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M1 and its strategy extensions



We will discuss connections between (pure extender) mice, and strategy mice.
Some key things:

1. How much of its own iteration strategy can be added to M1 without
destroying the Woodinness of δ?

2. Given an M1-cardinal κ > δ, what is the κ-mantle of M1?
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Background...

Definition 1.1.
(Pre-)mice M:

– M = Lα[E],

– E =
〈
EM
α

〉
α<λ

is a good sequence of extenders,

– M is iterable (mouse).

With extender E = EM
α form (internal) ultrapower

U = Ult0(M,E),

gives Σ1-elementary ultrapower map

iM
E : M → U

(ignoring details).
Set M0 = M and M1 = U...
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Iteration trees T on M:

– Given Mβ, choose Eβ ∈ EMβ , choose α ≤ β, set

Mβ+1 = Ult(Mα,Eβ),

– embedding iα,β+1 : Mα → Mβ+1,

– α = tree-predecessor of β + 1.

– Model Mα at node α ∈ T .

– Write MTα = Mα, ETα = Eα, etc.

M0

3 E0

M1 = Ult(M0,E0)3 E1

M2

3 E2

M3

M4

M5

i01

i12i13i04

i25

i15
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Iteration trees T :
– Limit stages λ?

Choose cofinal branch b, set

Mλ = Mb = direct limit of models along b.

– Iteration strategy Σ chooses branches b, guarantees wellfounded models.
– M is (fully) iterable if such a Σ exists.
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Definition 1.2.
An iteration tree T is normal iff

α < β =⇒ lh(ETα ) ≤ lh(ETβ ),

and all extenders apply to the earliest and largest model possible.
We write lh(T ) for the length of T .
T is on MT0 .
If T has successor length then MT∞ = last model of T .
If b is a branch through T then MTb = direct limit model along b, and

iTb : MT0 → MTb

is the direct limit map.
Let T be a normal iteration tree, of limit length. Then (Coherence)

α < β =⇒ MTα ||lh(ETα ) = MTβ ||lh(ETα ).

Write:
– δ(T ) = supα<lh(T ) lh(ETα ).
– M(T ) = eventual model of agreement of height δ(T ),

M(T ) =
⋃

α<lh(T )

MTα ||lh(ETα ).
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Definition 1.3.
M1 = the minimal proper class mouse with a Woodin cardinal δ = δM1.

Then:

– M1 = L[EM1] = L[E] with E ⊆ M1|δ.
– Write ΣM1 for the (unique) normal iteration strategy for M1.
– Is M1 closed under ΣM1?
– If T is a normal tree on M1, we say T is maximal iff

L[M(T )] |= “δ(T ) is Woodin”.

– Let T be maximal and b = ΣM1(T ). Then

MTb = L[M(T )],

iTb (δM1) = δ(T ).

– M1 computes correct branches through non-maximal trees.

M1 and its strategy extensions



But there are maximal trees U ∈ M1 such that:
– L[M(U)] is a ground of M1,
– δ(U) is a successor cardinal of M1,
– so iUb /∈ M1,
– so b /∈ M1

(uses Woodin’s genericity iterations).

(Corollary: M1 has proper grounds.)

M1 and its strategy extensions



More generally, mice with Woodin cardinals cannot iterate themselves.

We can build structures which can:

Definition 1.4.

A strategy mouse* is an iterable structure M = Lα[E,Σ], where:

– E is a good sequence of extenders,
– Σ encodes a partial iteration strategy for M.

*Terminology for this talk
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Question: How much iteration strategy can be added to a mouse M, without
adding reals?

Definition 1.5.
For η ∈ OR, let

Ση = ΣM1 �(M1|η).

Define
M1[Ση] = L[M1,Ση] (adding branches).

Say M1[Ση] is a nice extension (of M1) iff

V M1[Ση]
δ = V M1

δ , and M1[Ση] |= “δ is Woodin”, and M1[Ση] is iterable.

Similarly for extensions of iterates of M1.

Remark: if non-trivial, then Ση is not generic over M1.
Write κM1

α = the αth Silver indiscernible of M1.

Theorem 1.6 (Woodin).

Let κ = κM1
0 . Then M1[Σκ] is a nice extension.

But M#
1 ∈ L[M1,ΣM1] (construct by closing under ΣM1).

So δM1 is countable in L[M1,ΣM1].
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Work of Steel, Woodin, Sargsyan, Trang, others, has analyzed HODs of
determinacy models, in terms of strategy mice.

Recall:
– W is a ground (of V ) iff W |= ZFC is a transitive class and V = W [G] for

some set generic G over W .
– The mantle M is the intersection of all grounds.
– Let η be a cardinal. The η-mantle Mη is the intersection of all W such that

W is a ground via some forcing P of cardinality < η.

Recent work of Fuchs, Schindler, Sargsyan and myself analyses HODs and
mantles associated to various mice.

The mantle of M1 is given by iterating its least measurable out of the universe.

Higher mice...Fuchs and Schindler extended this to a wider class of mice M
lacking strong cardinals.
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A strong cardinal changes the picture:

Definition 1.7.
Msw = the minimal proper class mouse N with ordinals δ < κ such that

N |= “δ is Woodin and κ is strong”.

M#
sw is a slightly stronger mouse.

Theorem 1.8 (Sargsyan, Schindler).

Assume M#
sw exists (fully iterable). There is a class V of M = Msw such that:

– V = L[F,Σ] is a strategy mouse, closed under its strategy,
– V |=“There is a Woodin cardinal”,
– the universe of V

= HODM[G], for M-generic G ⊆ Col(ω, λ), for all large λ,
= the mantle of M,
= the least ground of M.
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Definition 1.9.
Mswsw = minimal proper class mouse M = L[E] with

δ0 < κ0 < δ1 < κ1

with δn Woodin and κn strong in M, for n = 0,1.

Theorem 1.10 (Sargsyan, Schindler, S.).

Assume M#
swsw exists. Then there is a class V2 of M = Mswsw such that:

– V2 is a strategy mouse, closed under its strategy,
– V2 |=“There are 2 Woodin cardinals”
– The universe of V2:

= HODM[G], for M-generic G ⊆ Col(ω, λ), for large λ,
= the mantle of M,
= the least ground of M.

(To appear in Varsovian models II)

Theorem 1.11 (S.).
The κ0-mantle of Mswsw is a strategy mouse V1.
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Definition 1.12.
Mswω = minimal proper class mouse M = L[E] with

δ0 < κ0 < δ1 < κ1 < . . . < δn < κn < . . .

for n < ω, with δn Woodin and κn strong in M.

Theorem 1.13 (S.).

Assume M#
swω exists. Then there is a class Vω of M = Mswω such that:

– Vω is a strategy mouse, closed under its strategy,
– Vω |=“There are ω Woodin cardinals”,
– The universe of Vω:

= HODM[G], for M-generic G ⊆ Col(ω, λ), for large λ,
= the mantle of M, and
= the least ground of M.

But back to M1...
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What is the largest nice extension of M1? Recall M1[Σ
κ

M1
0

] is nice (Woodin).

Theorem 1.14 (S.).

Let κ = κM1
0 and κ+ = (κ+)M1. Then

M1[Ση] is nice iff η ≤ κ+.

In fact,
1. M1[Σκ+] = M1[Σκ].
2. Let U ∈ M1 be the M1-genericity iteration at κ+. Let b = ΣM1(U). Then

M1[b] = M1[ΣOR] = L[M#
1 ].
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What is the η-mantle of M1? Does it model ZFC?

Write (for good enough η):
– M∞η = the direct limit of all iterates of M1 via maximal trees in M1|η, and

– Γ∞η = Σ
M∞η

j(η) = the corresponding strategy fragment for M∞η,*
– j : M1 → M∞η is the iteration map.

Woodin showed that M∞η[Γ∞η] is nice when η ≤ κM1
0 .

Theorem 1.15 (S.).

Let κ = κM1
0 . Then the κ-mantle of M1 is M∞κ[Γ∞κ] |= ZFC.

Remark: Let η = (δ+ω)M1.
Then the strategy mouse “at η” is a proper subset of the η-mantle of M1:

M∞η[Γ∞η] ( MM1
η .
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Proof of Theorem 1.14 part 2 (failure of niceness):

Let T = U ̂b be M1-genericity iteration, first iterating least measurable out to
κ = κM1

0 .
Let P = L[M(U)] = last model of T , and j : M1 → P the iteration map.
Properties:

– U ∈ M1, with U of length κ+.
– U and M(U) are definable without parameters over M1|κ+.
– P is a ground of M1 via extender algebra.
– j(δM1) = δP = κ+.
– j(κn) = κn+1 for n < ω.
– 〈κn〉n<ω ∈ M1[j ] = M1[b].

– M#
1 ∈ M1[b].

– M1[b] = L[M#
1 ] = M1[ΣOR].

QED.
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Proof of Theorem 1.14 part 1 (M1[Σκ+] = M1[Σκ]):

Let T ∈ M1|κ+ be a maximal tree, b = ΣM1(T ).
Let j : M1 → M1 be elementary with cr(j) = κ.

CLAIM 1.

δ ≤ cofM1(lh(T )).

Proof.

There is no maximal tree U ∈ M1|κ with cofM1(lh(U)) < δ (as M1[Σκ] is nice and
iteration maps continuous at δM1).

But j lifts this to M1|j(κ), hence to M1|κ+.
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– T ∈ M1|κ+ is maximal, b = ΣM1(T ).
– j : M1 → M1 is elementary with cr(j) = κ.

CLAIM 2.

δ ≤ cofM1(lh(T )) < κ.

Proof.

Supose cofM1(lh(T )) = κ. Let c = wellfounded branch through j(T ). Then

MTb = L[M(T )] and M j(T )
c = L[M(j(T ))] are classes of M1.

Let k = j �MTb . Then
k : MTb → M j(T )

c

is elementary, k discontinuous at δ(T ). Embeddings

iTb : M1 → MTb ,

i j(T )
c : M1 → M j(T )

c ,

and j , k all fix infinitely many indiscernibles I ′, are continuous at δM1. But

HullM1(I ′) is cofinal in δM1 ,

a contradiction.
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We show M1[Σκ+] ⊆ M1[Σκ].

Work in M1. Let T ∈ M1|κ+ be maximal tree.

Let η = cof(lh(T )). So δ ≤ η < κ.

Let θ be large, and take an elementary

π : H → M1|θ

with H ∈ M1 transitive, card(H) = η, cr(π) > η, π cofinal in η, π(T̄ ) = T .

So cofM1(lh(T̄ )) = η.

Now in V , let b̄ = ΣM1(T̄ ). Then π“b̄ yields a T -cofinal branch b through T .

Case 1: T̄ is non-maximal. Then b̄ ∈ M1, and π ∈ M1, so b ∈ M1. Since
cofM1(η) > ω, it follows that MTb is wellfounded, so b = ΣM1(T ).

Case 2: T̄ is maximal. Then b̄ ∈ M1[Σκ], a nice extension. By maximality,
cofM1[Σκ](η) = δ > ω, so again, b = ΣM1(T ).

QED.
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Proof of Theorem 1.15 (κ-mantle of M1):

Let Fκ be the collection of all κ-grounds of M1 which are iterates of M1.

Then Fκ is dense in the κ-grounds.

Every W ∈ Fκ computes
M∞κ[Γ∞κ],

in the same manner. So M∞κ[Γ∞κ] ⊆MM1
κ .

Notation: For P,Q ∈ Fκ, write P ≤ Q iff Q is an iterate of P. For P ≤ Q,

iPQ : P → Q

is the iteration map.

Say that P is α-stable iff for all Q ∈ Fκ with P ≤ Q, we have

iPQ(α) = α.
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It remains to show
MM1

κ ⊆ M∞κ[Γ∞κ].

Let X ∈MM1
κ .

Let j : M1 → M1 be elementary with cr(j) = κ. Then

j(X ) ∈MM1
j(κ).

But
M∞κ[Γ∞κ] = HODM1[G]

is a ground of M1, via Vopenka, a forcing of size < j(κ). So

j(X ) ∈ M∞κ[Γ∞κ].

So there is an ordinal γ and formula ϕ such that

α ∈ j(X ) ⇐⇒ M1[G] |= ϕ(γ, α).

Then for all P ∈ Fκ we have

j(X ) = {α ∈ OR | P |= “Col(ω,< κ) forces ϕ(γ, α)”}.

Let P ∈ Fκ be γ-stable. Note iQR(j(X )) = j(X ) for all Q,R ∈ Fκ with P ≤ Q ≤ R.
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CLAIM 3.
iQR(X ) = X for all such Q,R ∈ Fκ with P ≤ Q ≤ R.

Proof.
Let Y = iQR(X ). We have

j ◦ iQR = iQR ◦ j �Q.

Therefore
j(Y ) = j(iQR(X )) = iQR(j(X )) = j(X ),

so Y = X .
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CLAIM 4.
X ∈ M∞κ[Γ∞κ].

Proof.
For Q ∈ Fκ, write

iQ∞ : Q → M∞κ

for the iteration map. Let
X ∗ = iP∞(X )

where P is as before.
The usual ∗-map map

α 7→ α∗ = min{iQ∞(α) | Q ∈ Fκ}

is in M∞κ[Γ∞κ].
But

α ∈ X ⇐⇒ iQ∞(α) = iQ∞(X ) ⇐⇒ α∗ ∈ X ∗,

where Q is α-stable. So X ∈ M∞κ[Γ∞κ].

QED.
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Consider η = (δ+ω)M1.
One shows that

M∞η[Γ∞η] ⊆MM1
η

and (δ+ω)M1 is the least measurable of M∞η[Γ∞η], much as before.
But 〈

(δ+n)M1
〉

n<ω ∈M∞η,

(and this sequence is Prikry generic over M∞η[Γ∞η]).

Question: Does MM1
η |= ZFC?
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