx € R*\ {0}.
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Surface potentials

Single and double layer potential

SL(q)(x) :

ﬂG(Xfy)Q(y)do(y),
DL(V)(x) := /n(y)~(VG)(xfy)V(y)do(y),

JIr

with v e HY2(T), g € H=/4(N) and x e R4\ T
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Surface potentials

Single and double layer potential

SL(q)(x) := / G(x — y)a(y) do(y).

JI

DL(v)(x) = / n(y) - (VG)(x — y)v(y)do(y).

JI
with v e HY2(T), g € H=/4(N) and x e R4\ T
Properties
- LoSL(g)=0and LoDL(v) =0inRI\T
- SL(g) and DL(v) satisfy appropriate conditions at infinity
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Surface potentials

Single and double layer potential

SL(q)(x) := / G(x — y)a(y) do(y).

JI

DL(v)(x) = / n(y) - (VG)(x — y)v(y)do(y).

JI
with v e HY2(T), g € H=/4(N) and x e R4\ T
Properties
- LoSL(g)=0and LoDL(v) =0inRI\T
- SL(g) and DL(v) satisfy appropriate conditions at infinity

Dirichlet (resp. Neumann) problem

- Dirichlet data gp € HV?(I') = V(q) = gp with V = yp o SL
- Neumann data gy € H=/?(I') = W(v) = gy with W =y o DL
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Considered problem

We want to solve a Boundary Integral Equation of the first kind
defined on T.
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Considered problem

We want to solve a Boundary Integral Equation of the first kind
defined on T.

- Variational formulation: find u € H*(I') such that

au,v) = fs Vi-sryxisry: - 7V € HA(I),

where s = +1/2 and f € H=*(T").
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Considered problem

We want to solve a Boundary Integral Equation of the first kind
defined on T.

- Variational formulation: find u € H5() such that

a(uv V) - <fa V>H—s(r)xﬁs(r)a Vv e HS(r)a

where s = +1/2 and f € H=*(T").
- Discretization using the Boundary Element Method (BEM): find
Up € Vi C H>(IN) such that

a(unp, vn) = (f,Vn), YV, € Vh,

(M)xFe(r)?

where V, = Span(pj,i =1...N).
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Considered problem

We want to solve a Boundary Integral Equation of the first kind
defined on T.

- Variational formulation: find u € H5() such that
a(u,v) = (f,v),- FyxFs(r)’ W e HS(r)a

where s = +1/2 and f € H=*(T").

- Discretization using the Boundary Element Method (BEM): find
Up € Vy € H*(T) such that

O(Uh,Vh) <f7 Vh> F)XHS(F) vvh S Vha
where V, = Span(pj,i =1...N).

Hypothesis: a is symmetric positive definite
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Considered problem

Remarks

- Laplace equation on screens, Laplace equation with Dirichlet con-
ditions on closed surface, Modified Helmholtz...

- Example of analytical expression for Laplacian in 3D:

via)e) = | [ regat)et dsyds,

- Condition number for the linear system associated with the pre-
ceding bilinear form and obtained with finite element:

k(V) < ch™".
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Algebraic system
Apup = f7 with up € RY

A, a dense matrix usually compressed (Fast Multipole Method,
hierarchical matrices, Sparse Cardinal Sine Decomposition,...)
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Algebraic system

Apup = f7 with up € RY
Ay, a dense matrix usually compressed (Fast Multipole Method,
hierarchical matrices, Sparse Cardinal Sine Decomposition,...)

Solvers

- Direct methods:
© Factorisation can be stored for multi-rhs
@ Expensive for dense matrices (complexity in O(N?))
© Possibility to use H — LU decomposition
- Iterative methods:
© Less intrusive
© Only matrix-vector products (O(N?) or quasi linear
complexity with compression)
@ But ill-conditioned, especially when the mesh is refined
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Algebraic system

Apup = f7 with up € RY
Ay, a dense matrix usually compressed (Fast Multipole Method,
hierarchical matrices, Sparse Cardinal Sine Decomposition,...)

Solvers

- Direct methods:
© Factorisation can be stored for multi-rhs
@ Expensive for dense matrices (complexity in O(N?))
© Possibility to use H — LU decomposition
- Iterative methods:
© Less intrusive
© Only matrix-vector products (O(N?) or quasi linear
complexity with compression)
@ But ill-conditioned, especially when the mesh is refined

— preconditioning techniques: PA,u, = Pf 228



Domain Decomposition Methods




Example of decomposition
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Example of decomposition
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Example of decomposition

I
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Example of decomposition

I
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Example of decomposition

[ C f;
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Subdomains

- dofp, C {1,...,N}

c Fp = Ujedofy , supp(;)

* Tp :=Tp \ Ujgaor, , supp(y) C T
Decomposition

- Number of unknowns in the subdomain p: Np,
- Extension by zero: R} € RV,
- Restriction matrices: R,

- Partition of unity: diagonal matrices D, € RN-*N> st
n
;
> RID,R, = 1g.
p=T1
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Preconditioners for BEM




Additive Schwarz preconditioner

Additive Schwarz Preconditioner?

n
Pasu = RY(RoAnR]) 'Ro + Y~ RI(R,ALR]) 'R,
p=1

- Z=R] € R"MN an interpolation operator from the coarse space
to the finite element space

- The coarse space Vo is spanned by the columns of Z

3Widlund and Dryja 1987.
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Additive Schwarz Preconditioner and Fictitious Space Lemma

Hypotheses of the Fictitious Space lemma*

(H1) 113250 RRURIIR, < crpollRGURIA,  Y(up)p—o € TTp—o C™,
(H2) For us € Vs, how can we define (up)p_, € [T, C" st.
up = >_,_o Rpup and

n
cr Y IRpuplA, < llunla,.
p=0

Result

C
Condz(PAsmAh) S j
Cr

“Nepomnyaschikh 1992.
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Lemmas

Lemma (Sauter and Schwab 2011, Lemma 41.49 (b))
For (up)i<p<n € [T5_; HY*(T,), we have the following inequality:
2

n n
2
Z EFD(UD) S Z ||UDHQW/2(FD) -
p=1 p=1

ﬁw/Z(r)

Proof for (H1)
2 2
n n
T,,0(2 T
ZREUﬁ S [IRoUplla, + ZRpuﬁ
p=0 A p=1 A
h h
%,_/

<SR,
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Spectral Coarse Space: GenEO

- Assume there exists (B,)5_, € (C"*"o)", st.

n

Z(BDRDuh’ Rpup) < llunll3,
p=1
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Spectral Coarse Space: GenEO

- Assume there exists (B,)5_, € (C"*"o)", st.

n

Z(BDRDuh’ Rpup) < llunll3,
p=1

* Yp—olROURIA, < Nunllz, + X5 IRGuR A,
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Spectral Coarse Space: GenEO

- Assume there exists (B,)5_; € (C"*"o)", st.

n

Z(BpRpUha Roupn) < |lunll3,
p=1

* YpollRPUBIA, < lunllz, + o lIRPu I,

- Idea of the GenEO coarse space®: a sufficient condition is

(ApRJuP, RLUP) < 7(ByRyup, Roup).

>Spillane et al. 2011, 2014.
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Spectral Coarse Space: GenEO

- Assume there exists (B,)5_; € (C"*"o)", st.

n

Z(BpRpUha Roupn) < |lunll3,
p=1

* YpolRBUANA, S Nlunliz, + X5 IRGURIIA,
- Idea of the GenEO coarse space®: a sufficient condition is
(ApRJuP, RLUP) < 7(ByRyup, Roup).
We introduce the following eigenvalue problem: find (A}, V) sit.

DyRyARR,DpVY, = ALB, VY,

>Spillane et al. 2011, 2014.
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Spectral Coarse Space: GenEO

We define Z, ; = ker(Bp) U Span(v}, | A} > 7), My, the projector on Z, ,
and,

Vho = Span(RyDpvy [1< p <N, vj € Zp,7)

R] =Z, € RV*N be a column matrix so that V, o is spanned by its
columns and Ng = dim(V o).
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Spectral Coarse Space: GenEO

We define Z, ; = ker(Bp) U Span(v}, | A} > 7), My, the projector on Z, ,
and,

Vho = Span(RyDpvy [1< p <N, vj € Zp,7)

R] =Z, € RV*N be a column matrix so that V, o is spanned by its
columns and Ng = dim(V o).

= (RoR}) ™" Z RIDM,Rou | and uf = Dy(lg — Mp)Roup, V1< p<r
p=1
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Spectral Coarse Space: GenEO

n
= Y R =u, and >_[RIUIZ < Tllunli,
p=0
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Spectral Coarse Space: GenEO

n
= Y R =u, and >_[RIUIZ < Tllunli,
p=0 p=0

Theorem
With the previous coarse space, there exists Cr > 0 independent of
the meshsize and the number of subdomains such that

COndz(PAsmAh) < Crr.
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Concrete coarse spaces: three possibilities

For the hypersingular operator W (s = 1/2):

(i) Continuous injection

D lunlr I,y S lunlifary S lunllZs 2y = Nunla,
p=1
(i) Inverse inequality®:

n
> bVl i,y S IhrVunley S HunliZ ey = luali,,

where T is the mesh and h7|; = |T|"/(4=1 for every mesh

element T.
(iii) H'/2 — localization
n 2 N
(V) ", Un)g—12(r CH2(F) S ||Uh|rp||Hw/z S Huh”HW/Z r = ~ ||uplla,
(Fp) p) ()
p=1 p=1

(MpV,y"Mpup,up) <
5Aurada et al. 2017.
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Numerical simulations




2D test case

- Problem: —Au + k*u = 0 with yyu = 100 % (x — 1.5)°
- Ay, is compressed using a H-matrix

- Parameters: 24000 P1 elements, 7 = 60

- Supercomputer: Occigen (64th in TOP500)

- Solution for k =1

122 25 638
I -

Figure 4: Solution of —Au + &?u = 0 with yyu = 100 * (x — 1.5)? 2/28


https://www.top500.org/system/178465
TOP500

GenEO mass

GenEoO single layer
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Strong scaling 2D

Strong scaling in 2D with CG
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Strong scaling in 2D with GMRes
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Figure 5: Number of iterations in function of the number of subdomain with

CG (right) and GMRes (left) for k = 0.1

Remark: 656 iterations without preconditioner for CG and 450 for

GMRes.

24/28



Strong scaling 2D

SuensEcalinglnkn Strong scaling in 2D
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Figure 6: Mean local contribution (left) and size of the coarse space (right) in
function of the number of subdomains for xk = 0.1
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Implementation

C++ libraries available on GitHub ©:

- https://github.com/xclaeys/BemTool by X. Claeys,
- BEM library for Laplace, Helmholtz, Yukawa and Maxwell
matrices in 2D and 3D.
- https://github.com/PierreMarchand20/htool by P-H.
Tournier and P. M.,
- Hierarchical matrices (H—matrices),
- Parallelized assembly, H—matrice/vector and
H—matrice/matrice products using MPI and OpenMP,
- DDM preconditioners with HPDDMs.
- https://github.com/hpddm/hpddm by P. Jolivet and F.
Nataf,
- Various iterative solvers and block solvers,
- DDM preconditioners,
- Support for dense/compressed matrices recently added.
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https://github.com/xclaeys/BemTool
https://github.com/PierreMarchand20/htool
https://github.com/hpddm/hpddm

- Theoretical results about a new coarse space for DDM

preconditioner applied to BEM matrices for the hypersingular
operator

- Implementation available using Htool and HPDDM (which can be
interfaced with your own code)

— article to be submitted and Htool integrated in Freefem++
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- Numerical approximation of the fractional Laplacian’

- Other coarse spaces (SHEM): work with G. Ciaramella from
University of Konstanz

- Bonus: try block solvers for problems with multiple right-hand
side

’Ainsworth and Glusa 2018; Bonito et al. 2018.
8M. J. Gander, Loneland, and Rahman 2015.
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- Numerical approximation of the fractional Laplacian’

- Other coarse spaces (SHEM): work with G. Ciaramella from
University of Konstanz

- Bonus: try block solvers for problems with multiple right-hand
side

Thank you for your attention!

’Ainsworth and Glusa 2018; Bonito et al. 2018.
8M. J. Gander, Loneland, and Rahman 2015.
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Weak scaling 2D
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Figure 7: Number of iterations in function of the number of subdomain with

CG (right) and GMRes (left) for k = 0.1

Remark: We have 750 degrees of freedom for each subdomain.
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Weak scaling 2D

Weak scaling in 2D with CG Weak scaling in 2D with CG
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Figure 8: Mean local contribution (left) and size of the coarse space (right) in
function of the number of subdomains for k = 0.1
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