ovv\Pre.SSQcJ RGM Q—MlmW'\Wl QUQN@S

Avem (e Case AWQstcS 07[ gé’_oxc_(’\ ’VQQS
Mee:B SP&CQ [%\Lmev\f rDQ(Q Sl-ruclures

Tebastian Widd

bQSCA on J'ofm'é wo(l( w;élL
/am Humv@ g /Oa—{m'cA /L//.CLWO[SD(A

UNIVERSITY OF

WATERLOO

N

2019-06- 24 @



My SOQ@S (’f@r ¢ ou .(>

i S[/\OU\JC_QSQ new OPPZ«"QQL“OV\S Op CNW&gQ—cagq o»woﬂysh
\/OU kvtoww QmastfS.
== \/oo will like Hiis.

o) 6}\/@ {é@\/@\( (y{ SuwmrJ'\r\A\oS q_ue\/ies on CQWP(QSSQJ AG\ch

° Vavy f‘oub"\ .\A,LQS g AQGCL L)OXQS

o bid qC\Ag@%
o | \,\,]Q,Q «eré VL- fos loo m oS ((VMM(‘_{/L SV\/\Q/QZ(/‘(“ -H'\o\vx VL ...

Logwn

—5  Hovaher rida, bot cool sho{f



Overview

@ Eavst_ mininuam ciuun‘es X Co.rJ‘e.szewL '{‘vees
@ Random RMQ & ramdom B STs

@ lI'CQ cowr;mb

(® Ewkropy frees



j_ QGWIjQ- /%thvaM @uen' es

vmg (7,15) =10

; ¢

The RMQ Prabgetm :

y
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
GEVW\: axray ALl og nowlowrS 20 11 19 8 6 1816 4}3”12 10 9‘75 17 15| 1 | 2
;’—\'/2___\/
242 0%\
Task: @ ﬁ'c_(ﬂocess A

@ Avxsww VW\q (c,j) = Posifoov\ O-F mMininumma  In ALCJ]

= fo) Wi n AU(]
(s ks



APP&C_O\“;OV\S of RMQ

E#SA‘J/&J OWLLDSOMO\/Q Wm/lb@ 7&/@%@; (N ZB

/O(/WDKLS% COUNN O QK‘KW('OMS LA s%mmrsg
= X \ . '
¢ 3 . | :

' |
2 i l | .
—_—D ) | |
| °
/ ' l
. . . . fongest —
mississippi$ s ol . T mm————— |y
0l su §fies preb wray , ‘
mississippi$ $ 12
ississippi$ 015 11 | |
ssissippi$ , depis 8 .
sissippi$ tssippis 5 ' o '
issippi$ | Assissippis 2
ssippis , Mastssippls 1 I |
iSEEES o PP : | . |
i SRS 7
B et ool : . l f
5 > ) ssieis 3 | |
0. I |
L ,' |
i |
{ -
|
Qamﬁag( comman, ek o\[\ Lo pes?}\"oms l . l
Zee (1,3) = LCP[ vmgep (241, Jﬂ LEPLT = Lep [ihh on D7 o) | :
! |
) Xa ) 1 %
| Sz
\



Car‘esfa\/l lrees
l/WLQT(7' l5): 1O

i L / J
/ \ 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
CT(___V_Z///DE’ ‘20‘11 19‘8‘6 18!14’16 412‘10 9‘75‘17‘15 1‘2‘

= A

o1(Z =) €T (=)

\’W\Ql_ (L'.J'\ =

ﬁowe&‘é CouLrnion Mus\")( Mca)

o—( nodes i Twordons LaMJ)




E&men{w}/ Sololions

yee® "% % cctcccctccncccnans
. ceecccccccccccccnna,,,,
..

51| Lol s shoe volbing i AN L isd il scrng AL = e
S| Tavie s sTete wetng L. e JRREeeneneannrsrers e acaantannnotiasnnrase sttt ’ n In eNS
‘(’WY\L S con /_\&Jl O(V\\) %9,
; iy :"
O L T L tea e
- — A

l:DéOCl(iV‘3¢ 4 Quss[cunsn Spavse. tahlrq ::C:a&k 24

g sparse oo s O @(\nﬁosv& 0U) An?)

0 O(wn)
—

S]OOLCQ USQSQ

“ (in -‘-csevs}




:DQ"Q\ !S on O("') SPQCQ RMQ

@ B&)CIQ‘V\S /IMPUé peel,u.c‘—{em s

¢ P— I
/ mfniw‘\l afbﬂocks\ \ r@@aeé ;V‘S%CAMC,L O(Q;3n> [:F:—————_ [
[I,::T_Iﬂ::—t:m LD Use O(\/\QOS‘V\B bid solubsor, -

(S (]Q\( Nea {‘c}&)»QLS)

O(ﬁ 405(@} _ O(E;édm) bk

@ & - Rossiaus hase case Cowlesion dvess

+lan 7
bgec[('locaQ CiUW\LS: < 4‘ 2 ==X m dj—‘gw& RMO\ OM G LU QA SQ'&
‘ ~
?ﬁjm &/D SJ’GrQ o PVL—coonuJ"eJ s wer § For ol PDSS\‘;)QL bZedlxg O([/\>
o +LL,Q +>IPQ 01C Q,QC[;\ b»QGCK( (us?mﬁ Q—Z/%w b;JrS aocﬁ) (’Z\ . Qi@jn ZQ,\/L
g fon

53 BOO{ SFLTO\P‘P‘\W% = Q)(@u& BQOCE‘HEB m%é&/@m wa@ : eoda si2e iﬂ;:
@ VLM'C[S ba@c’k %:?/Q b (Qosln\ \é ¢ 5 ] O(_,L o Qsz"L Qos (ﬂdﬁzwsB = O (\/\ Qm5405m>
@) veads hlecl siza < ilon GID::DIE:IEFEE

90514 ooy v



Succ_}nc‘é RHQ

%OC&Q: VVl\’VH-VMaZ—SFO\CQ_ JQLO\ Sivuc_l‘\)/‘Q wikh O - K o O access La A at quer & R
\CAC/W(JLOL(C&UY ™ o word-RAM {cmtodjmi WOALQ)
210 121 139 ; Z 18811 j;; 11(2) ‘03 ‘7416 ;77 ;Es ‘19 iza F=P) C On S e_ C’,\/L/ly QLC\-LQ S\Lruc,l'\)(‘ﬁ j(\o\r b‘.v\av‘y \-/-re_es U\/;V/‘L\
: : : ) . ’
i : = .  (OLcCess vLo no des b}/ :mOrJ,wv' ,WQLX
‘ o) O (1
@ - 6 QCO\ o‘c Q moCL&S
e BN , £ (Co) = Q- Ollogm)
Q @ % o Jn + oln) i s o? spoce Of‘lﬁvmg\,g
§O ® @ © |
& O @
© 0o © level-ocden vnary &LSMQ Seguence (LOUDS)

bolownced PcwcmHMSES (RP)
&chla'f;\v&% vnary dAS\[(’L SC?UWCQ (DFULUDY)

JVVGQ cov E_\/\IV\S (TC))



Excorsion. lachine Models

Zosom‘“nwv;c-cogé wodel VS Uni{—cosé w\oclea
fhink : Torng wochive_ Z H o thme R operations
umbe s > 3,64 Y 64 b wowmbers
ki foed v foced- st tnpet

UV\IQOUU\C!I_A ;V\r_)u‘é

worcl_ - RA M wxoéei
+\/am5 ARC\/\OLOWIOUS wodel
L = @( l\ Cows%cxm‘é"g'im o()s AN W \:r‘ Vuum”\(oe/\rj

Lo e (‘QOS V\B e I"\PUU

NG

=

size o§
Yuawnaery

I.V\ {V\Ygu{

SJrcw\onA VV\OAG/Q_
in oleoalhum theor
loss ?oww\r‘rum S i k4 WO re POUJQN"FU Q'Q >



]%Q naom Q MQ

CC\/VL we  save SPO\CQ WCQ( //"}’P"C"E“ RMOQ (wg#wo&s?

wfﬂwou{: Cﬂwr}f\)w\;srv\b quevy Fime

O QV‘E/(‘O:’)L ro“"JﬁW\ "{°Ufml‘akoms mou

V\o\lrUrc\,Q vmocl/\ﬁi oAl ef&pﬂ"wss cﬁua\ﬂy chgy

QCfUEva\,QmI/f /’\{J L'LA ceal \rméo(m VC\\;’O‘%S



?r&vious | Jovk

Q

QOCC-K or&/\(/
wodﬂ\ &34’4&3

—b SOQ\/35 RMQ w &\xoj\/osi §POL¢,Q (.c({gl/l *o(wj

“‘ v

o cow’p rC.SSl b'él OA/‘VOV
&W(J\ ﬂcaﬁ

(9]

NCQLA) ovwnd

N

C\V‘(‘Q}/

Lro{)/

\

RARA I N

I Z 3 O\x% 5 1

2o L Be 6 i) -
[ 32 OED A g,

2 2| 7

Z ! 3 Cgf} ;\Q'!/' :?—

31 2 o

Cavx we 4—0 b‘?-("{‘“r(z

U\Jom’% ﬂxexé{b oW rck\/\AOWw avvag s



RMQ = BST ]

CT \Cov TQWAOMA P@rwwtn[ajﬂ’om
UV\;\-FO“/V\ [i.-l/l}

Fog{#om 04 %QDQ&Q Wit =

75
7
[
: |
. |
J J//O\f\ |
il l ]’I J’\ S OV mmrs?wﬁy
- - —

S bu 04 (o>/ sertious from vcw\cjowl P@rm,ux\vlarwo(/\

Qfg}c ngw%cé value 2 le\'zporw\ [j_ .-Iﬂ]

(e-
AR EENE IDLszLJ <Uj\;{
a |l l \

7/ \

[
I |
|

= /‘;r"//[ [ I ( ) (] ! ! Ny \re_,QufS\\re/Qy

C

T (A = RST(A™
fnveate Q”‘(L“
S aWLe S\'LG‘PQ
iﬁsl«'ﬁl:)u J‘W'DVL
ge\r Yamn AOC/VL \'D{_'V‘V\/‘.
Structural Complexity @Miror)(/

of Random Binary Trees
.~ 1736w bils

J. C. Kieffer, E-H. Yang, and W. Szpankowski



Suuree—gzze

B [T=t¢]

= wdropy

ol Fhol ammonay 020 volias in vs sobfrea.

_t
S‘E(V> vis dvsexld frst

ved

anbropy of T5 distabubon = ?%Zmﬁw{] A MIT;{K
o — L {M S%m>
= D by (k)
F [Hsg /@j :
L I e cam cncode traas  ostne Hyld) + Do d. bils,
.I=\. e ose ophwmal averaae spoce | Y

\/\no\hl/db U/\é‘ ro[l/

M@V[QHO(/I ;

i

v
st(v)

T

_ H, ()

L)(V‘MV VL‘(\Q»Q {SLGP() v S{(Vs:é
VloQLJL 1”(/1 '/% \e

st OVC \/’S sobbrea_
ram(&@m BST (s‘na(al>

7 R |
/sug“ree—sw 22 w%ﬁf v

Revma\r[( 2

sUbtrer st20S ove 5005@( YNQVMK{“;/

Prcw"ou& methods qxpﬁoéé
locw@ P(DWACS



LeH sobfree-size U/Lcoéxvxé

{QI/L&: sio‘\q Je st2es ,(\O_,Q,Q M

'CO" V‘o&;z Vi . as(v) e Lo.. 5{(”’1]
B ilorw dist. in camdow BSTs f

Ly focol endropy Qg(m)

sgfv) = 7

Is@)) = 4 elo.. stt)-1J

* - pEeda ﬂDQ{ﬂJ R P/co(ol/( v[mve/ﬂa/( => stlv) aﬁvamé}/ e dadl //(nDWV\
dove s widh onthmedie codin
oL 3

> C&A{JNLSS?OW SQM (/\H‘H/L ()-(S\L. (‘£> 'f_:l }D;é5

Eoum&ms 4',/&-2 ers’LZ case
A 7’(/51’_ C O [DQ ~ \/Lésw

Use 4 bt fo spesiby
O ~ above zanco &wj

How LO gecess SPQ'OCQC‘C VLOQ[.QS 2 1 ~ cfamdavd dn bit W“’QJJW,}
s HOU.) L\j CQWPUK QCO\ ?
Lik

V"L{V\{(Hsé +3, dn+ ij



S

fda G)\/f)fn

Succzmc’é ér& éojrcx simcgﬂ)r‘&
usms 2-feved_ (vt evarchicad &uowraosf}\'OV\

’J’CC[/\VVI(?UL foc

Wit Leces e ére_es

ovex G-QQ ‘{'TQQ

= b?\nary feea c<§ A wA Eeees

- ackued
nodaes

T’rasn nodas



/Pavvl'il'fovf\vxé Bi\ﬂcx\r % 776@3 |

Qxl—e/v\(‘Lc{ 6‘.V\avt/ 4\/@2
B=t Po

Les
Hoes h de fina subtvess 2 Iroperfes
fix pommi@f S @) (o) = % s ohdvess

5 (b)) botwen & and 28 nods

¢ Q. fIV\ y’no((l)/f)
D) mack oy B bhof ( () wwf,&ﬁg subkres.
@

vnar o W\LU‘V\O\KL V\DA}LS

ot marked Gaof i holh sobbess i exaapt for wo poctal wodes
(+ oﬁways marls roo‘é) 3 @A) Leavorsals visit ench cobbree
@ madsed nedas 6 I 10 1 5 D2\ 2 < 2 Huwes
= vools of Blocks 7 (2] 8 () ‘e ) (i)
OO, B oait @
e O




OFQ(‘G&'{OV\S own -T—C TLPTCSQAA'('O\{'{O\A

: % )
* m)&,@ IQ}S T-navwes
(Til T2 . T3>

Oj@ﬁsclz /’n \/I/U‘Q‘fo J‘ve,{

wﬁwi'Jn/ea idl

Wil eV ® dree td

V\OA,Q (A PN (#&a@) Prcer&/\r

o

V\Oéﬁ (i &> (5QDQO_Q> ima(&ﬂ/\f

i

Qowosé cOmMmmon QM ULS\I?DF

QQSZW
Lp cam mc(o(A s0l lefr/w@fi Emeé HP{QSW{*Q%FOW
™ Ol logn) bik

of Dllosn) rodes eode o ()

Q% )‘t(e@
Lb as o\(’a@\/Q UV

; . ‘ |
. ’\ ﬁgm I/\D&_S eqckx\ AD amaoiq VRN @ng L)\JY eac‘/\

L 0o

b oowly 357

‘ N
Eg. LA? 8 Qooﬁcu %o\gﬂ& L.)y ’F/f@
0 p i (e ‘LVPQS

g 160\1' oﬂ QOQuQ @Pe/vaLom;

B ® SJl‘orQ ‘f’ypl FQ\’ ol W\\cm{-\r&S@ iOmMmo.M% Spocs



ntropy Trees

Vs Qe?é fsubhmls\& e»u\cocUmj 1Cc>r L) CY o VLVQQS

Z Hyfse(/u\} < Z/Z S{ﬂ(v) %Q) < Z: si(v)  + o ()

VV\:Qro—é\/fﬂ/\/\ /Vl \/G/Vk /A( \/Q/u\
§ KHS{ (f\) + o(m>

[ S——

-/)/LLQQ\rer; wc CON suwm(é ojj TC O/ae/va%“@ms on s#ahc b\mavy ‘wa

I COmS'{O{/!/Z% 1L7Wl/& usf\né VW;VI{?_(S&(:Z,V\E —f—o(vw} b ks

CQVOQQnyi TM 'S oo QMQ cLC’ULOx%J\‘vucLUV‘Q L,J;‘H/\ C@mm[o«/m/\% quevy QM

Hoat QccuP{Q Hea OPLW'vma,Q [.736w + olw) hits oun oeraae.



”

HC/PQT soccinet ] rees

achuel. i

nodes §E¢owuluomlL spoce: +>’PQ foc 0l wniccobvess

comsi«uck@m w@fﬁ@ (/J/VM’ any ({)Oum&(@@ CO&L F@r MICNO VLV‘@S

[Ams amc@—opvt\rlfl’la/é OMZ

D (A)Lly mo‘é s AN

Huq:/vxotm coda \Cor micco —frea <(‘>’P‘ZS

§. ...... :-.. VO NN L/\DOWSQ ( (;)u‘% UVLC/QLQ( LLDL\J 3004 :::o ’—> O\V\ngsfs 2




- A ey Ao/—\— a roumcL(Z
Comcyumow h pleygroens ¢

/

1 A\’Q‘(&SQ—COLSQ av\a@ysfs Lxep/)s ]Cor a\/mo.se—suc_c'mcé data studures.

Rﬂhﬁc—wf\m c]uem'ts 1'5 oL exawra&_ Hruu‘e GVe wxorLl

kOP*LW\G\Q O\\/S SPOCQ\/

Q KVLOUOVL AQ“(Q"S‘I‘\’UO&UYCS JLCC_‘/\VLC(?\JZ_S {,\)c)((( —F@f Comr)ressc_& -(-ree_s,
Howo oloout odler cow-b:v\o.‘on'aﬂ shuc‘\.oms Z O fm[;u-é cl?s"-n'bu‘ﬂ'oms 2

3 J”_\eovehcovo»@y OPJ'\‘W\C\,Q CJ.O\&’O\ 5‘!’NC<\U(‘€_§ oNe_ O?\lte.vx ;mPracl:\'cé.z.
Ee.ue/( éra&—ogs Z Stw\r:Qur SOCJMJ‘\'OVIS.Z



