Multigrid and DD

Martin J. Gander

Multigrid and Domain Decomposition: G oample
MG results
Similarities and Differences

Schwarz DD

A Personal Story Schwarz example
Schwarz results
NN and FETI
NN example
NN/FETI results

Martin J. Gander
Additive Schwarz

martin.gander@unige.ch Neumann-Neumann
and FETI

osM
Sweeping

University of Geneva

Multigrid

Domain

CIRM, September 19th, 2019 Decomposition

Optimal Coarse
Optimized Coarse
PETSc Comparison
SHEM




Similarities

» Both are iterative methods for PDEs

Multigrid and DD

Martin J. Gander

Similarities

MG example
MG results

Schwarz DD
Schwarz example
Schwarz results
NN and FETI
NN example
NN/FETI results

Additive Schwarz

Neumann-Neumann

and FETI
OSM
Sweeping

Multigrid
Domain
Decomposition
Optimal Coarse
Optimized Coarse
PETSc Comparison
SHEM



. . - Multigrid and DD
Similarities o
Martin J. Gander
» Both are iterative methods for PDEs Similarities

» Both have dedicated conferences (19th MG Copper
Mountain, EMG/IMG 14 Kunming, DD26 Hong Kong)



. . - Multigrid and DD
Similarities o
Martin J. Gander
» Both are iterative methods for PDEs Similarities

» Both have dedicated conferences (19th MG Copper
Mountain, EMG/IMG 14 Kunming, DD26 Hong Kong)

» Both are 'optimal’

Definition 1.2 (Optimality). An iterative method for the solution of a
linear system is said to be optimal, if its rate of convergence to the eract
solution is independent of the size of the system.

(Toselli and Widlund 2004)



. . - Multigrid and DD
Similarities o
Martin J. Gander
» Both are iterative methods for PDEs Similarities

» Both have dedicated conferences (19th MG Copper
Mountain, EMG/IMG 14 Kunming, DD26 Hong Kong)

» Both are 'optimal’

Definition 1.2 (Optimality). An iterative method for the solution of a
linear system is said to be optimal, if its rate of convergence to the eract
solution is independent of the size of the system.

(Toselli and Widlund 2004)

» For both the generalization to non-symmetric problems
is not trivial, and the generalization to time harmonic
wave propagation like Helmholtz is hard.



. . - Multigrid and DD
Similarities o
Martin J. Gander
» Both are iterative methods for PDEs Similarities
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Mountain, EMG/IMG 14 Kunming, DD26 Hong Kong)

» Both are 'optimal’

Definition 1.2 (Optimality). An iterative method for the solution of a
linear system is said to be optimal, if its rate of convergence to the eract
solution is independent of the size of the system.

(Toselli and Widlund 2004)

» For both the generalization to non-symmetric problems
is not trivial, and the generalization to time harmonic
wave propagation like Helmholtz is hard.

» Direct relation: J. Xu, Iterative Methods by Space
Decomposition and Subspace Correction, SIREV, 1992
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Multigrid

Multigrid is essentially a discrete method.
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Multigrid

To solve a linear system
Au=f

which represents a discretized PDE, starting with an initial

guess u® one computes

u"=S(Au" f 1),
u" = u" + PAZIR(f — Au");
u"t = S(A u" f,u);

» Prolongation P (interpolation)
» Restriction R = PT
» Coarse matrix Ac = RAP (Galerkin)



Multigrid and DD

Example: temperature in a room

Martin J. Gander

Similarities
Multigrid
MG example
1 MG results
Domain
Decomposition
0.8 Schwarz DD
Schwarz example
K\ 7 Schwarz results
c 06 [ ) § " | \\ NN and FETI
o = "' NN example
% 0.4 8&::::‘:‘:‘:““&\\ N.N/FETI results
’ NS S o
N Neumann-Neumann
" ST,
e e St s et It R .
S\ > oarse Correction
1 B =
“ Decomposition

Optimal Coarse
Optimized Coarse
PETSc Comparison
SHEM

Summary



M G |terat|on 1 Multigrid and DD

Martin J. Gander

Similarities

Multigrid

MG example

MG results
1

Domain
Decomposition
Schwarz DD
Schwarz example
Schwarz results
NN and FETI

o
®

o
o

0.4

MG iterate

0.2

/'/;:\\\ NN example
‘:8%‘\\\ NN/FETI results
‘f‘."o"“““‘* N\ Additive Schwarz
“"’.‘.“‘“ “‘ ‘\§\\\ Neumann-Neumann
S “‘\““‘\\S\\*s\\\ osM

= /' \ ifferences
< N ,'"‘“ \\ Diff
\‘\\ and FETI
s ST, »
“‘“‘\‘:«‘:\\\\\\m Sweeping
RSy

N

Coarse Correction

Multigrid
Domain
Decomposition

Optimal Coarse
Optimized Coarse
PETSc Comparison
SHEM

Summary



M G |terat|on 2 Multigrid and DD

Martin J. Gander

Similarities

Multigrid

MG example
MG results

.y

Domain
Decomposition
Schwarz DD
Schwarz example
Schwarz results
NN and FETI
NN example
NN/FETI results

o
®

o
o

I
~

Differences

Additive Schwarz

Neumann-Neumann
and FETI

MG iterate

0.2

N OSM
N .
0 | §\‘§§§\\\\\\ Sweeping
NN .
1 e Coarse Correction
Multigrid
Domain

Decomposition
Optimal Coarse
Optimized Coarse
PETSc Comparison
SHEM

Summary



M G |terat|on 3 Multigrid and DD

Martin J. Gander

Similarities

Multigrid
MG example
MG results

.y

Domain
Decomposition
Schwarz DD
Schwarz example
Schwarz results
NN and FETI
NN example
NN/FETI results

o
®

o
o

I
~

Differences
Additive Schwarz

MG iterate

Neumann-Neumann
and FETI

Osm
Sweeping

0.2

S
S e T \‘\Rkt“\\::&_ Coarse Correction
et

““‘%“““ Decomposition

NS 0.8 :
‘ “ 0.6 Optimal Coarse
: Optimized Coarse

0.4 PETSc Comparison

0.2 . SHEM

Domain

Summary



M G |terat|on 4 Multigrid and DD

Martin J. Gander

Similarities

Multigrid

MG example
MG results

.y

Domain
Decomposition
Schwarz DD
Schwarz example
Schwarz results
NN and FETI
NN example
NN/FETI results

o e
o ®

MG iterate
o
N

Differences
Additive Schwarz

Neumann-Neumann
and FETI

Osm
Sweeping

0.2

Coarse Correction

Multigrid
Domain
0.8 Decomposition

D
INRARRES IR e

Optimal Coarse
! Optimized Coarse
04 PETSc Comparison

0.2 . SHEM

Summary



M G |terat|on 5 Multigrid and DD

Martin J. Gander

Similarities

Multigrid

MG example
MG results

.y

Domain
Decomposition
Schwarz DD
Schwarz example

o
®

Schwarz results
NN and FETI
NN example
NN/FETI results

o
o

MG iterate
o
N

Differences

Additive Schwarz

Neumann-Neumann
and FETI

Osm
Sweeping

0.2

Coarse Correction
Multigrid
Domain
0.8 Decomposition
Optimal Coarse
0.4 ! Optimized Coarse
PETSc Comparison

0.2 . SHEM

\\\t\‘ \{
T
‘\‘\‘\‘\‘\““‘““

Summary



Multigrid and DD

Convergence Results for Multigrid
Federenko (1964): Fourier analysis

Martin J. Gander

Hackbusch (1979): Smoothing and approximation
properties for stationary MG iteration

u™l = Gu" + f
with the iteration matrix given by
G = (A" — PAZIR)AS”.
Theorem (Hackbusch 1979)

Contraction Estimate: for all k € (0,1) there exists v* s.t.

1G]l <k < 1.

Griebel (PhD thesis 1990): 23 floating point operations
per grid point and V-cycle!
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Domain decomposition methods are essentially -
continuous methods.

Alternating Schwarz: for Au=0in Q, u= g on 0Q

Schwarz DD

Q Ty >r1 92}
\
15,91
Auf =0 iny Aug =0 in
=g ondQNQ ul=g ondNQNQ
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solve on the disk solve on the rectangle
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Domain Decomposition

Domain decomposition methods are essentially
continuous methods.

Martin J. Gander

Alternating Schwarz: for Au=0in Q, u= g on 0Q

Schwarz DD

o0
Auf =0 iny Auj =0 in
uf=g ondQNQ uj=g ond2NQ
uf = uf ton Iy ud =ul ton T,
solve on the disk solve on the rectangle

Lions introduced in 1988 the now called
Parallel Schwarz Method
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Convergence Results for Schwarz
Schwarz (1869): Maximum principle Merin 4 Gender
Lions (1988): Variational analysis based on projections
Chan and Resasco (1988): Fourier analysis

Lions (1989): Maximum principle

Bramble, Pasciak, Wang, Xu (1991): Continuous and
discrete orthogonal projection estimates

Schwarz results
All these results give contraction estimates for Schwarz
methods at the continuous level!
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Dryja and Widlund (1989): Discrete two level condition
number estimate for the Additive Schwarz Method
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where H is the coarse mesh size and § ~ h the overlap.

For Additive Schwarz there is a condition number
estimate, not a contraction estimate!
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Convergence Results for Schwarz
Schwarz (1869): Maximum principle Merin 4 Gender
Lions (1988): Variational analysis based on projections
Chan and Resasco (1988): Fourier analysis

Lions (1989): Maximum principle

Bramble, Pasciak, Wang, Xu (1991): Continuous and
discrete orthogonal projection estimates ET—
All these results give contraction estimates for Schwarz

methods at the continuous level!

Dryja and Widlund (1989): Discrete two level condition
number estimate for the Additive Schwarz Method

s < € (145

where H is the coarse mesh size and § ~ h the overlap.

For Additive Schwarz there is a condition number
estimate, not a contraction estimate!

Result holds at the continuous level (G, Halpern, Santugini 2014)
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Neumann-Neumann and FETI
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Bourgat, Glowinski, LeTallec, Vidrascu (1989): For
Au = f in Q, two non-overlapping subdomains Q; and €,
interface I': starting with an interface guess h%, compute for
n=12 ...

Aul! = f inf
ul(f) = A"t

1
NN and FETI

followed by the correction computation

Azp,” = 0 in€;
8ni1/)/{7(r) = 8n1uf(r)—|—8n2u£(r)

and then obtain a new interface trace
A" = A"t — 0(1h1(T) + 1o(I)).

Farhat and Roux (1991): Finite Element Tearing and
Interconnect (FETI)
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Results for Neumann-Neumann

De Roeck and LeTallec (1991): continuous analysis
without cross points, discrete with cross points
Mandel and Brezina (1993): Balancing
Neumann-Neumann, condition number estimate

Martin J. Gander

H
k(M,S) < C <1 + log? F) ,
where h is the fine and H is the coarse mesh size. NN/FETI results

Result for FETI

Mandel and Tezaur (1996): condition number estimate

H\"7
k(M,S) < C<1+Iog7> ;

where h is the fine and H is the coarse mesh size, and v = 3,
or v = 2 in special cases.

— Klawonn et al. (2001, 2002, 2006, 2007....)



Two Differences so Far Multigrid and DD

Martin J. Gander

1. MG is defined at the discrete level,
DDs are defined at the continuous level.

Differences



Multigrid and DD

Two Differences so Far

Martin J. Gander

1. MG is defined at the discrete level,
DDs are defined at the continuous level.

2. Contraction estimates for MG,
Contraction estimates for some DD.

Condition number estimates for D
Additive Schwarz, Neumann-Neumann with
cross points, and FETI with cross points.

Why 7



AS Example: temperature in a room

.y

o
®

o
o

27
7 0
S5O
SRS
W’t‘:\‘}&\\
Sletesies \‘\}\\\\§§\\§\\\\

I
~

Solution

£LA K5
02 Tsssssss
S
RS :‘\‘::“‘:‘

NN

ARSI
TR,
:‘\\\\\\\\\s§“§§\\\

Multigrid and DD

Martin J. Gander

Similarities

Multigrid

MG example
MG results

Domain
Decomposition
Schwarz DD
Schwarz example
Schwarz results
NN and FETI
NN example
NN/FETI results

Differences
Additive Schwarz

Neumann-Neumann
and FETI

OsSM
Sweeping

Coarse Correction
Multigrid

Domain
Decomposition

Optimal Coarse
Optimized Coarse
PETSc Comparison
SHEM

Summary



Additive Schwarz iteration 1 it and BB

Martin J. Gander

Similarities

Multigrid
MG example
1 MG results
Domain
Decomposition
0.8 Schwarz DD

Schwarz example
Schwarz results
NN and FETI
NN example
NN/FETI results

o
o

Differences
Additive Schwarz

Additive Schwarz iterate
o
~

0.2 X Neumann-Neumann
° and FETI
NN R \ S osm
m“\“‘\“\k\&tt:“e&‘ Sweepin
0. A 2
1 m&w&&m’.’ Coarse Correction
B N N R R e =~ i
AN\ N RO UOCS OOS SOSSOIS Multigrid
ARLIIITUIDESSECSSOS SIS inss 1 Dormain

Decomposition
Optimal Coarse
Optimized Coarse
PETSc Comparison

0.2 . SHEM

Summary

u]
)
I
]
!




Additive Schwarz iteration 2 it and BB

Martin J. Gander

Similarities

Multigrid

MG example
MG results

Domain
Decomposition
0.8 Schwarz DD
Schwarz example
Schwarz results
NN and FETI
NN example
NN/FETI results

0.6

0.4

Differences

Additive Schwarz

Neumann-Neumann
and FETI

OsM
Sweeping

R

] INNNSSS

i vy
D

0.2

Additive Schwarz iterate

Coarse Correction

Multigrid
Domain
Decomposition

Optimal Coarse
Optimized Coarse
PETSc Comparison

0.2 . SHEM

Summary




Additive Schwarz iteration 3 it and BB

Martin J. Gander

Similarities

Multigrid

MG example
MG results

.y

Domain
Decomposition
Schwarz DD
Schwarz example
Schwarz results
NN and FETI
NN example
NN/FETI results

e
®

o
o

Differences
Additive Schwarz

Neumann-Neumann
and FETI

OsM
Sweeping

o
o

Additive Schwarz iterate
o
~

Coarse Correction

Multigrid
Domain
Decomposition

Optimal Coarse
Optimized Coarse
PETSc Comparison
SHEM

Summary



Additive Schwarz iteration 4 it and BB

Martin J. Gander

Similarities

Multigrid

MG example
MG results

Domain
Decomposition
Schwarz DD
Schwarz example
Schwarz results
NN and FETI
NN example
NN/FETI results

Differences
Additive Schwarz

Neumann-Neumann
and FETI

OsM
Sweeping

Additive Schwarz iterate

Coarse Correction

Multigrid
Domain
Decomposition

Optimal Coarse
Optimized Coarse
PETSc Comparison
SHEM

Summary



Additive Schwarz iteration 5 it and BB

Martin J. Gander

Similarities

Multigrid

MG example
MG results

Domain
Decomposition
Schwarz DD
Schwarz example
Schwarz results
NN and FETI
NN example
NN/FETI results

Differences
Additive Schwarz

Neumann-Neumann
and FETI

OsSM
Sweeping

Additive Schwarz iterate

Coarse Correction

Multigrid
Domain
Decomposition

Optimal Coarse
Optimized Coarse
PETSc Comparison
SHEM

Summary



Additive Schwarz iteration 6 it and BB

Martin J. Gander

Similarities
Multigrid
MG example
1 MG results
Domain
Decomposition
208 Schwarz DD
© ’ - Schwarz example
S 0s J05OREN
N " NN ::ample
g 04 \\‘“:f:::::::“‘}‘“\ NN/FETI results
s SN i e
202 “M\\\N\\ Neumann Neumann
= / S “ “ NN and FETI
s} 77 OCSIITIN JRRARARRNRNNN osM
1 - “:‘t:‘:::‘ “‘:““}““‘k“‘\“‘ Coarse Correction
NN “ VI\DAu\tig_rid

Decomposition
Optimal Coarse
Optimized Coarse
PETSc Comparison
SHEM

Summary



Additive Schwarz iteration 7 it and BB

Martin J. Gander

Similarities

Multigrid
MG example
MG results

.y

Domain
Decomposition
Schwarz DD
Schwarz example
Schwarz results
NN and FETI
NN example
NN/FETI results

e
®

o
o

Differences
Additive Schwarz

Neumann-Neumann
and FETI

OsSM
Sweeping

o
o

Additive Schwarz iterate
o
N

Coarse Correction
Multigrid

Domain
Decomposition

Optimal Coarse
Optimized Coarse
PETSc Comparison
SHEM

Summary



Additive Schwarz iteration 8 it and BB

Martin J. Gander

Similarities

Multigrid

MG example
MG results

Domain
Decomposition
Schwarz DD
Schwarz example
Schwarz results
NN and FETI
NN example
NN/FETI results

Differences
Additive Schwarz

Neumann-Neumann
and FETI

OsSM
Sweeping

Additive Schwarz iterate

Coarse Correction

Multigrid
Domain
Decomposition

Optimal Coarse
Optimized Coarse
PETSc Comparison
SHEM

Summary



Additive Schwarz iteration 9 it and BB

Martin J. Gander

Similarities

Multigrid

MG example

MG results
1

Domain
Decomposition
0.8 Schwarz DD

7 Schwarz example

Schwarz results
NN and FETI
NN example
NN/FETI results

0.6 A A
RIS

Y
S ““‘N\

Additive Schwarz iterate

0.4 0% X . ,
“‘ ‘ Differences
5 0“"““‘::“‘“3““ N
0.2 “““““ “““\\ glr?du?gr_}r;-Neumann
72 ““:‘“‘“ 0 0SM
0 “‘: “ “‘ N Sweeping
> <X e— . .
1 “QQ“ ““ “ N\ ““““‘{‘{“:‘:“:“ Coarse Correction
SRR,
o “‘““ Decomposition
0.5 5 ““ 0.6 08 Optimal Coarse
: Optimized Coarse
PETSc Comparison
y 0 0 X SSHEM



Additive Schwarz iteration 10 it and BB

Martin J. Gander

Similarities

Multigrid
MG example
MG results

.y

Domain
Decomposition
Schwarz DD
Schwarz example
Schwarz results
NN and FETI
NN example
NN/FETI results

e
®

o
o

Differences
Additive Schwarz

Neumann-Neumann
and FETI

OsSM
Sweeping

o
o

Additive Schwarz iterate
o
N

Coarse Correction
Multigrid

Domain
Decomposition

Optimal Coarse
Optimized Coarse
PETSc Comparison
SHEM

Summary



And Wlth 25 subdomains Multigrid and DD

Martin J. Gander

Similarities

Multigrid
MG example
MG results

.y

Domain
Decomposition
Schwarz DD
Schwarz example

o
®

Schwarz results
NN and FETI
NN example
NN/FETI results

o
o

Solution
o
N

Differences

Additive Schwarz

Neumann-Neumann
and FETI

OsSM
Sweeping

0.2

Coarse Correction
Multigrid

Domain
Decomposition

Optimal Coarse
Optimized Coarse
PETSc Comparison
SHEM

Summary



Multigrid and DD

1

iteration

Additive Schwarz

Martin J. Gander

MG example
MG results

S8B222 2253845 S88S55¢8 75
(0
() <
00/ A0 :
/.....,...,........................“.... e
O
| ..““..“.H.“.““.“.,.,.@\w.‘.............“...“.“““. 3
A\
CWNAA
AN A
05’ An‘”f\),...“....\\\b““

—

«© «© < N S =
o o o o
aBIB] ZIBMUDS SAIPPY



Additive Schwarz iteration 2

Additive Schwarz iterate

o
oY

g
o

o
~

o
o

- O
i

Multigrid and DD

Martin J. Gander

MG example
MG results

Schwarz DD
Schwarz example
Schwarz results
NN and FETI
NN example
NN/FETI results

Additive Schwarz

Neumann-Neumann

and FETI
OSM
Sweeping

Multigrid
Domain
Decomposition
Optimal Coarse
Optimized Coarse
PETSc Comparison
SHEM



Multigrid and DD

Additive Schwarz iteration 3

Martin J. Gander

MG example
MG results

! Schwarz DD
Schwarz example
Schwarz results
NN and FETI
NN example
NN/FETI results

Additive Schwarz

Neumann-Neumann
and FETI

OSM
Sweeping

Additive Schwarz iterate

R~
RS

TN N
Multigrid

Domain
Decomposition

Optimal Coarse
Optimized Coarse
PETSc Comparison
SHEM




Additive Schwarz iteration 4

Additive Schwarz iterate

o o o 9
[ N -

- O
i

=
N\ - <oWN S~
> W il =
< “::3;:;;((“" SN —————

o
e e
= N

Multigrid and DD

Martin J. Gander

MG example
MG results

Schwarz DD
Schwarz example
Schwarz results
NN and FETI
NN example
NN/FETI results

Additive Schwarz

Neumann-Neumann
and FETI

OSM
Sweeping

Multigrid

Domain
Decomposition

Optimal Coarse
Optimized Coarse
PETSc Comparison
SHEM



Additive Schwarz iteration 5 it and BB

Martin J. Gander

MG example
MG results
onon
1
) Schwarz DD
© 0.8 Schwarz example
2 Schwarz results
N 0.6 NN and FETI
= Y NN example
g \\ NN/FETI results
=
5 0.4 “\\‘
@ "“‘A\\\ o Additive Schwarz
0 L NN \ i, S
= 02 NN < I and FETI
= [T AN
e} [ \§\\\::.0A osM
2 0 ’,”I’ < il“\\g_y} q Soeei
>l \\ S
1 “i D
,‘\\‘ Multigrid
1 Domain

Decomposition
Optimal Coarse
Optimized Coarse
PETSc Comparison
SHEM



Multigrid and DD

Additive Schwarz iteration 6

Martin J. Gander

MG example
MG results

Schwarz DD
0.8 Schwarz example
Schwarz results
NN and FETI
NN example
NN/FETI results

Additive Schwarz

Neumann-Neumann

and FETI
osM
Sweeping

Additive Schwarz iterate

Multigrid
Domain
Decomposition
Optimal Coarse
Optimized Coarse
PETSc Comparison
SHEM




Multigrid and DD

Additive Schwarz iteration 7

Martin J. Gander

MG example
MG results

Schwarz DD
Schwarz example
Schwarz results
NN and FETI
NN example
NN/FETI results

Additive Schwarz

Neumann-Neumann

and FETI
osM
Sweeping

Additive Schwarz iterate

Multigrid
Domain
Decomposition

Optimal Coarse
Optimized Coarse
PETSc Comparison
SHEM




Additive Schwarz iteration 8

Additive Schwarz iterate

0.8

0.6

0.4

0.2

Multigrid and DD

Martin J. Gander

MG example
MG results

Schwarz DD
Schwarz example
Schwarz results
NN and FETI
NN example
NN/FETI results

Additive Schwarz

Neumann-Neumann

and FETI
osM
Sweeping

Multigrid
Domain
Decomposition
Optimal Coarse
Optimized Coarse
PETSc Comparison
SHEM



Multigrid and DD

Additive Schwarz iteration 9

Martin J. Gander

MG example
MG results

Schwarz DD
Schwarz example
Schwarz results
NN and FETI
NN example
NN/FETI results

Additive Schwarz

Neumann-Neumann

and FETI
osM
Sweeping

Additive Schwarz iterate

Multigrid
Domain
Decomposition
Optimal Coarse
Optimized Coarse
PETSc Comparison
SHEM




Additive Schwarz iteration 10

Additive Schwarz iterate

0.8

Multigrid and DD

Martin J. Gander

MG example
MG results

Schwarz DD
Schwarz example
Schwarz results
NN and FETI
NN example
NN/FETI results

Additive Schwarz

Neumann-Neumann

and FETI
osM
Sweeping

Multigrid
Domain
Decomposition
Optimal Coarse
Optimized Coarse
PETSc Comparison
SHEM



Multigrid and DD

1

Iteration

Damped Additive Schwarz

Martin J. Gander

MG example
MG results

—

and FETI
PETSc Comparison

Optimized Coarse
SHEM

Neumann-Neumann

and FETI

OSM

N
s
2
£
S
]
o
>
=
S
5]
<

Schwarz example
Schwarz results
NN example
NN/FETI results
Decomposition
Optimal Coarse

Schwarz DD
NN

Multigrid

Sweeping
Domain

)

(A

0,,...“.““““. X
() ... i\ 4 ) P \) P
GO

(X
OO
:.. \ ......%.“.

f

o

1

RN
A
WA
ININAA
RN X
) O SxNiitinea

\
d ..:
:".. :
o
iz

o \
KON
\/ .....
\ /a

[e0] o <
=) =) o o
aBIB] ZIBMUDS SAIPPY



Multigrid and DD

2

Iteration

Damped Additive Schwarz

Martin J. Gander

MG example
MG results

SONtEFE 29 w Uz 8Y9FS
S5aZ2%2 32584; S8885d 5
©
o
<
0 e, <
N
WML D
o W i A0
I S
f ‘\“4’2.: W

—

0 © <+ q o
o o o o
aBIB] ZIBMUDS SAIPPY




Multigrid and DD
Martin J. Gander

3

Iteration

Damped Additive Schwarz

MG example
MG results

]
3
z
b}
z

o
s
2
£
S
]
o
>
=
S
5]
<

Schwarz DD
Schwarz example
Schwarz results
NN and FETI
NN example
NN/FETI results
and FETI

Oosm
Decomposition

Multigrid

Sweeping
Domain

{
{
........
{
A

{0
(X
..s
0

LX)
/.\ ........ (
.. .... :

/ (OfK)

I
)
Wi\
VA

—

@« © ~ N S =
o o o o
aBIB] ZIBMUDS SAIPPY

Optimal Coarse

Optimized Coarse

PETSc Comparison

SHEM




Multigrid and DD

4

Iteration

Damped Additive Schwarz

Martin J. Gander

MG example
MG results

o 0 N O

= = g =

ES 2 M 2

Qg a2 G =

DchW,I w o 0

SygEgh spEh_f
g s s e o

g3 ] Fols @

EEER T 5o = 0

GG GoZZZ T oe ¥ 2

hHnZZZ <Z50ah

.Q”....
/.” s‘”'oo L

¢
.”““..\\ \

v,

—

© © < [N (S}

=) =) o o
aBIB] ZIBMUDS SAIPPY

Multigrid

Domain

4
oY)

()
4

Decomposition

0

PETSc Comparison

Optimized Coarse
SHEM

Optimal Coarse

i1




Damped Additive Schwarz iteration 5

.y

e
®

o
o

o
o

Additive Schwarz iterate
o
S

Multigrid and DD

Martin J. Gander

MG example
MG results

Schwarz DD
Schwarz example
Schwarz results
NN and FETI
NN example
NN/FETI results

Additive Schwarz

Neumann-Neumann

and FETI
OSM
Sweeping

Multigrid
Domain
Decomposition
Optimal Coarse
Optimized Coarse
PETSc Comparison
SHEM



Damped Additive Schwarz iteration 6

Additive Schwarz iterate

Multigrid and DD

Martin J. Gander

MG example
MG results

Schwarz DD
Schwarz example
Schwarz results
NN and FETI
NN example
NN/FETI results

Additive Schwarz

Neumann-Neumann
and FETI

OSM
Sweeping

Multigrid
Domain
Decomposition

Optimal Coarse
Optimized Coarse
PETSc Comparison
SHEM



Damped Additive Schwarz iteration 7 Htend nd BB

Martin J. Gander

MG example
MG results
1
© 08 Schwarz DD
[ Schwarz example
2 Schwarz results
= 0.6 NN and FETI
N
5 NN example
2 NN/FETI results
5 0.4
>
= S
g N ,//i"‘ " Additive Schwarz
e/ Neumann-Neumann
2 0.2 é‘;.l'!!&_“‘ and FETI
k] =we-_. osM
2 - S Sweeping
< 0. R .
1
Multigrid
1 Domain

Decomposition
Optimal Coarse
Optimized Coarse
PETSc Comparison
SHEM



Damped Additive Schwarz iteration 8

1

© 038

©

2

E 0.6

g

5 0.4

@D = 17

2 o2 \‘)‘Z’II“

= N

5 NS s

E 0 “‘\T}\‘\"‘.\/’\("‘ =
0 S

> <
SN

Multigrid and DD

Martin J. Gander

MG example
MG results

Schwarz DD
Schwarz example
Schwarz results
NN and FETI
NN example
NN/FETI results

Additive Schwarz

Neumann-Neumann
and FETI

OSM
Sweeping

Multigrid

Domain
Decomposition

Optimal Coarse
Optimized Coarse
PETSc Comparison
SHEM



Damped Additive Schwarz iteration 9 e

Martin J. Gander

MG example
MG results

.y

e
®

Schwarz DD
Schwarz example
Schwarz results
NN and FETI
NN example
NN/FETI results

o
o

Additive Schwarz
Neumann-Neumann

o
o

Additive Schwarz iterate
o
S

and FETI
N N\ 0SM
S N S
— N N weeping
0 == \;‘\\\Q\‘\\‘.
1
Multigrid
Domain

Decomposition
Optimal Coarse
Optimized Coarse
PETSc Comparison
SHEM




Damped Additive Schwarz iteration 10 K

Martin J. Gander

MG example
MG results

.y

e
®

Schwarz DD
Schwarz example
Schwarz results
NN and FETI
NN example
NN/FETI results

o
o

Additive Schwarz
Neumann-Neumann

o
o

Additive Schwarz iterate
o
S

and FETI
osM
L —
0 oD N2 §§§s}\\-‘: Sweeping
< e =

1
Multigrid
Domain

Decomposition
Optimal Coarse
Optimized Coarse
PETSc Comparison
SHEM




Damped Additive Schwarz iteration 11

.y

e
®

o
o

o
o

N
- - —
SR LN N
B RN~ O — — RN NN s
\‘1‘\\\\%?‘3—";63" OB NNNNY —_—

Additive Schwarz iterate
o
S

Multigrid and DD

Martin J. Gander

MG example
MG results

Schwarz DD
Schwarz example
Schwarz results
NN and FETI
NN example
NN/FETI results

Additive Schwarz

Neumann-Neumann
and FETI

OSM
Sweeping

Multigrid

Domain
Decomposition

Optimal Coarse
Optimized Coarse
PETSc Comparison
SHEM



Damped Additive Schwarz iteration 12 K

Martin J. Gander

MG example
MG results

.y

Schwarz DD
Schwarz example

e
®

Schwarz results
NN and FETI
NN example
NN/FETI results

o
o

Additive Schwarz
Neumann-Neumann

Additive Schwarz iterate
o
S

0.2 and FETI
OSM
Sweeping
0
1
Multigrid
Domain

Decomposition
Optimal Coarse
Optimized Coarse
PETSc Comparison
SHEM




Damped Additive Schwarz iteration 13 K

Martin J. Gander

MG example
MG results

.y

Schwarz DD
Schwarz example

e
®

Schwarz results
NN and FETI
NN example
NN/FETI results

o
o

Additive Schwarz
Neumann-Neumann

Additive Schwarz iterate
o
S

0.2 and FETI
OSM
Sweeping
0
1
Multigrid
Domain

Decomposition
Optimal Coarse
Optimized Coarse
PETSc Comparison
SHEM




Damped Additive Schwarz iteration 14 K

Martin J. Gander

MG example
1 MG results
© 038 Schwarz DD
© Schwarz example
o 0.6 Schwarz results
= 0. NN and FETI
g NN example
s YZ50\. NN/FETI results
£ 04 SRS
S =7/, S
ﬁ \’\\ ",;{I""“‘“\\_‘: Additive Schwarz
> 0.2 \*\&%“ ‘ \* Neumann-Neumann
2z 0 RSSKA “‘ \\\ and FETI
5 P O LY osM
S > .
< 0. RN
! S Multigrid
ultigri
1 Domain

Decomposition
Optimal Coarse
Optimized Coarse
PETSc Comparison
SHEM



Multigrid and DD

Damped Additive Schwarz iteration 15

Martin J. Gander

MG example
MG results

Schwarz DD
Schwarz example
Schwarz results
NN and FETI
NN example
NN/FETI results

Additive Schwarz

Neumann-Neumann
and FETI

OSM
Sweeping

Additive Schwarz iterate

Multigrid

Domain
Decomposition

Optimal Coarse
Optimized Coarse
PETSc Comparison
SHEM




Damped Additive Schwarz iteration 16 Multgrid and DD

Martin J. Gander

MG example
MG results
1
2 0.8 Schwarz DD
© Sehwarzexample
o Schwarz results
= 0.6 NN and FETI
N
> NN example
g Q NN/FETI results
< 04 \
LIRS
] ‘ \\’\\§‘o$'0"‘ “\\‘ = Additive Schwarz
o SN NN %
> 0.2 % \\‘“0“ ‘ - Neumann-Neumann
= j FETI
5 [ | KN INSSSos
5 P S SN S
2 e = TS S
< 0. p et N -
SN e S NSNS
L ST S
~ ultiri
1 Domain
Decomposition
Optimal Coarse
Optimized Coarse
PETSc Comparison
SHEM



Damped Additive Schwarz iteration 17 Mukigridand DD

Martin J. Gander

MG example
MG results
1
© 08 Schwarz DD
®© Schwarz example
o Schwarz results
= 0.6 NN and FETI
N
= NN example
g NN/FETI results
£ 04
5 N ()
” N Additive Schwarz
o == ‘*‘ﬁ""" Neumann-Neumann
=02 > \\\“‘ and FETI
= NAVANNRNeS O
3 SN
XS N === Sweeping
1 ==
Multigrid
1 Domain

Decomposition
Optimal Coarse
Optimized Coarse
PETSc Comparison
SHEM



Damped Additive Schwarz iteration 18 Multgrid and DD

Martin J. Gander

MG example
MG results
1
© 08 Schwarz DD
© Schwarz example
Q Schwarz results
2
= 0.6 NN and FETI
N
P NN example
NN/FETI results
20
ﬁ Additive Schwarz
N Neumann-Neumann
2 02 '<{';,2 and FETI
s} "'A;’«"" osM
S iz S
< 0.
1
Multigrid
1 Domain

Decomposition
Optimal Coarse
Optimized Coarse
PETSc Comparison
SHEM



Multigrid and DD

Damped Additive Schwarz iteration 19

Martin J. Gander

MG example
MG results

Schwarz DD
Schwarz example
Schwarz results
NN and FETI
NN example
NN/FETI results

Additive Schwarz

Neumann-Neumann
and FETI

OSM
Sweeping

Additive Schwarz iterate

Multigrid

Domain
Decomposition

Optimal Coarse
Optimized Coarse
PETSc Comparison
SHEM




Damped Additive Schwarz iteration 20 Multgrid and DD

Martin J. Gander

MG example
MG results

0.8 Schwarz DD
Schwarz example
Schwarz results
NN and FETI
NN example
NN/FETI results

0.6

0.4

Additive Schwarz

Neumann-Neumann
and FETI

OSM
Sweeping

0.2

Additive Schwarz iterate

< ST\ = o
S SSe ‘\‘\::‘\t::\s:‘“ Multigrid
S

<

Domai
R 08 | Dmesion
NS

0O 0.6 : Optimal Coarse
04 : Optimized Coarse
- PETSc Comparison

0.2 SHEM



Multigrid and DD

1

iteration

Parallel Schwarz

Martin J. Gander

MG example
MG results

o " NG
=) = g £
EREiE 2 3
aggihet s 2
Qs Lo g n I -
S8tz cl g sh <
g T B EL e
s 5 £ :
EEE g Es =g
s$66222 3395 =
nuunzaz222 <Za 00

—

=) =) o o
aleIall ZIBMYDS |o|[Bled

Multigrid

Domain

Decomposition

Optimal Coarse

Optimized Coarse

PETSc Comparison

SHEM




Multigrid and DD

2

iteration

Parallel Schwarz

Martin J. Gander

MG example
MG results

S8822¢2 2253845 S8855¢%
©
o
o
VOO0
A\ -
A, ©
Wl
R0
ROV
ok =
0 .s\
A
-~ [e0] O < 04 o -~

=) =) o o
aleIall ZIBMYDS |o|[Bled

SHEM




Parallel Schwarz iteration 3 Multigrid and DD

Martin J. Gander

MG example
MG results

Schwarz DD
Schwarz example
Schwarz results
NN and FETI
NN example
NN/FETI results

Additive Schwarz

Neumann-Neumann

and FETI
OSM

==

Parallel Schwarz iterate

AN

S Sweeping
N

—
S—

Multigrid
Domain
Decomposition
Optimal Coarse
Optimized Coarse
PETSc Comparison
SHEM




Parallel Schwarz iteration 4 Hulterd and BB

Martin J. Gander

MG example
MG results

.y

e
®

Schwarz DD
Schwarz example
Schwarz results
NN and FETI
NN example
NN/FETI results

o
o

Additive Schwarz
Neumann-Neumann

o
o

Parallel Schwarz iterate
o
S

and FETI
A\ SRR OSM
e
0 J ‘\\\§§\\§‘§§: > Sweeping
NS S
S
1
Multigrid
1 Domain

Decomposition
Optimal Coarse
Optimized Coarse
PETSc Comparison
SHEM



Parallel Schwarz iteration 5 Multigrid and DD

Martin J. Gander

MG example
MG results

.y

e
®

Schwarz DD
Schwarz example
Schwarz results
NN and FETI
NN example
NN/FETI results

o
o

Additive Schwarz
Neumann-Neumann

0.2

Parallel Schwarz iterate
o
S

and FETI
OSM
N Sweeping
0. e RN e '
e Wt
1
Multigrid
Domain

Decomposition
Optimal Coarse
Optimized Coarse
PETSc Comparison
SHEM




Parallel Schwarz iteration 6 Multigrid and DD

Martin J. Gander

MG example
MG results

.y

Schwarz DD
Schwarz example
Schwarz results
NN and FETI
NN example
NN/FETI results

Additive Schwarz

Neumann-Neumann
and FETI

OSM
Sweeping

Parallel Schwarz iterate

Multigrid

Domain
Decomposition

Optimal Coarse
Optimized Coarse
PETSc Comparison
SHEM




Parallel Schwarz iteration 7 Multigrd and DD

Martin J. Gander

MG example
MG results

.y

Schwarz DD
Schwarz example
Schwarz results
NN and FETI
NN example
NN/FETI results

Additive Schwarz

Neumann-Neumann
and FETI

OSM
Sweeping

Parallel Schwarz iterate

Multigrid

Domain
Decomposition

Optimal Coarse
Optimized Coarse
PETSc Comparison
SHEM




Parallel Schwarz iteration 8

.y

I Sse= 00
2 RSO
S NS

Parallel Schwarz iterate
o
S

SSee
S —————

S S S

Multigrid and DD

Martin J. Gander

MG example
MG results

Schwarz DD
Schwarz example
Schwarz results
NN and FETI
NN example
NN/FETI results

Additive Schwarz

Neumann-Neumann
and FETI

OSM
Sweeping

Multigrid

Domain
Decomposition

Optimal Coarse
Optimized Coarse
PETSc Comparison
SHEM



Parallel Schwarz iteration 9

Parallel Schwarz iterate

.y

0.8
0.6
N
27X

0.4 J >/ Ny

535 N TS
0.2 (=== ‘\\%\““3""‘“ SAR
: 705 JIRARNNe S S ST SN

Wiea )““\\‘*“9\“§§stt=— =
0.l e .

—" eSS
ssmee_—— N “\\ —etAN RN
S S
N B S

== S S
NN R S .
05 RS 06
\ LRSS 0.4
02
y 0 o X

Multigrid and DD

Martin J. Gander

MG example
MG results

Schwarz DD
Schwarz example
Schwarz results
NN and FETI
NN example
NN/FETI results

Additive Schwarz

Neumann-Neumann
and FETI

OSM
Sweeping

Multigrid

Domain
Decomposition

Optimal Coarse
Optimized Coarse
PETSc Comparison
SHEM



Parallel Schwarz iteration 10 Multigrd and DD

Martin J. Gander

MG example
MG results
1
0.8 Schwarz DD

Schwarz example
Schwarz results
NN and FETI
NN example
NN/FETI results

Additive Schwarz

4 \\*b{;l”i/’O
N

Parallel Schwarz iterate
o
n

0.2 2 “““ Va\l”e(xltrgén_rr; Neumann
L ““““ < 0SM
TN "“““‘:!»“ S B
0.l oy
1 S Multigrid
1 Domain

Decomposition
Optimal Coarse
Optimized Coarse
PETSc Comparison

0.2 SHEM



Parallel Schwarz iteration 11 Mukigridand DD

Martin J. Gander

MG example
MG results

.y

Schwarz DD
Schwarz example
Schwarz results
NN and FETI
NN example
NN/FETI results

Additive Schwarz

Neumann-Neumann
and FETI

OSM
Sweeping

Parallel Schwarz iterate

Multigrid

Domain
Decomposition

Optimal Coarse
Optimized Coarse
PETSc Comparison
SHEM




Parallel Schwarz iteration 12 Mukigridand DD

Martin J. Gander

MG example
MG results

0.8 Schwarz DD
Schwarz example
Schwarz results
NN and FETI
NN example
NN/FETI results

0.6

0.4

Additive Schwarz

Neumann-Neumann
and FETI

OSM
Sweeping

0.2

Parallel Schwarz iterate

SN\

S “-“‘\‘\\'\‘\‘t‘ -~
P IR SN
et

TROOOCTTUSSSOS TS
““ CNSOTTSSSOUSSS ultigri
s 1 Domain

S
SO
==

0 8 Decomposition
0.5 0.6 . Optimal Coarse
. Optimized Coarse

PETSc Comparison

0.2 SHEM



Parallel Schwarz iteration 13 Multigrd and DD

Martin J. Gander

MG example
MG results
1
0.8 Schwarz DD

Schwarz example
Schwarz results
NN and FETI
NN example
NN/FETI results

0.6

0.4

Additive Schwarz

Parallel Schwarz iterate

O 2 Neumann-Neumann
’ d FETI
e I e e R iR
S N T oswi
et gt S AN Soeei
0 > “2‘::“..‘)":? IS :’—:‘ “1\«‘\‘3“‘»‘:{“\\
1 \"::‘:_» —a ‘:‘ “\\“\
Multigrid
POV Domain

Decomposition
Optimal Coarse
Optimized Coarse
PETSc Comparison

0.2 SHEM



Parallel Schwarz iteration 14 HitEd end BB

Martin J. Gander

MG example
MG results

0.8 Schwarz DD
Schwarz example
Schwarz results
NN and FETI
NN example
NN/FETI results

0.6

0.4

Additive Schwarz

Neumann-Neumann
and FETI

OSM
Sweeping

0.2

Parallel Schwarz iterate

NN
D AN < ——— =
ee®! NSRS

\\Q“,::‘,““‘“\‘\\“\\\::“{“té‘s::f::’ Multigrid
X ‘\\\““‘\“\\::“\:‘\“‘ 1 Domain

NN JON :‘““ 0.8 Decomposition

0.6 ) Optimal Coarse
. Optimized Coarse

0.5

PETSc Comparison

0.2 SHEM



Parallel Schwarz iteration 15 Multigrd and DD

Martin J. Gander

MG example
MG results

0.8 Schwarz DD
Schwarz example
Schwarz results
NN and FETI
NN example
NN/FETI results

0.6

0.4

Additive Schwarz

Neumann-Neumann
and FETI

OSM
Sweeping

0.2

Parallel Schwarz iterate

SIS
“““‘/““‘\“

<<

= N
‘\““t‘:‘¢““ ‘\‘\\\\t:‘:‘}‘s‘t:‘::’::::’ Multigrid
N “‘““‘:“‘\::‘\‘::‘\“ 1 Domain
\\‘\‘ “:: s:““\ 0.8 Decomposition
A\
RASS

0.5

- Optimal Coarse
04 0.6 Optimized Coarse
PETSc Comparison

0.2 SHEM



Parallel Schwarz iteration 16

Parallel Schwarz iterate

]
0.8
0.6

NS N
04 " QR3] \\\\\\:':: “““ AN
0.2 ‘*":’z;;'
' [

[ SRR N

O TSNS
S “‘ R
eSS \\‘}‘\3::‘333:«‘
T

0.5

Multigrid and DD

Martin J. Gander

MG example
MG results

Schwarz DD
Schwarz example
Schwarz results
NN and FETI
NN example
NN/FETI results

Additive Schwarz

Neumann-Neumann
and FETI

OSM
Sweeping
Multigrid
Domain

Decomposition
Optimal Coarse
Optimized Coarse
PETSc Comparison
SHEM



Parallel Schwarz iteration 17

Parallel Schwarz iterate

]
0.8

06

04 5 W\ *&‘/

N\«
505

S
e L

Multigrid and DD

Martin J. Gander

MG example
MG results

Schwarz DD
Schwarz example
Schwarz results
NN and FETI
NN example
NN/FETI results

Additive Schwarz

Neumann-Neumann
and FETI

OSM
Sweeping

Multigrid

Domain
Decomposition

Optimal Coarse
Optimized Coarse
PETSc Comparison
SHEM



Parallel Schwarz iteration 18

Parallel Schwarz iterate

.y

Multigrid and DD

Martin J. Gander

MG example
MG results

Schwarz DD
Schwarz example
Schwarz results
NN and FETI
NN example
NN/FETI results

Additive Schwarz

Neumann-Neumann
and FETI

OSM
Sweeping

Multigrid

Domain
Decomposition

Optimal Coarse
Optimized Coarse
PETSc Comparison
SHEM



Parallel Schwarz iteration 19 Multigrd and DD

Martin J. Gander

MG example
MG results
1
0.8 Schwarz DD

Schwarz example
Schwarz results
NN and FETI
NN example
NN/FETI results

00“
““ \’\\ — Additive Sch
5K ‘\\\\\§§§<@ s

and FETI

OsSM

Parallel Schwarz iterate
o
n

=\ Sweeping
0.l
1
Multigrid
Domain

Decomposition
Optimal Coarse
Optimized Coarse
PETSc Comparison

0.2 SHEM



Parallel Schwarz iteration 20

.y

\\ 74
- —

CSXER
<SS
o
S

Ssev
=

Parallel Schwarz iterate
o
n

=
—

S R

% \5:"0 \

Multigrid and DD

Martin J. Gander

MG example
MG results

Schwarz DD
Schwarz example
Schwarz results
NN and FETI
NN example
NN/FETI results

Additive Schwarz

Neumann-Neumann
and FETI

osM
Sweeping

Multigrid

Domain
Decomposition

Optimal Coarse
Optimized Coarse
PETSc Comparison
SHEM



Multigrid and DD

Comparison with Krylov Acceleration
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= Additive Schwarz is a preconditioner, parallel Schwarz is
a standalone solver and a preconditioner (like multigrid)!
(see Efstathou, G (2003), G (2008))
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Well Posedness of Neumann-Neumann/FETI e e

Martin J. Gander

If cross points are present in the decomposition:

» Neumann-Neumann (and FETI) are not well posed
domain decomposition methods at the continuous
level !

» Neumann-Neumann (and FETI) can only be used as
preconditioners, not as standalone solvers. Neumann- Neumann

and FETI

With a local coarse space correction, one can obtain a
well posed Neumann-Neumann (and FETI) method at
the continuous level (in H?) even with cross points!

(Chaouqui, G, Santugini 2019)
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With (blue) and without (red) local coarse correction!



Multigrid and DD

Optimized Schwarz Methods

Replace Dirichlet conditions in parallel Schwarz,
uf(f) = u (M)
ui(R) = uf (M)
by combination of Dirichlet and Neumann traces,
(On, + P)Uf(T1) = (On +p)us (1)
(On, + P)us(T2) = (On, + p)ui *(I2)
(already proposed by Lions in 1989)

Martin J. Gander
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Optimized Schwarz Methods
Replace Dirichlet conditions in parallel Schwarz,
uf(f) = u (M)
ui(R) = uf (M)
by combination of Dirichlet and Neumann traces,
(On, + P)Uf(T1) = (On +p)us (1)
(On, + P)us(T2) = (On, + p)ui *(I2)
(already proposed by Lions in 1989)

Theorem (Nataf et al (1994)) osm

If p = DtN, the method converges in 2 iterations, and for J
subdomains of a strip decomposition in J iterations.

Martin J. Gander



Multigrid and DD

Optimized Schwarz Methods
Replace Dirichlet conditions in parallel Schwarz,
uf(f) = u (M)
ui(R) = uf (M)
by combination of Dirichlet and Neumann traces,
(On, + P)Uf(T1) = (On +p)us (1)
(On, + P)us(T2) = (On, + p)ui *(I2)
(already proposed by Lions in 1989)

Theorem (Nataf et al (1994)) osm

If p = DtN, the method converges in 2 iterations, and for J
subdomains of a strip decomposition in J iterations.

Theorem (G. and Zhang (2017))

If p = DtN, the alternating method corresponds to a block
LU decomposition and converges in 1 iteration for any strip
decomposition (no cross points).

Martin J. Gander
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Classical Sweeping Schwarz Iteration 8
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A Third Major Difference et e BD

Martin J. Gander

In addition to the two differences

1. discrete MG versus continuous DD

2. Contraction estimate versus condition
number estimate

there is a third major difference: Coarse Correc tion

3. Coarse spaces



MG error

Coarse Correction Needed For MG

One uses the error equation: for an approximation u”

Au=A(u—u")+ Au" = Ae"+ Au" = f

— Ae"=f—Au"=r"

With random u? after 3 Jacobi smoothing steps with
w=2/3

MG residual

0 o

residual
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Parallel Schwarz Error

Coarse Correction Needed For DD 7
Classical approach is to use a coarse mesh like in multigrid:

Toselli and Widlund (2005):

“The subspace Vy is usually related to a coarse
problem, often built on a coarse mesh”

With random u® after one parallel Schwarz iteration
600
400

200

-200

Parallel Schwarz Residual
o

-400

residual
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Multigrid and DD

Error equation for DD

For any DD method and problem Lu = f in €, the
subdomain solutions uj’ satisfy

Martin J. Gander

Lu?=f, inQ;
Hence the error e(x) := u(x) — ul(x) in §; satisfies
Lej’ =0 in Qj.

Optimal coarse space for DD (G, Halpern, Santugini
2018): piece-wise harmonic functions on ;.

Jumps in the Dirichlet and Neumann traces between
subdomain solutions:

n._ ,n n n._ n n .
g:ii = Uj — uy, hjl = 8njuj + 8,7,.u,-, on rj,.

Then the error satisfies the transmission problem Domain
Decomposition
ﬁefl g 0 in Qj?
ef(x) —e'(x) = gj(x) onTj,
Onjel(x) + Onel(x) = hi(x) onTj.

= solving this, any DD converges after one iteration!
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Optimized Schwarz error without coarse
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Optimized Schwarz error without coarse
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Optimized Schwarz error without coarse
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Optimized Schwarz error without coarse
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Optimized Schwarz error with optimized coarse

%1074

error

£ DA

Multigrid and DD

Martin J. Gander

Similarities

Multigrid
MG example
MG results

Domain
Decomposition
Schwarz DD
Schwarz example
Schwarz results
NN and FETI
NN example
NN/FETI results

Differences

nnnnnnnnnnnnnnn



Optimized Schwarz error with optimized coarse
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Comparison of Various Q1 Coarse Spaces
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Multigrid and DD

Only one Approximates the Optimal One!
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Parallel Schwarz with Various Coarse Spaces
ParS, 16 x 16 subdomains, 256 x 256 grid-points, h overlap
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Comparison of 2-level Schwarz Methods
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With Krylov Acceleration
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CPU time comparison of the Methods
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With Krylov Acceleration
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Coarse Spaces ca

n Fix DD Problems: SHE

102 | 122 71 49 19 17 25
10* | 367 256 130 20 20 25
10° | 610 454 221 20 20 25
dim. | 49 161 273 385 497 233
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Summary of Differences

1. MG discrete, DD continuous

2. Contraction estimate versus

condition number estimate

3. Coarse spaces

References and preprints can
be found on my web page at

www.unige.ch/~gander/

Also two new books

—

Numerical Analysis
of Partial Differential
Equations Using
Maple and MATLAB

Multigrid and DD

Martin J. Gander

Scient

Computing

Summary
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