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In elementary physical theory, velocity is the differential of displacement
with respect to time, which is

(1.1)

X,:x+f0t Vsds
Vt: V.

We add an o — stable noise L§ on velocity,

Xt:x+f0t Vsds
Vt: V—{—L?.

Define

u(t,x,v) = o(Xe(x, v), Vi(x,v)) + /Ot f(s, Xi—s(x, V), Vi_s(x, v)).
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Non-local case

Then u satisfies the following non-local kinetic equation:

{&u(t,x, V) = A,;%u(t,x, v) 4+ v - Vxu(t,x,v) + f(t, x,v), (1.2)

u(0, x,v) = ¢(x, v).
Our work is to consider the more general PDE

dru(t, x, v)= L&, u(t, x, v) + b'(t,x,v) - Vxu(t, x, v)
+b2(t, x, v) - Vyu(t, x, v) + f(t, x, v),

where u, f and & are functions from R29 to R, b', b2 are vector fields
from R29 to RY, and .£2, is a symmetric non-local operator given by

u(x,v+w)—u(x,v)
’W‘d+a

Zau(x,v) =p. v./

k(x, v, w)dw,
Rd

where o € (0,2).
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Local case

When o = 2, a—stable noise became the BM noise formally,
{M:x+ﬁ%$
Vi=v+ By
By the same way, we can get a general local PDE,
dru(t, x, v) = a’(t, x, v)oiu(t, x, v) + b'(t, x,v) - Vxu(t, x, v) (1.3
+02(t, x,v) - Vyu(t, x, v) + f(t, x, v). '

For this equation, P. E. Chaudru de Raynal, I. Honoré, S. Menozzi has
obtained the estimate for more difficult chain case. In particularly,

Proposition 1

If u is a solution of equation (1.3), then forv € (0, 1),

IIUIICXZ% + llullgzer S ||fHCX% + [flley-

f(x,v)—f(y,v
Mgy = Il +  sup N =T00Y),
vERY x#£ycRd |X y‘
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Heat Kernel Estimate

Let us go back to the SDE (1.1) We can solve this SDE easily,
t
(X, Vi) = (x + tv +/ Lgds, v+ LY).
0

Denote by p:(x, v) the distribution density of (X;, V;), which is also the
fundamental solution of PDE (1.2). Basing on the scaling proposition,
X. Zhang and Z. Chen proved the following heat kernel estimate

Proposition 2 (Zhang-Chen, 2016)

Assume B+~ < a and n, m € Ny, we have

_ (1) (n=B)+(m—~)
«@

/ XP IV VIV Tps(x, )l kv < s (1.4)
]Rd
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Littlewood-Paley Decomposition

Letm=(my,---,my) e N"withm +---+mpy=danda=(a, - ,an) € [1,0)" be
fixed. We introduce the following quasi-distance in R? by

n
X = Yla:= Z I — yil"/%, xi,yi € R™.

i=1
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Littlewood-Paley Decomposition

Letm=(my,---,my) e N"withm +---+mpy=danda=(a, - ,an) € [1,0)" be
fixed. We introduce the following quasi-distance in R? by

n

X = Yla:= Z I — yil"/%, xi,yi € R™.

i=1
For x = (x1,--- ,Xn), t > 0 and s € R, we denote
9% = (1% Xy, -+, 159 x,) € Rd, B = {X eR?: [X|a < t}.
Clearly we have
|t°X|a = t|x]a, t>0.
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Littlewood-Paley Decomposition

Letm=(my,---,my) e N"withm +---+mpy=danda=(a, - ,an) € [1,0)" be
fixed. We introduce the following quasi-distance in R? by

n
X = yla:= Z | Xi —y;l”a’, X,y € R™,

i=1

For x = (x1,--- ,Xn), t > 0 and s € R, we denote
9% = (1% Xy, -+, 159 x,) € Rd, B = {X eR?: [X|a < t}.
Clearly we have
[t?X|a = t|X|a, t>0.
Let ¢Z be a radial C*°-function on R? with
$8(€) =1 for £ € Bf and ¢3(¢) = 0 for & ¢ BE.
For& = (&1,---,&) € R and j € N, define
¢7(€) = 93(277¢) — g3(27 V).

It is easy to see that for j € N, ¢7(£) = ¢5(2~ aU=1¢) > 0 and

suppg’ C Bjjr \ By, Z«zs,(s) P2 %) 51, k= oo
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When n=2, m = m, =1 and a € (0,2), the shape of the support
set of ¢; (j # 0) is as follow.( The value on the graph is not the accurate
value.)
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Anisotropic Besov Space

Definition 3 (Anisotropic Besov and Hélder-Zygmund spaces)
For given j € Ny, the block operator R is defined on . by
RIf(x) = (T (0 = 5 <100 =200 [ 30 x—p)ay, @)

where a- m = aymy + - - - + a,m,. For any s € R, the anisotropic Besov space Bj .. is
defined by

B = {f €7/ (R%) : IIfllsg . :=sup (27IRflloc ) < o0},
' j>0
and the anisotropic Holder-Zygmund space Cj is defined by
C = {feR? > R ||flleg = lIfloo + [fles < 0},

where ’
[fles = sup 1851 lloo /1 1.

In particular, if a= (1,--- ,1), we shall drop the index ain B ., R and C3.

Next we shall only consider the following case of anisotropic Besov spaces:
n=2 m=m=d, a=(1+a,1), wherea € (0,2).
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The Propositions of Besov Space

Theorem 4 (H. Triebel)
For any s > 0, it holds that

Iflles . = lIflles = ||f”c;/a1 +o At flgy/ens

where ”f”Ci/a’ = sup#,- SupxjeRm,- ||f(X1, ey Xict, oy Xigt, 7X")||cs/ai'
i

The proof of theorem can be found in
Serguei Dachkovski, Anisotropic function spaces and related semi-linear hypoelliptic equations, Math. Nachr. 248/249 (2003),

40-61.

For j € Ny, by definition it is easy to see that
R = RIR}, where RY:= R} + RJ + R4 with R%; =0, (3.2)
and R} is symmetric in the sense that
(R}f, ) = (f,R]9).
The cut-off low frequency operator Sk is defined by

K—1
Sif = ORI =2 [ @ (= )y — 1 (3.3)
=0
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Classical and weak solution

Definition 5 (Classical solution)

Let A > 0. We call a bounded continuous function u defined on R, x R?? a classical
solution if for some ¢ € (0, 1),

u € C([0,00); Cete N C'*e),

andforall t >0and x,v € RY,

t
u(t, x,v) :/ (.,2”,3\,U+b~Vu—)\u+f)(s, X, v)ds.
0

Definition 6 (Weak solution)

Let A > 0. We call a bounded continuous function u defined on R, x R?? and in
L>=(Cy*°) a weak solution if b- Vu is a distribution in some sense and for any ¢ € Cg°,

t t
| (us).0u0(s)) ds = (w(0). 60))+ | (5 uls) + 1(5).0(8)+(b- Vu(s).o(s)) )s

0
y
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Condition (H"")

@ For some ¢ > 1 and ¥ € (0,a),8 € (0,1), it holds that for all { > 0 and
X, v,weR9,

061 < I{(tv X, V, W) < Co, [’i(tv ERS) W)]Ce + ‘[b(”(ta ')]‘0‘1;19 + [b(?_)(t7 )]cf < Co,

where |[ - ]|c1a+0 is defined by

Wlegeo =11 ez + 19y

@ Forsome € [5,1+ «),

[(t, s W) e + (b, Neyrova + b, Ny /v < Co-

@ For some closed and convex subset & C GLy(R), where GL4(R) is the set of all
invertible d x d-matrices,

vob(t, x,v) € &.
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Main Results

Theorem 7 (Hao-Wu-Zhang, 2019)

Leto € (1,2) and 8 € (0,1),9 € (0,a), v € [3,1 + ). Under (H"), for
anyf e L?;C(c;/ (1+2) £ ¢8), there is a unique weak solution u satisfying
following Schauder estimate,

HU”L?o(cg('y+a)/(1+a)ﬂc€+5) < CHfH]I‘;O(C,'Z/(Ha)OCf)’ (4.1)
where the constant C is dependent on «, 3,~ and 9.

Moreover, if v > 1 this solution becomes a classical solution and still
has Schauder estimate (4.1).

v
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Pathwise uniqueness of SDE

(H5 ) Forsome ¢y > 1,7 € (0,1 +a)and 3 € (0,1), 9 € (0,a — 1) it
holds that for all t > 0,

[b(t, )] gy risver + IV, gy + 116P(E ) gs < co
(H?) o is Lipschitz continuous and for some ¢y > 1 and all (t,z) €

R, x R29,
¢y el < lo(t, 2)¢] < olél, € e RY

Theorem 5.1

Leta € (1,2),ye(1+%,1+a)andB e (1—4,1). Under(H5_) and
(HY), foreachs > 0 and z ¢ R29 there exists a un/que strong solut/on
(Zs t)t=s of the following SDE:

dZs = by(Zs)dt + (0,0(t, Zs)dLs), Zss=z€ R, t>5>0. (5.1)

.
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Proof of Schauder estimate for heat equation

We consider the heat equation

dru(t, x) = al(t, x)o,0u(t, x) + f(t, ),
where {a’}; ; is a symmetric positive matrix, with following condition.
(Hg) For some ¢y > 0 and g € (0,1), it holds that for any t > 0 and
X,y,€ €R,

cy € < al(t, x)&¢ < ool€P, a(t, x) — a(t, y)| < colx — y|”.

Theorem 6.1

Let € (0,1). Under(Hg), there is a constant C = C(cy, 5,d) > 0 such

that for any T > 0, and u € L¥(B3") with d;u € L (B2) solving heat
equation,

ullce g2y < C(IFlzeusy + Neilese )-
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Crucial Lemma

In order to prove Theorem 6.1, we need following crucial lemma.

Lemma 6.2

For any 8 > 0, there is a constant C=C(cy, 3,d) > 0 such that for all
t>0andjeN,

t . .
/ / |X|%|Rjps(x)|dxds < C2~2~FI,
0 Jro

v

The main ideal of the proof is the scaling proposition of heat kernel, and
notice that
0 ¢ suppp;, whenj# 0.

Besides, we also use the (1.4).
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Proof (Translate)

Fix xp € RY and define
Ux, (1, X) := u(t, X + Xp), ax(t,x) = a(t,x + xo) — a(t, xo)-
It is easy to see that

OrUy, = & (t, X0)0j0jUxy + Bx, 00Uy, + Frgs Ux,(0) = O.
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Proof (Translate)

Fix xp € RY and define
Ux, (1, X) := u(t, X + Xp), ax(t,x) = a(t,x + xo) — a(t, xo)-
It is easy to see that
OrUy, = & (t, X0)0j0jUxy + Bx, 00Uy, + Frgs Ux,(0) = O.

Let p be the fundamental solution of heat equation with constant co-
eff|0|ent a(t, xp). For a space-time function f, define

Pgofsx)_/pstx y)f(s,y)dy.
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Proof (Translate)

Fix xp € RY and define
Ux, (1, X) := u(t, X + Xp), ax(t,x) = a(t,x + xo) — a(t, xo)-
It is easy to see that
OrUy, = & (t, X0)0j0jUxy + Bx, 00Uy, + Frgs Ux,(0) = O.

Let p be the fundamental solution of heat equation with constant co-
eff|0|ent a(t, xp). For a space-time function f, define

Pgofsx)_/pstx y)f(s,y)dy.

By Duhamel’s formula we have

Ux, (1, X) :/ Ptr(&y, - V2uy,)(s, x) ds+/ tho (s, x)ds
=: h(t,x) + k(t, x).
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Proof (Interpolation)

Without loss of generality, we assume xo = 0 and drop the subscript
and superscript xp.
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Proof (Interpolation)

Without loss of generality, we assume xo = 0 and drop the subscript

and superscript xo. First of all, for /;(t, x), by (Hfg) and Lemma 6.2, we
have

t
Rili(t,0)] < [ |R;Pstr(2- V?u)(s,0)|ds
/ 0 /7t

t
2 —2j—8j 2
< [ ([, xPIRpestolax ) sl 2ol <2742l
< 2T 0l ey + G2 Pl

where ¢ > 0 and the last inequality is due to the interpolation and
Young’s inequalities.
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Proof (Interpolation)

Without loss of generality, we assume xo = 0 and drop the subscript

and superscript xo. First of all, for /;(t, x), by (Hfg) and Lemma 6.2, we
have

t
Rik(£0) < [ [RPestr(a- V2u)(s.0)lds
0

t P
< [ ([, xPIRpestolax ) sl 2ol <2742l
R
o _2j_pj
<e2 Ul gziny + C27F P ulles,
where ¢ > 0 and the last inequality is due to the interpolation and

Young’s inequalities. For h(t, x), by (3.2) and Lemma 6.2 again, we
have

R;b(t,0) / IR;Ps.f(s,0)|ds < / RPR;H(s,0)/ds

t
. . —2j—pBj
< [ [, 1Rpsstoiax) asiRfluz <274 ], g0
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Proof (Interpolation)

Combining the above estimates, we obtain that for any ¢ € (0,1) and
j €N,

) o
2/(2+5)\R,-u(t, X)| = ol +5)|Rjux0(t, 0)| < 6”“”]1“;"(52;’3) + C€||UH]L<;° + ”fHJLgo(Bgo)'

Zimo Hao Schauder estimate for nonlocal equation 2019.03.11-15 20/21



Proof (Interpolation)

Combining the above estimates, we obtain that for any ¢ € (0,1) and
J €N,
2/'(2+B)"Rju(t7 X)| = 2/'(2+5)|R]-Ux0(t, 0)| < 6”“”]1“;"(52;’3) + CEHUH]L?o + ”fHJLgo(Bgo)'

Moreover, for j = 0, it is easy to see that

IRju(t, Xo)| < |[ullse-
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Proof (Interpolation)

Combining the above estimates, we obtain that for any ¢ € (0,1) and
J €N,
2/'(2+[3’)"R].u(t7 X)| = 2](2+5)|Rjux0(t, 0)| < 6”“”]1“;"(52;’3) + CEHUH]L?o + ”fHJLgo(Bgo)'

Moreover, for j = 0, it is easy to see that
IRju(t, xo)| < [|ul[Lge-
Thus by the definition of Besov space, we arrive at

j(2+8)
ull oo g205) = s[”pn,sg”N‘Zz IRju(t, oo < ellull o g2rs) + Cellullige + Cllfll oo g,

which gives the desired estimate by choosing ¢ = 1/2.
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Thank you very much!

Merci!
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