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T = |f\_~P|f\"l"e l;iﬂarb v 4__ sone - (.d& mPnJe ’POIHIL Vo, Vi, Va,..

C_CM’LO‘P& -‘-PQQ - node V¢|_+ is the .rr‘oo{ or o CON\.PlQ;"Q,
p<=|€0\\/€sor T binary tree ot depth n

Tn = sublree rooted at v,
'<n= leaves O'F A{Z

T

Functions on T ¢ —input from children £,
—cow\bma-l-lo/l 'FquC‘I'IOVl aJr noo(es
- ou+Pu-} ‘}70 Par\en','s

Choose {unclions G’V’ve I\in),‘ Hhis huens T indo @ funchion,
x = (x, vek,) | > Ta(x) «—oubput of reot w., on input x.
E ther o both of x owd (‘R,,Vf I\in) cen be random
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Laot i poob p | |
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TLLC’VL ’_E(I) é # nodes ml leve( snin & Galton- Wadson {ree

. _ . 2 with probability P
er'\ csgps?mr\a o||s+. {O eoith Prolao«]oili'b 1-9 va

v

o'l‘?:; = mox (a,b)+D,

Let (Do, veT) be 11D with law w, Let {,(a,b) = max (ab)+D, T
Then ’7;(5);\ maximum position in generotion 1 of a binary -1
’or‘a\nc\/\;nj random walk with displaceweml olist /(/. l

(displacements ot Vef"l';CeS)

Let (Dv, VGT) be 11D with ’0\"0 S Let R(“'L)z O\-Dveﬁ'bb‘ll- ? v°+LDVI]\

The is a smoo“«inj teonstorn; Lixed pom"'s studied Ey
a b
Durred £ Llaf)E‘H (|983), many others. D Vo 'D Vi

Tn foc, all these ec[umLiOnS have been studied from the ’PeFSPQC‘HVC
of fixed-point equations (ometimes wish o intreduce a rescaling or shift)




Derrido-Ketaox model “Parkins on trees . Here 1{:(‘1,10) = MmaX (0t+b'|, O)
Ques'l'iomf_al‘f)e— A behaviour of ’T?(X) where Xz(XV, \/eaﬁn) nD with

some law 4
(answer of course clepends on u)
[12er= Hu, Mallein, Pain, 1811.08749v2 3 Hu, Sh:,1705.03792 }Golo{scl\m{dl,PrzijCkb 1610-08786)
There is exactly one mode| where this con be amlyzeo' s for.
Paralle] connection

wa'owx L»;erorcl'\ical la'Hice, Series chnech;on
‘*,L) > a+tb  widh prab.
(ab)— 2 L k. 1o

[Qefz HQML'J -Jo~dan 2004, ?>% - 'T:(__{) graws ercne/r({q"j; ?<zi-—> 'T':{j_) dewys QKP'J
Peman“e‘s M.‘n-Plus 4ree

[ {(«,L) — asb  uith prab. p ~

(a,b)r— min(a,b) with prob. 1-p [oq To(T) _d Bela(2,1)
(T\F“n/z,)"?-

[Ref: Au-m@ e - (Cable: 1700.07849
(Open question: universa|i1l\g: what happens for other inputs?)



H'np%-\er rondlam oda”< Vo is k.’ppq«-

Vi is hipper
Fix (Du,vel)un. Led £ be defined by T b+ D,ﬁo\ﬁ;T
r R+ Diﬂ&=L DRM DAM
(a,b) ——> o+, jlq:], coith me. ‘z a b a L
(«,L) l—rv—-) L"'Dy :ﬂ-q:lo with pro‘o. z Vo Vi Vo Vi
Tdea Think of fime as running  up the free
1 On= of ve, vi s L\;PPU“ than ‘”\Q o‘nr\eP (chosen "W‘J“M'j)
2 TIf ancther particle shows up, hipper child akes off.
L
(/\JQ— w{“ S{Ud\tj ° Sjmme}ﬁc Sirv\P|e. L.’Ps-’er rowndom oJa«.”< > ‘sz {1 “ ng' z
SSHRIW -1 w/ prob. %

. qub as‘jmmej(riﬁ “"{‘) simple L"Ps‘le” rovdom ok —> Df{i of o P pe (o).

O «f preb. \-p
TALSHRW

For SSHRW, T.(6)
(36n)*

> Bda(2,2) - Ji .

Fa~ TALSHRW T @)
(Ua-p) n)/‘l

4 > Bv:la(l.l)



Result for TALSHRW very similar fo that of /-\ur-F;'maer-Co\He.
Recall Auf-ﬁnaer- Coble:

r ={(°«,L) — of+b with prsb. P [oq ’T;(‘a) 4 Bela(2)
(a,b)— min(a,b) with prob. 1-p (Fn /1)

Suypose T,.(@) s 3f\owin8 on o (sjrre’rclneo() exPonenJrial sca|e.

Write LR {or values at children of root of T,

L_"'R = 2L |°j (L"R\ z IOS(L\'\‘ | ETLLES I Hme Common

TP |l L- ma e { val lys & 30,13~ valued
T8 [lgL- R small dhen 4 o oyl R oy LI

mecremen

~ [ tR) ¢ ma This is jost
T‘P | ,as L- Ioj rRl 'o.:j ‘H\en {L+ R~ max(L, 12) OS(L R x('oa L, '03 R) }loj(sva_luse ‘Lﬁq rondom CMJ)
min(L,R) = wmin(L,R) \cg(min(l.,k)) =min(log L, log R)



Similar induition should work for the hierarchical latfice:

{(%L) F— a+b  widh Prcl;. P

(a b)— 25

—

v =

with ?ro]o I-p
:Cd.u'-\-[oqz Sumﬂbse 'T.:CES\ s Jrowh\j on & (S'lf*i'l'd/\ai) expmev’\l}al scale.
Write L,R -?of' VOJUQS c\," C‘/\:\O\rel\/\ Q‘P rod'}o

L_-{-']Z = 2/_ Icﬂ (I_-k’R) = ,03 (L\ + | (ﬂtis IS ﬂte Common value
lus o 3-1, 13- valved increme }
Loalp lay(ER)m log(ry -1 [ple & Buivelod incramen

Tl I(‘}j L- lcﬁgl small  fhen {

[+R = ma)(([_,']Z) |°3(L*R) 3 mmx(,03 L, loj R)}Tl«is is :)°$+

__FC I'g L-’ ‘R] l0| 'H\QVL { . R loq (value of o rondom CMJ)
gl—leg 1] 5ig L%Rﬁ ~ win(L,R) o (=R ) < win(ley L, logy R)} 9

Motivates “\e fo“Ow.'ns conjedur‘e: in the rondom hierorchical lattice with P’El, Jcro sd

foo T2(3)

g 12(0) 1 _d J Beta(2,2)
(cn)s 2




T(B) d Betalz,)
(2n)* |

vo Is Inipper Vi s l\IPFer

A+ D/ﬂ&=LT T"\* D‘,ﬂmg Dv ~ Bernoulli (’711)

v D, vV Dy
. ﬁ% wﬁi

'B\j S&MMC“P‘B, corL SSume teﬂf CLHH S qlwo\ys Cl'\oseVL,

Far ;r\?u'l's x=(x,,Vve ,,C)) usefal notation: "Ta (’C)::/T; ((xv:\/ C"oé-n))

Orﬁsinml ok\cjno\wn(cs :

TR T G0 ~—

(,/——~ T (=) i Tae) $# T )
Tan () =

’-]:U‘)'*DV i T (x) =T, 1x)




( To‘l-quj ms\ﬂmme{-,\;c C.MQ) ’Pn((()(h P.«(ll\) e left child=k, ij' chlod ¥k
’IZ‘P,\(l‘*l)l“" l3<!‘I'l’\ = |<", moke a skp
Lt palk) = PR =k / £ Palk)" e b=k be lazy

M

Then Prer (0 = Pa(R)(1- palk)) + 4 palkas & palh®

”ﬁearmngins qives

This is a discretization of the nviccid 'Buraers equcﬂton £ ux, l)—-é—é—a—(u(x,{)z)
| l

Ch e oce +r3in9 Yo solve the (measure-ualyed) initial-value melcw\ Uy =__i(u1)1 = U,

®

{U{:‘qu, {20, XG"Z
Uy = (0= ﬂ[,uo] (Diroc wass al O)

Isnomr\j SPC’I(Q "’\MQ Po:l\'k Olp O\(SCOI\.‘IW(I'IM*}’ 'HMS |S SO‘VQd on u: ’?)‘[" 09) = “2 al\ﬁ’ﬁbﬁ

2
4, osx<f2f ‘ i L + £=4
Ukt = { othenrwise E'I :
265

o 2
ulx) s always a prob. dist : the densijrg of a scaled Be+a(2,l). ¥ But 5°’U+'°A is ot

unique !




Stord Eorjers' from o smosth ndial condibion of The. -(;)er Uk) = IT 105)45&'1:‘

'Pm\mlpiliskm\\j le'\aJ( does Jris wean”? ( Hhink of }, as SWJH -

U, is densijrj 0‘(’ J'{{TB where B ""BQ‘}O\(Z/I)

G¥)/m .
Fiy MS6 ond defre ug(M\‘N\g uode . L~ R fvlis {2,
I/

Tlen ?u;(my=| ;5o (UM, )20) defines o probebilily diskebukion on fo,1,. (M2 If
Leb X0 vel) be veckor of TIDs wih P(X}=))= ) (discoctitation of 2 ot mesh s12e 3)
/T:\.(XM) [ vmlue O'P TALSHRLJ WLGI\ i&HfOJ O{fS'lb(LU'I':’OA s —IJ\—W\?.SL\ oliscr‘e‘hZa“foh. o'P \I_Z—‘Dg.

We hove 1P("T:(5<“): J) :Wlut‘\(lm ) w\\QPQ (U?(N\))MQPO S O‘Q‘QI\QO{ \;y 'H\e
recurrence. MU= M- ’.';_' ( (U5 )1’ (uj-')lv

Prool Cosy induction N



CO’\Ve‘:jGV\CG O‘F ‘H«Z -R‘f\e-—mesl« o\PProxiMorl‘;on,
Tl\e S (0\\ mesh s %’A Ne Yeke o JrQN(?GPﬂl IME-SL\ o*[) ﬁli .
Umnltn) = Uléw:ﬂ(m = ’P(T_mg(xm) = '—"MJ) Gr tx 0.

Call UM o \I\\K ~ o mesh appmximjricﬂ of Eurﬁe,rs' ec‘uorlion

From o bounded vaciation initial conddion, the K/‘\_—‘P{Ae mech O\Plom)(imwkon Converges ‘}o
the BV entrpy solufion 2 of Burgers' QC’?AOC"]M\ aAlmos} eveerkef*e on Rx[0),
andh fo ooy comoct Co R 1), 1oty bl dedt — o -

BV — Bour\dec{ variation

B\/ e)’d'v"opj So\ujrioﬂﬁ_ﬂme correct solution of our proUeM
(Verif\cjif\9 -H'Lis takes some work)

U= u defaed by u(ho - 3 Loy



'Imvp i oction 'Fcr‘ TALSHR W

For 250 swall, i U=Unf [- € 1t £] is independent of X, then s M= oo

T m (x™) L Bedalzo1) .
2 U M

?PQGP: For ow\j CoMPc\c;l» C < Rx [0,22),
” | P Ty (X = 2M0) = 5 Lo ey | =t = O

Tcx|<ir\3 C - {(";4)= |{-1] SEJOSZMKM}, s Jields Ly e n'o~v~3]e_ it\Qciua,L"b '”'\ﬂ\-+

|

[i-g,142]

(There arme *discretizakon @rrers’ coming from He loors, bt s ensy 1o see frese ted
O os M= "G)

Sice U hos Je,v\s'f_'j — ﬂH, Uees the resolt fllows. 0

P Ty (X7) < ofzieds) M)—S ﬁ;clx

A4l — o
55 as M oo




stochostic dom}:\ockon.

TF x-tuvel) and yr@uved) ace suchdhad <EZ, yeZ and ey for all ve L,
then T:(X)%sf‘l:fj) Lor all a3 1.
(Pr‘oof‘ A S\‘fm:3\'t'|"?orwo~rol .'r\olur_'}.'on.

For all 0, Me IN, T (X™) - | {260 S 1n(3) <y T (3) g
Allowss ug 4o compore al-0 i'\|0v‘} 1o rondom input wilh o(M) ercor (recall 1,30 is Ficed bt aplpﬂmrilj swal).

For ol MeN, T _gyme (X") S5t Tome(X™) 45t Tragyme (X™)

A\\aws us -)a coMPo\re. QIXQO\ -|-1Me neov M." Jro PodeV\ ‘l‘iMQ MM"

W oA
S i) s Beba(2)),  Corollaies gield thad (XD T Beta(z,1).
" e m " (Xw) > J 7 n



E X

g PR et
SR e Bl




