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ON A CLASSICAL PROBLEM OF PROBABILITY THEORY

by
P. ERDOS and A. RENYI

We consider the following classical ‘“urn-problem”. Suppose that there
are n urns given, and that balls are placed at random in these urns one after
the other. Let us suppose that the urns are labelled with the numbers 1,2, . . . | n
and let &; be equal to £ if the j-th ball is placed into the k-th urn. We sup-
pose that the random variables &, &, ..., &y, ... are independent, and

P(&=k) =7,:— forj=1,2,...and k=1, 2,..., n. By other words each

ball may be placed in any of the urns with the same probability and the
choices of the urns for the different balls are independent. We continue this
process so long till there are at least m balls in every urn (m =1, 2,...).
What can be said about the number of balls which are needed to achieve
this goal?

We denote the number in question (which is of course a random variable)
by »,(n). The “dixie cup’-problem considered in [1] is clearly equivalent
with the above problem. In [1] the mean value M(v,(n)) of »,(n) has been
evaluated (here and in what follows M( ) denotes the mean value of the random
variable in the brackets) and it has been shown that

(1) M(v,(n)) = n logn + (m —1) n loglogn + = - C,, + o(n)

where C,, is a constant, depending on m. (The value of C,, is not given in [1])-

In the present note we shall go a step further and determine asymptoti-
cally the probability distribution of »,(n); we shall prove that for every
real  we have

(2) lim P m(®) < logn + (m — 1) loglog n + .r] = exp s ) .
s e n | (m—1)!
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on aura donc a trés-peu prés pour l'expression du nombre i de
tirages , aprés lesquels la probabilité que tous les numéros seront

. 1
sortis est i

i=(logn—loglog k).(n—2% 4 % log k) + 1 log %;
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Proof: Euler scheme + Azuma inequality
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Theorem. For any a > 0, and for ng large enough, there exists C' = C(ng,a) > 0
such that, for n > ny,

Py,n ( sup  |Gn — C(A(N,n),.)| > Cn1/3> < nplf3eIn*n/2,
[

a,1+A(N,n)]



Proof: Euler scheme + Azuma inequality
& saddle point methods

Theorem. For any a > 0, and for ng large enough, there exists C' = C(ng,a) > 0
such that, for n > ny,

Py,n ( sup  |Gn — C(A(N,n),.)| > Cn1/3> < nplf3eIn*n/2,
[
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solved by the above iterative method, thus #mu1 = (1 4+ «) log (1 4+ 7n).
Table IT lists the values of  + 1 = (1 — p) ™, where p is the solution of equa-
tion (15).

I am indebted to the Admiralty for permission to publish this paper, and
for the use of the computer.
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