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Sum of unit fractions

Fix integer base t > 2.

ft(r): number of (unordered) representations of 1 as a sum of r

unit fractions whose denominators are powers of t, i.e.,
r

1
ff.‘(r):#{(xla"'vxr):1:ZEaOSX1§X2§"'er}-
j=1
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Sum of unit fractions

Fix integer base t > 2.

Definition
ft(r): number of (unordered) representations of 1 as a sum of r

unit fractions whose denominators are powers of t, i.e.,
r

1
ff.‘(r):#{(xla"'vxr):1:ZEaOSX1SXZS"'SXr}-
j=1

Eg. (t=2 r=05) h(5)=3
1 1

1
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g8 16" 16
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Sum of unit fractions
Fix integer base t > 2.

Definition

ft(r): number of (unordered) representations of 1 as a sum of r

unit fractions whose denominators are powers of t, i.e.,
r

1
ff.‘(r):#{(xla"'vxr):1:ZEaOSX1SXZS"'SXr}-

J=1

Eg. (t=2 r=05) h(5)=3

1_1+1+1 1 1
2 4 8 16 16’
1.1 1 1+1
2 8 8 8 8
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Sum of unit fractions
Fix integer base t > 2.

Definition

ft(r): number of (unordered) representations of 1 as a sum of r

unit fractions whose denominators are powers of t, i.e.,
r

1
ff.‘(r):#{(xla"'vxr):1:ZEaOSX1SXZS"'SXr}-
j=1

Eg. (t=2 r=05) h(5)=3

1
1=-+

1
2 4
—1+1+
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Prefix-Codes

A: finite alphabet; |A| =t

prefix code: Finite set C C A* such that:
no word in C is prefix of another word in C.
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Prefix-Codes

A: finite alphabet; |A| =t

Definition
prefix code: Finite set C C A* such that:
no word in C is prefix of another word in C.

Eg., A={0,1}:

C = {0,10,110,1110,1111}.

Other names: prefix-free code; Huffman code; instantaneous code
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Prefix-Codes

A: finite alphabet; |A| =t

Definition
prefix code: Finite set C C A* such that:
no word in C is prefix of another word in C.

Eg., A={0,1}:

C = {0,10,110,1110,1111}.

Lemma (Kraft-McMillan inequality)

1
Z tlength(c) <1

ceC

Other names: prefix-free code; Huffman code; instantaneous code
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Compact Prefix Codes

“compact” prefix code: if equality holds in the Kraft-McMillan

inequality:
1
Z tlength(c) =1
ceC
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Compact Prefix Codes

“compact” prefix code: if equality holds in the Kraft-McMillan

inequality:
1
Z tlength(c) =1
ceC

E.g., C ={0,10,110,1110,1111} is compact, as

1+1+1+1+1_1
2 22 23 " 04 o4 7
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Compact Prefix Codes

“compact” prefix code: if equality holds in the Kraft-McMillan

inequality:
1
Z tlength(c) =1
ceC

E.g., C ={0,10,110,1110,1111} is compact, as

1+1+1+1+1_1
2 22 23 " 04 o4 7

However: C = {0, 10,1110} not compact.
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Compact Prefix Codes

“compact” prefix code: if equality holds in the Kraft-McMillan

inequality:
1
Z tlength(c) =1
ceC

E.g., C ={0,10,110,1110,1111} is compact, as

1+1+1+1+1_1
2 22 23 " 04 o4 7

However: C = {0, 10,1110} not compact.

Observation

Code is compact <—
If p is a proper prefix of some codeword in C, then pa is a prefix of
a codeword in C for all a € A.
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Canonical Prefix-Codes

Canonical code: Lexicographic ordering corresponds to
nondecreasing ordering of the word lengths.
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Canonical Prefix-Codes

Definition
Canonical code: Lexicographic ordering corresponds to
nondecreasing ordering of the word lengths.

E.g., (A={0,1}):
¢ ={0,10,110,1110,1111}: canonical,
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Canonical Prefix-Codes

Definition

Canonical code: Lexicographic ordering corresponds to
nondecreasing ordering of the word lengths.

E.g., (A={0,1}):

¢ ={0,10,110,1110,1111}: canonical,

C’ ={1,01,001,0001,0000}: not a canonical code (lexicographical
ordering: 0000, 0001, 001, 01, 1).
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Canonical Prefix-Codes

Definition
Canonical code: Lexicographic ordering corresponds to
nondecreasing ordering of the word lengths.

E.g., (A={0,1}):

¢ ={0,10,110,1110,1111}: canonical,

C’ ={1,01,001,0001,0000}: not a canonical code (lexicographical
ordering: 0000, 0001, 001, 01, 1).

Definition
ft(r): number of canonical compact codes of cardinality r over an
alphabet of cardinality t¢.
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Canonical Prefix-Codes

Definition

Canonical code: Lexicographic ordering corresponds to
nondecreasing ordering of the word lengths.

E.g., (A={0,1}):

¢ ={0,10,110,1110,1111}: canonical,

C’ ={1,01,001,0001,0000}: not a canonical code (lexicographical
ordering: 0000, 0001, 001, 01, 1).

Definition
ft(r): number of canonical compact codes of cardinality r over an
alphabet of cardinality t¢.

f(5) = 3:

{0,10,110,1110,1111}, {0, 100, 101, 110, 111}, {00, 01, 10, 110, 111}.
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Canonical Trees

Canonical t-ary tree: longer paths as far to the right as possible:
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Canonical Trees

Definition

Canonical t-ary tree: longer paths as far to the right as possible:
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Number of canonical trees

fi(r) : number of canonical t-ary trees with r leaves.
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Number of canonical trees

fi(r) : number of canonical t-ary trees with r leaves.

f(5) =3
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All three definitions of f;(r) are equivalent

Observation

All three definitions of f;(r) are equivalent.

h(5) =3

10 00 01 10
110 100 101 110 111 110 111

1 1 1111011119l 1 1 1 1 1 1 1 1 1 1
statgtistie=ststgtsteg=ztatitstsg=1

Clemens Heuberger Alpen-Adria-Universitat Klagenfurt




Not all r are relevant

n: number of internal vertices (non-leaves).
r: number of leaves

t-ary tree.

Then:

r=14n(t—1).
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Not all r are relevant

n: number of internal vertices (non-leaves).
r: number of leaves

t-ary tree.

Then:

r=14n(t—1).

gt(n) = (1 + n(t — 1)).
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Asymptotics?

AMERICAN MATHEMATICAL SOCIETY

- ® Citations
Math SCI N et Mathematical Reviews on the Web From References: 0
Up From Reviews: 0

MR0239986 (39 #1340)05.10(10.00)

Bende, $indor

The Diophantine equation}_!" , 1/2* = 1 and its connection with graph theory and
information theory. (Hungarian)

Mat. Lapok181967 323327

Denote byr(n) the number of solutions of = > | 1/2%, z; < --- < x,, where thez; are
positive integers. The author gives a graph theoretic interpretatiofngfand obtains a recursi
formula for it; further, he discusses some connection with information theory. It would be de
to obtain an asymptotic formula fei(n).

Reviewed byP. Erdos

(© Copyright American Mathematical Society 1970, 2011
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Flajolet/Prodinger 1987

Discrete Mathematics 65 (1987) 149-156 149
North-Holland

LEVEL NUMBER SEQUENCES FOR TREES

Philippe FLAJOLET
INRIA, Rocquencourt, 78153-Le Chesnay, France

Helmut PRODINGER
Technische Universitiit Wien, A-1040 Wien, Austria

We give explicit asymptotic expressions for the number of “level number sequences” (1.n.s.)

associated to binary trees. The level number sequences describe the number of nodes present
at each level of a tree.
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Asymptotic Expression — Result

Boyd (1975), Komlos, Moser and Nemetz (1984), Flajolet and
Prodinger (1987), and others; ...

Theorem (Elsholtz, H. and Prodinger 2011)
For t > 16:

F(L+ (t — 1)) = ge(n) = Rp"™! + Rop*L + 56Ty (1, m).
where (with D = log2)

1 t+3 3t24+10t+24 0.28t3

p=2- ot+1  92t+3 23t+6 R e2(t),
_1+D D—D2+4D3+3D2+6Iog2+0.04 B
L 212 2413 3
_,.D D-D> . 1 t-2 0001£
pElt T e 0 Regtoms T )
1 4D+1 077 :
R = a2 ?55&) Vjvt:lej(t)] < 1.
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Values of the Parameters for t < 10

p

P2

3

R

R>

t
2
3
4
5
6
7
8
9

1.7941471875

1.9207125384x
1.9646247578x
1.9832939867*
1.9918971757*
1.9960151077x
1.9980255446x
1.9990176639*

10 1.9995101615x

1.2795491347
1.2114793781
1.1651583745
1.1344596984
1.1130198498
1.0973240755
1.0853892421
1.0760324885
1.0685114109

1.13

1.1

1.1
1.13437555%
1.11257044x
1.09685068x
1.08498172x
1.07570343x
1.06825125x

0.141

0.133%
0.130%
0.128x%
0.127x
0.126%
0.125%
0.125%
0.125%

0.061
0.050
0.042
0.036
0.031
0.028
0.025
0.022
0.021

Starred () entries correspond to values satisfying the asymptotic
estimates of the Theorem.
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© Generating Function
@ Definition and Result
@ Deriving the Generating Function

Clemens Heuberger Alpen-Adria-Universitat Klagenfurt



Generating Function

T: set of t-ary rooted canonical trees.
For T € T: n(T) := number of inner vertices of T.

F(q):=> &(ng" =Y q"".

n>0 TeT
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Generating Function

T set of t-ary rooted canonical trees.
For T € T: n(T) := number of inner vertices of T.

F(q):=> &(ng" =Y q"".

n>0 TeT

Setting [k] ;= 1+t +t> +--- + tk71, we have

Clemens Heuberger Alpen-Adria-Universitat Klagenfurt



Auxiliary Generating Function

For T € T: m(T) := number of leaves of maximum height.

G(q,u) := Z q"(Mym(M),
TeT

By definition: F(q) = G(q,1).
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Auxiliary Generating Function

For T € T: m(T) := number of leaves of maximum height.

G(q,u) := Z q"(Mym(M),
TeT

By definition: F(q) = G(gq,1).
Partition 7 w.r.t. height:

Ge(q,u)y=" > ¢ DumD.
TeT
height(T)=k

Obviously:
G(qa U) = Z Gk(q7 U).

k>0
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Functional Equation for Gk(q, u)

Observation

T € T of height k: <— m(T) trees T{, .
k+1:

Tj’ . Replace replacing j of the m(T) leaves of maximum height by
vertices with t attached leaves.

m(T) of height

Clemens Heuberger
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Functional Equation for Gk(q, u)

Observation

T € T of height k: <— m(T) trees T}, ...,
k+1:

Tj’ . Replace replacing j of the m(T) leaves of maximum height by
vertices with t attached leaves.

Thus

m( T of height

Gk11(q, u)
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Functional Equation for Gk(q, u)

Observation

T € T of height k: <— m(T) trees T}, ...,
k+1:

Tj’ . Replace replacing j of the m(T) leaves of maximum height by
vertices with t attached leaves.

m( T of height

Thus
m(T) .
Gpalgu) = > D qDH
TeT  j=1
height(T)=k

Clemens Heuberger Alpen-Adria-Universitat Klagenfurt



Functional Equation for Gk(q, u)

Observation

T € T of height k: <— m(T) trees T}, ...,
k+1:

Tj’ . Replace replacing j of the m(T) leaves of maximum height by
vertices with t attached leaves.

m( T of height

Thus
m(T) .
Gpalgu) = > D qDH
TeT  j=1
height(T)=k
1— tym(T)
_ Z "M . qut . 1(qu )t

TET
height(T)=k
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Functional Equation for Gk(q, u)

Observation

T € T of height k: <— m(T) trees T}, ...,
k+1:

Tj’ . Replace replacing j of the m(T) leaves of maximum height by
vertices with t attached leaves.

m( T of height

Thus
m(T) .
Gpalgu) = > D qDH
TeT  j=1
height(T)=k
1— tym(T)
_ Z "M . qut . 1(qu )t

TET
height(T)=k

qu’ t
= qu (Gk(g,1) — Gi(q, qut)) .
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Functional Equation for G(q, u)

Recall:

Ut
Grt1(q,u) = li—qut (Gk(a,1) — Gk(q, quf));
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Functional Equation for G(q, u)

Recall:

Ut
Grt1(q,u) = li—qut (Gk(a,1) — Gk(q, quf));

Summation over k:

t

qu
G(q,u)=u+ T

(G(q,1) — G(q, qu)) .
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Functional Equation for G(q, u)

Recall:

Ut
Grt1(q,u) = li—qut (Gk(a,1) — Gk(q, quf));

Summation over k:

t

qu
G(q,u)=u+ T

(G(q,1) — G(q, qu)) .

[teration
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@ Counting
@ Known Result

@ New Results
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Computing g¢(N) in 1972

Theorem (Even and Lempel 1972)

g2(N) can be computed with O(N3) additions of integers of bit
size O(n), i.e., O(n*) bit operations.
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Computing g:(N) in 2019

Theorem (Elsholtz, Krenn and H. 2019)
Calculating the first N terms of g¢(n) can be done with

D+ (log; N+ O(1))M+2(log, N+O(1)) A+O(log N)S+O(log N)O

power series operations, . ..
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Computing g:(N) in 2019

Theorem (Elsholtz, Krenn and H. 2019)
Calculating the first N terms of g¢(n) can be done with

D+ (log; N+ O(1))M+2(log, N+O(1)) A+O(log N)S+O(log N)O
power series operations, . ..

o D: division,

e M: multiplication,

e A: addition,

e S: series manipulation (e.g. initialization),

@ O: other operations (e.g. index manipulation)

of power series of precision N.
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Computing g¢(N) in 2019 (contd.)

Theorem (Elsholtz, Krenn and H. 2019, contd.)
Calculating the first N terms of g:(n) can be done with . ..

N(Iog N)2 20(Iog* N)

operations in the ring of integers,

log™(N): iterated logarithm (number of iterations of log to get to
value <1)
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Computing g¢(N) in 2019 (contd.)

Theorem (Elsholtz, Krenn and H. 2019, contd.)
Calculating the first N terms of g:(n) can be done with . ..

N(log N)? 200" N)
operations in the ring of integers, and with

N2(log N)* 200" V)
bit operations.

log*(N): iterated logarithm (number of iterations of log to get to
value <1)
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Computing g¢(N) in 2019 (contd.)

Theorem (Elsholtz, Krenn and H. 2019, contd.)
Calculating the first N terms of g:(n) can be done with . ..

N(Iog N)2 2O(Iog* N)
operations in the ring of integers, and with
N2(|Og N)4 20(|og* N)

bit operations.

log*(N): iterated logarithm (number of iterations of log to get to
value <1)

According to preprint by Harvey and Van Der Hoeven on
multiplication: remove factor 20(log” V).
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