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Mean Field Games (MFG) are Nash equilibria in

@ nonatomic games = infinitely many agents having individually a negligible influence on the
global system (as in Schmeidler (1973), or Mas-Colell (1983, 1984))

@ in a optimal control framework = each agent acts on his state which evolves in continuous
time and has a payoff depending on the other’s position
(stochastic optimal control)

Pioneering works :

— Models invented by Lasry-Lions (2006)
and Caines-Huang-Malhamé (2006)

— Similar models in the economic literature : heterogeneous agent models
(Aiyagari ('94), Bewley ('86), Krusell-Smith ('98),...)
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The MFG equilibrium

Description of the MFG equilibrium

The MFG system is a Nash equilibrium of a continuous game where the payoff is of optimal
control type.

@ Each tiny agent knows the initial density my of all agents and forecasts that this probability
density will be (m(t, -))¢>0 in the future.

@ He solves his optimal control problem accordingly.
@ When all the agents play optimality, their probability density (i(t,-))¢>o evolves in time.

@ Nash equilibrium means that the original forecast was correct : m(t,-) = m(t, -) for all t.
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The MFG equilibrium

Description of the MFG equilibrium

The MFG system is a Nash equilibrium of a continuous game where the payoff is of optimal
control type.

@ Each tiny agent knows the initial density my of all agents and forecasts that this probability
density will be (m(t, -))¢>0 in the future.

@ He solves his optimal control problem accordingly.
@ When all the agents play optimality, their probability density (i(t,-))¢>o evolves in time.

@ Nash equilibrium means that the original forecast was correct : m(t,-) = m(t, -) for all t.

Notation
@ T is the finite horizon of the game, the state space is RY (d € N\{0}),
@ The initial population density at time ty = 0 is mg,
@ L = L(x,a, m)is the running cost, g = g(x, m) is the terminal cost,
@ If u=u(t, x)is amap, Du(t, x) is its first order space derivative.
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The MFG equilibrium

The problem for a small player.

@ A small agent is at initial time f; at a position xg. He acts through his control (a;) on his
state (X;), which evolves according to the SDE

dXt = atdt + \/EdB[, XtO = Xp,

where (B})ico, 7] is @ standard Brownian Motion.

@ Forecasting the evolution of the population density (m(t));c[o, 77, the agent solves the
optimal control problem

r
u(ty, xo) == ing {/t L(Xs, s, m(s)) ds+ g(X7,m(T))| .

@ The value function v is characterized by the Hamilton-Jacobi equation

—pu(t, x) — Au(t, x) + H(x, Du(t,x),m(t)) =0  in (0, T) x RY
{ u(T,x) = g(x,m(T)) in RY

where H(x,p,m) = sup —a-p— L(x,a,m).
acRd

@ The optimal feedback of the agent is then given by a*(t, x) := —DpH(x, Du(t, x), m(t)).
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The MFG equilibrium

Evolution of the population density.

@ If all agents implement their optimal control and if their BM are independent, the mean
field theory says that the population density im actually evolves according to the
Kolmogorov equation

or(t, x) — Am(t, x) — div(M(t, x)DpH(x, Du(t, x), m(t)))) = 0in (0, T) x R
{ (0, -) = mg in RY.
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The MFG equilibrium

Evolution of the population density.

@ If all agents implement their optimal control and if their BM are independent, the mean
field theory says that the population density im actually evolves according to the
Kolmogorov equation

am(t, x) — Am(t, x) — div(M(t, x)DpH(x, Du(t, x), m(t)))) = 0in (0, T) x RY
(0, -) = mg in RY.
At equilibrium,

@ one must have m = m.

This heuristic yields to the MFG system :
() —8w—Au+ H(x,Du,m(t)) =0  in[0, T] x RY

(MFG) { (i) om — Am — div(mDpH(x,Du,m)) =0  in [0, T] x RY
(i) m(0,-) = mo, u(T,x)=g(x,m(T))  inRY
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The MFG equilibrium

Basic results of the MFG system

For the MFG equilibrium system :

() —dw— Au+H(x,Du,m(t)) =0  in[0, T] x RY
(MFG) { (i) 9ym— Am — div(mDpH(x, Du,m)) =0 in [0, T] x RY
(i) m(0,-) = mo, u(T,x) =g(x,m(T))  inRY

@ Existence of solutions : holds under general conditions (Lasry-Lions)
@ Uniqueness cannot be expected in general, but holds

@ for small couplings or in a short time horizon (Huang-Caines-Malhamé, Lasry-Lions)
@ under a monotonicity conditions (Lasry-Lions) : if H = H(x, p) — f(x, m) and

/(f(X7m)—f(X7m'))d(m—m')207/(Q(Xym)—g(xvm'))d(m—m')20-
RA R

@ Link with differential games with finitely many players.
@ from the MFG system to the N—player differential games
Many contributions (Huang-Caines-Malahmé, Carmona-Delarue, ...)
@ from Nash equilibria of N—player differential games to the MFG system.

@ LQ differential games (Bardi, Bardi-Priuli)
@ Open loop NE (Fischer, Lacker),
@ Closed loop NE (C.-Delarue-Lasry-Lions, Lacker).
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9 Efficiency of MFG equilibria
@ (A) definition of efficiency
@ Characterization of efficiency
@ Quantifying the inefficiency
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The MFG equilibrium

Outline

° The MFG equilibrium

9 Efficiency of MFG equilibria
@ (A) definition of efficiency
@ Characterization of efficiency
@ Quantifying the inefficiency

e Application to a mean field limit
@ Lacker’s convergence result
@ Example of an ergodic cost
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Efficiency of MFG equilibria (A) definition of efficiency

Outline
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Efficiency of MFG equilibria (A) definition of efficiency

The question of efficiency

Questions :

@ Does the global cost of a Nash equilibrium differ from the optimal social cost an optimal
planner can achieve ?

@ |[f different, how far?

Some references :
@ Dubey ('86) = equilibria are generically inefficient.

@ “Price of anarchy"
@ Koutsoupias-Papadimitriou ("99)
Noncooperative games in which agents share a common resource
@ Roughgarden-Tardos ('02), Johari-Tsitsiklis ('03)
In the framework of selfish routing games and congestion games
o ..

@ For differential and MFG problems :

@ Basar-Zhu ('11) : price of anarchy in LQ differential games
@ Balandat-Tomlin ("13) : numerical computations and Braess’s paradox
@ Carmona-Graves-Tan (in preparation) : LQ MFG and MFG on finite Markov chains.
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Efficiency of MFG equilibria (A) definition of efficiency

Problem for the global planner (N—player problem)

The optimal control problem : Agent /i € {1, ..., N} controls her dynamics :

dX] = ofdt + v2dB],  te€[0,T],
X) = x{
and wants to minimize the individual cost
. T o .
Jia',.. . aN) = E /0 L(X, o miy dt + g(xg, mi )|
where m)’z’[ = 1N Z}L 5x{ is the empirical measure of the players.

The cost for the global planner is

N
J', ..., V) = %ZJ’(M,...,OCN).
i=1
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Efficiency of MFG equilibria (A) definition of efficiency

Problem for the global planner (mean field limit)

Lacker '17 proves that
lim inf NJ(a‘,...,OcN):C*,

N—+oo o1 [P
where C* is the cost associated with the McKean-Vlasov control problem :

C* — inf /OT/Rd L(x, a(t, x), m(t))m(t, x) dxdt+/Rdg(x,m(T))m(T,x)dx

(m,e)

subject to
orm — Am + div(ma) = 0, m(0, x) = mp(x).
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Efficiency of MFG equilibria (A) definition of efficiency

Global cost associated with an MFG Nash equilibrium

Given a Nash MFG equilibrium, i.e., a solution (4, m) to
(i) -6 — AU+ H(x,Du,m(t)) =0  in[0, T] x RY
(MFG) (i) oM — Am — div(MDpH(x, DU, M)) =0  in [0, T] x RY
(”I) m(o») = Mo, D(T’ X) :g(X’ ﬁ'l(T)) in Rd
recall that a* (¢, x) := —DpH(x, Du(t, x), m(t)) is the optimal feedback.

The social cost associated with (u, m) is defined by

c(a,m) = /OT ., L(x,a*(hx),ﬁv(t))r'n(t,x)dxdt-i-/Rd a(x, m(T))m(T, x)dx.
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Efficiency of MFG equilibria (A) definition of efficiency

Efficiency in MFG systems

Given an MFG Nash equilibrium (u, m), compare

C(u,m) := /()T/Rd L(x, o™ (t, x), m(t))m(t, x)dxdt + /]Rd g(x, m(T))m(T, x)dx.

with the optimal cost of a global planner :

C* := inf /OT/Rd L(x, a(t, x), m(t))m(t, x) dxdt+/]Rd g(x,m(T))m(T, x)dx

(m,a)

subject to
om — Am + div(ma) = 0, m(0, x) = mp(x).

Definition
An MFG equilibrium (4, m) is efficient if C(u, m) =C* .

The MFG system is globally efficient if, for any initial condition (#, mp), there exists an MFG
equilibrium starting from (fy, mg) which is efficient.
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Efficiency of MFG equilibria Characterization of efficiency
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Efficiency of MFG equilibria Characterization of efficiency

Derivatives in the space of measures

We denote by P(T9) the set of Borel probability measures on T¢, endowed for the
Monge-Kantorovich distance

di(m.m') =swp [ o(y) o(m—m)(»),

where the supremum is taken over all Lipschitz continuous maps ¢ : T¢ — R with a Lipschitz
constant bounded by 1.

Derivatives

Q|

Amap U : P(T9 — Ris C! if there exists a continuous map P(Td) x T9 — R such that,
for any m, m’ € P(T),

U(m') — U(m) = / /M—m((1—sm+sm y)d(m’ — m)(y)ds

We set

U
DmU(m, y) := Dya—m(m,y).
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Efficiency of MFG equilibria Characterization of efficiency

@ Note that % is defined up to an additive constant. We adopt the normalization convention

sU
[, 3m(m.y)am(y =o.
@ An example : if
utm) = [ o(xyam(x)
then sU
Sm(my) = o) = [ o@adm(a).  DnU(m.y) = Doly).
@ DU controls the Lipschitz norm of U :

[U(my) — U(my)| < ||DmU||ocds(my, me)  ¥my, mp € P(TY).
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Efficiency of MFG equilibria Characterization of efficiency

Assumptions

@ The Lagrangian L = L(x,a,m) : T9 x RY x P(T?) — R is of class C? with respect to all
variables and satisfies
C'ly < DE,L(x,,m) < Cly,

2
ntamy)| + |55 (xamy.2)| < C(1-+laf)

L
D i (xamy) < O +al).  [P2Lixpm)| < C.
We define the convex conjugate H of L as

H(X7p7 m) = sup {7p o — L(Xvaz m)}’
a€eRrd

and we assume that H is of class C? as well.

@ The coupling function g : T? x P(T9) — R is globally Lipschitz continuous with space
derivatives dx,g : T9 x P(T?) — R also Lipschitz continuous. We also assume that the

map g is C? with respect to m and that its derivatives §T€; :T9 x P(T9 x T — R and

2
29 .79 x P(T%) x T9 x T9 — R are Lipschitz continuous.
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Efficiency of MFG equilibria Characterization of efficiency

Optimality condition for the planner’s cost

The planner’s problem :
T
c* = inf/ / L(x, a(t, x), m(t))m(t, x) dxdt+/ 9(x, m(T))m(T, x)dx
(me) Jo Jrd RY

subject to
orm — Am + div(ma) = 0, m(0, x) = mp(x).

Proposition (Lasry-Lions '06, C.-Rainer)
Under our standing assumptions, the planner’s problem has at least one solution.

For any solution (/m, W) of the planer’s problem, there exists & such that (&, M) solves

—8il — Al + H(x, DU, m(t)) = /}Rd %(y, a(t,y), x, m(t))m(t, y)dy in (0, T) x T9
i — A — div(MDpH(x, DU(t, x), (1)) =0 in (0, T) x T¢

m(0, x) = mo(x), &(T,x) = g—’i(ﬁ?(T),x) in T¢

a(t, x) = DpH(x, Dii(t, x), M(t))  in (0, T) x T,

where G(m) := Jra 9(x, mym(dx).
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Efficiency of MFG equilibria Characterization of efficiency

A necessary condition for efficiency

Proposition

Let (T, m) be an MFG Nash equilibrium. If (&, m) is efficient, then, for any (t, x) € [0, T] x T¢,

99 (¢ m(T), x)(T, y)dy = 0,

s o -
/JT—(y,a(t,y),x,m(t))m(t,y)dy_o and /TMm

d om

where a*(t, x) := —DpH(x, Du(t, x), m(t)).
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Efficiency of MFG equilibria Characterization of efficiency

Proof.
@ AsC(u, m) = C* holds, (M, a*) minimizes C*.
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Efficiency of MFG equilibria Characterization of efficiency

Proof.
@ AsC(u, m) = C* holds, (M, a*) minimizes C*.
@ Hence there exists v such that (v, m) solves

—0tv — Av + H(x,Dv,m(t)) = ; %(y, a(t, y), x, m(t))m(t, y)dy
Orim — AT — div(MDpH(x, Dv(t, x), m(1))) = 0

m(0, x) = mo(x), v(T,x) = g(ﬁ?(TLX)

a(t,x) = DpH(x, Dv(t, x), m(t)).

with —DpH(x, Dv(t, x), m(t)) = a*(t, x) = —DpH(x, Du(t, x), m(t)).
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Efficiency of MFG equilibria Characterization of efficiency

Proof.
@ AsC(u, m) = C* holds, (M, a*) minimizes C*.
@ Hence there exists v such that (v, m) solves
_ SL _ =
—81‘V —Av+ H(X7 DV7 m(t)) = d %(}4 a(t’ .y)7X7 m(t))m(t7.y)dy
R
Otm — Am — div(mDpH(x, Dv(t, x), m(t))) =0
m(0, x) = mo(x), v(T,x) = g(ﬁv(T),x)
a(t,x) = DpH(x, Dv(t, x), m(t)).
with —DpH(x, Dv(t, x), m(t)) = o*(t, x) = —DpH(x, Du(t, x), m(t)).
@ Hence Du = Dv.
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Efficiency of MFG equilibria Characterization of efficiency

Proof.
@ AsC(u, m) = C* holds, (M, a*) minimizes C*.
@ Hence there exists v such that (v, m) solves
_ oL _ _
—81‘V —Av+ H(X7 DV7 m(t)) = d %(}4 a(t’ .y)7X7 m(t))m(t7.y)dy
R
Otm — Am — div(mDpH(x, Dv(t, x), m(t))) =0
m(0, x) = mo(x), v(T,x) = g(ﬁv(T),x)
a(t,x) = DpH(x, Dv(t, x), m(t)).
with —DpH(x, Dv(t, x), m(t)) = a*(t,x) = —DpH(x, Du(t, x), m(t)).
@ Hence Du = Dv.
@ This implies that (¢, x) = v(t, x) + c(t) (for some c(t) € R).
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Efficiency of MFG equilibria Characterization of efficiency

Proof.
@ AsC(u, m) = C* holds, (M, a*) minimizes C*.
@ Hence there exists v such that (v, m) solves

— v — Av + H(x, Dv, (t)) = /d %(y, alt, y), x, m(1)m(t, y)dy

Orim — AT — div(MDpH(x, Dv(t, x), m(1))) = 0
m(0,x) = mo(x), v(T,x) = g(ﬁv(T),x)
a(t,x) = DpH(x, Dv(t, x), m(t)).

with —DpH(x, Dv(t, x), m(t)) = a*(t,x) = —DpH(x, Du(t, x), m(t)).
@ Hence Du = Dv.
@ This implies that (¢, x) = v(t, x) + c(t) (for some c(t) € R).
@ Compare the equations satisfied by & and v :

(0= [ So e (ty)xm)m(t, y)oy.
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Efficiency of MFG equilibria Characterization of efficiency

Proof.
@ AsC(u, m) = C* holds, (M, a*) minimizes C*.
@ Hence there exists v such that (v, m) solves

—0iv — Av + H(x, Dv, m(t)) = ﬁ(y, a(t,y), x, m(t))m(t,y)dy

rd M
Oy — A — div(mDpH(x, Dv(t, x), M(1))) = 0

m(0, x) = mo(x), v(T,x) = g(m(TLX)
a(t,x) = DpH(x, Dv(t, x), m(t)).

with —DpH(x, Dv(t, x), m(t)) = a*(t,x) = —DpH(x, Du(t, x), m(t)).
@ Hence Du = Dv.
@ This implies that (¢, x) = v(t, x) + c(t) (for some c(t) € R).
@ Compare the equations satisfied by & and v :

o= [ Lo
)= [ S0 (ty)x me)mt. )y
@ |Integrate against m(t) :

() = / / L (y, 0 (t,y), x, m(t))m(t, y)m(t, x)dlydx = 0.

d om
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Efficiency of MFG equilibria Characterization of efficiency

Proof.
@ AsC(u, m) = C* holds, (M, a*) minimizes C*.
@ Hence there exists v such that (v, m) solves

—0iv — Av + H(x, Dv, m(t)) = ﬁ(y, a(t,y), x, m(t))m(t,y)dy

rd M

orm — Am — div(mDpH(x, Dv(t, x), m(t))) =0

m(0, x) = mo(x), v(T,x)= g(ﬁv(T),x)

a(t,x) = DpH(x, Dv(t, x), m(t)).
with —DpH(x, Dv(t, x), m(t)) = a*(t,x) = —DpH(x, Du(t, x), m(t)).
Hence Du = Dv.
This implies that u(t, x) = v(t, x) + c(t) (for some c(f) € R).
Compare the equations satisfied by & and v :

(0= [ So e (ty)xm)m(t, y)oy.

@ |Integrate against m(t) :

() = / / L (y, 0 (t,y), x, m(t))m(t, y)m(t, x)dlydx = 0.

d om
@ Thus

R om
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Efficiency of MFG equilibria Characterization of efficiency

Characterization of global efficiency

Here we assume that H is of separate form :

H(x, p, m) = H(x, m) — f(x, m).

The MFG system is globally efficient IFF

0 [, smremama) =0, [ 2 (y.muoma) =0, v(xm) e ¢ x P(r9),

Remarks :
@ The condition is independent of H.
@ Note that, in the separate setting,

of
(Xvaz.yvm) = 7(X7mzy)'

sm om
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Efficiency of MFG equilibria Characterization of efficiency

Remarks (continued) :

@ Condition (x) is equivalent to the existence of C?2 maps F : P(T?) — R and
G : P(T9) — R such that

f(x,m) = F(m) + g—;:(m, x), g(x,m) =G(m) + g—i(m, X).

@ Moreover, if
f(x,m) = F(m) + —5]:(m X)
T sm*

and F is not affine, then f genuinely depends on m.
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Efficiency of MFG equilibria Characterization of efficiency

(Counter-)Examples

Assume that H is of separate form and g = 0. Recall that the MFG system is globally efficient
IFF [0 2L(y, m, x)m(dy) = 0.
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Efficiency of MFG equilibria Characterization of efficiency

(Counter-)Examples

Assume that H is of separate form and g = 0. Recall that the MFG system is globally efficient
IFF [0 2L(y, m, x)m(dy) = 0.

0 If f = f(m) does not depend on x, then the MFG system if globally efficient if only if f is
constant.
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Efficiency of MFG equilibria Characterization of efficiency

(Counter-)Examples

Assume that H is of separate form and g = 0. Recall that the MFG system is globally efficient
IFF [0 2L(y, m, x)m(dy) = 0.
@ !t f = f(m) does not depend on x, then the MFG system if globally efficient if only if f is
constant.

Proof. Indeed 5 st
L, smmyymie) = 5 (m.).

o

5m =0, which means f constant.

Hence the MFG system if globally efficient IFF
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Efficiency of MFG equilibria Characterization of efficiency

(Counter-)Examples

Assume that H is of separate form and g = 0. Recall that the MFG system is globally efficient
IFF [0 2L(y, m, x)m(dy) = 0.
@ !t f = f(m) does not depend on x, then the MFG system if globally efficient if only if f is
constant.

Proof. Indeed 5 st
L, smmyymie) = 5 (m.).
Hence the MFG system if globally efficient IFF % = 0, which means f constant.

@ We now assume that f derives from a potential : There exists a C' map ¢ : P(T9) — R
such that f = §®/5m. Then the MFG system is globally efficient IFF f = 0.
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Efficiency of MFG equilibria Characterization of efficiency

(Counter-)Examples

Assume that H is of separate form and g = 0. Recall that the MFG system is globally efficient
IFF [0 2L(y, m, x)m(dy) = 0.

0 If f = f(m) does not depend on x, then the MFG system if globally efficient if only if f is
constant.

Proof. Indeed

[, s (myyme) = £ (m.y)

o

5m =0, which means f constant.

Hence the MFG system if globally efficient IFF

@ We now assume that f derives from a potential : There exists a C' map ¢ : P(T9) — R
such that f = §®/5m. Then the MFG system is globally efficient IFF f = 0.

Proof. Indeed one can show that
[, st myym(eb) = =1y, m)

Hence the MFG system is globally efficient IFF f = 0.
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Efficiency of MFG equilibria Characterization of efficiency

(Counter-)Examples

Assume that H is of separate form and g = 0. Recall that the MFG system is globally efficient
IFF [0 2L(y, m, x)m(dy) = 0.

0 If f = f(m) does not depend on x, then the MFG system if globally efficient if only if f is
constant.

Proof. Indeed

[, s (myyme) = £ (m.y)

o —
om —

Hence the MFG system if globally efficient IFF 0, which means f constant.

@ We now assume that f derives from a potential : There exists a C' map ¢ : P(T9) — R
such that f = §®/5m. Then the MFG system is globally efficient IFF f = 0.

Proof. Indeed one can show that
&f
— dx) = —f .
[, 3 0emyymieb) = ~fty.m)
Hence the MFG system is globally efficient IFF f = 0.

Q it f(x,m) = /d o(x,y)m(dy) , then the MFG system is globally efficient IFF f does not
T

depend on m.
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A lower bound

Let (4, m) an MFG equilibrium. Then, for any e > 0,

C(u,m)—c* > c-‘é(/OH /Td Md ;%(x, o (t, %), y, M) AL, x)dxrdydt>2

vo ([ M 29 (x, m(r),y>ﬁv(T,x>dX]2dy)4v

where o*(t, x) = —DpH(x, Du(t, x), m(t)) and the constants C > 1 depends on the regularity of
H, g and on my and where C > 1.

v

Remark If g does not depend on m, one can replace fOT”S by fOT.
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Upper bound

Assume that H = H(x, p) — f(x, m) is of separated form and set

F(m) = /Td f(x,mym(dx), = /Td 9(x, mym(dx).

Theorem

Assume in addition that the maps . and G are convex on P(T?). If (z, m) is an MFG equilibrium,
then

(@, m) —c* < C(/tor /Td Md %(X,y, ﬁv(t))ﬁv(t,x)dx]zdydt

+/Td [/w 29 (x, m(T), )T, X)d"rdy)w,

where the constants C > 1 depends on the regularity of H, f, g and on my.
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Examples

We always assume that H is of separate form and g = 0.

@ 1t f = f(m) does not depend on x, then

4
= " 1 [f(m(t2)) — f(M(t))]
C(u,m)—C* > C; {:;;?2 (o — 1)1/ } .

where the supremum is taken over t;,t € [e, T — €].

@ We now assume that f derives from a potential : f = §&/m. Then
T—e 2
ctet( [ [ it mo)F oyt ) < c@m)-c
€ Td

T 1/2
sc( L [f(y,m(t))]zdydt) .
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e Application to a mean field limit
@ Lacker’s convergence result
@ Example of an ergodic cost
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Application to a mean field limit Lacker’s convergence result

The N—player game

@ N-—small players
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Application to a mean field limit Lacker’s convergence result

The N—player game

@ N-—small players
@ Players now play path dependent strategies :
Al = {o/ - [0, T] x (C°([0, T],R¥))N — RY measurable, bounded, nonanticipative}.

@ Dynamics : dX] = ai(X.)dt + dBi,
(where the B' are i.i.d. B.M. and o/ is the control of Player /)
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Application to a mean field limit Lacker’s convergence result

The N—player game

@ N-—small players
@ Players now play path dependent strategies :
Al = {o/ - [0, T] x (C°([0, T],R¥))N — RY measurable, bounded, nonanticipative}.

@ Dynamics : dX] = ai(X.)dt + dBi,
(where the B' are i.i.d. B.M. and o/ is the control of Player /)

@ Goal of the players : to minimize over o/ the cost

; T o ; . .
J', ..., aN)=E l:/l; L(X{, at, m)lzlr")dt + G(Xt, mQT'):| ,

C
where mi" = rzaxj if X = (Xy,...,XN)-
A
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Application to a mean field limit Lacker’s convergence result

The N—player game

@ N-—small players
@ Players now play path dependent strategies :
Al = {o/ - [0, T] x (C°([0, T],R¥))N — RY measurable, bounded, nonanticipative}.

@ Dynamics : dX] = ai(X.)dt + dBi,
(where the B' are i.i.d. B.M. and o/ is the control of Player /)

@ Goal of the players : to minimize over o/ the cost

; T o ; . .
J', ..., aN)=E l:/l; L(X{, at, m)lzlr")dt + G(Xt, mQT'):| ,

- 1
where mi" = rzaxj if X = (Xy,...,XN)-
J#I
@ Nash equilibrium : (a',...,aV) st forany i€ {1,...,N}, & minimizes
ol = Ji(ad, (&1)j4).
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Theorem (Lacker '18)

If aN = (&N-1,...,aN-N) is a Nash equilibrium in the N—player game, then the empirical
measure flow
1N
N . Z -
=N P 6"?’

is tight in CO([0, T], P(R¥)) and every limit point is a weak MFG equilibrium.

By weak MFG equilibrium p*, one means that there exists a complete stochastic basis (€2, F, P)
endowed with a filtration (F;), a B.M. B, a* = a*(t, x, m.) semi-Markov and X* such that

@ (py)is (Ft)—adapted,
@ dXj = o*(t, X, u¥)dt + dB,
@ «* is minimizes

T
a—E |:/ L(Xh at, “?)dt + G(XT7 u%_;_):| ;
0

@ the consistence holds : iy =P [X,* € -\]—',“*].
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Remarks

@ Actually holds in a broader framework (relaxed controls, approximate equilibria,...).
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Remarks

@ Actually holds in a broader framework (relaxed controls, approximate equilibria,...).

@ Here no monotonicity assumption.
Under the monotonicity condition, weak MFG equilibria coincide with classical ones :
Lacker’s result extends C.-Delarue-Lasry-Lions without requiring regularity.
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Under the monotonicity condition, weak MFG equilibria coincide with classical ones :
Lacker’s result extends C.-Delarue-Lasry-Lions without requiring regularity.

@ This is a compactness result, no convergence rate.
Seems difficult to apply to local couplings.
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Application to a mean field limit Lacker’s convergence result

Remarks

@ Actually holds in a broader framework (relaxed controls, approximate equilibria,...).

@ Here no monotonicity assumption.
Under the monotonicity condition, weak MFG equilibria coincide with classical ones :
Lacker’s result extends C.-Delarue-Lasry-Lions without requiring regularity.

@ This is a compactness result, no convergence rate.
Seems difficult to apply to local couplings.

@ The result is surprising because it seems to contradict the “Folk’s Theorem".
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e Application to a mean field limit

@ Example of an ergodic cost
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The Nash equilibrium payoffs

We assume here that players observe each other passed trajectory (but not the control).
A = {O/ : [0, +00) x (CO([0, +00), T9))N — RY measurable, bounded, nonanticipative}.

The ergodic costs : for player i € {1,..., N},

J'(Xg, @) = limsup — E |:/ L(ad, X)) + F(my )dt:| ,

T—Hroo

where Xg = (xJ,..., %)), a = (a!,...,aN) and

aX{ = aj((Xs)s<r)at + B}, Xg=xb,  my = —— Z 5y

A N—tuple e = (e',...,eN) e RN is a Nash equilibrium payoff if, for any € > 0, there exists
(a"¢) such that

J(xo,a) — e <o J(x0,57) < (%o, ol (@)) + ¢

for any o/ € A’. Note that (@");—,... y is an e—Nash equilibrium.
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The unique MFG equilibrium

The ergodic MFG system : find (A, u, m) such that

—Au(X) + H(Du(x),x) = F(u) + A inTY,
—Ap(x) — div(u(x)Hp(Du(x), x)) =0  inTY,

>0, =1.
nz0 | n

There is a unique MFG equilibrium, given by (X, u, m) = (Ao — F(x0), Uo, o), Where ug solves
the ergodic problem

—AUy(x) + H(Dug(x),x) = g,  inT?

and pyg is unique invariant measure

—Apo(x) — div(o(X)Hp(DUp(x), X)) =0 inT9, g >0, /Tduo=1-

Remark : It is known that (19, —Hp(Dup, X)) is @ minimum of
inf / L(a(x), x)u(dx) = =g
(k) J1d
under the constraint —Agu + div(pa) =0, u > 0, [rgp=1.
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Main results (1)

Convergence Theorem (C.-Rainer '19)

If F:P(T9) — Ris C', then there exists a sequence of symmetric Nash equilibrium payoffs
eV = (eV,...,eN)inthe N—player game such that

lim eV =8== inf/ L(a(x), x)(dX) + F(u),
N—+oco a, e Jord
where the infimum is taken over the pairs («, p) such that

—Ap + div(ue) = 0 in TY, w>0, dp,:1.
T
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Application to a mean field limit Example of an ergodic cost

Main results (1)

Convergence Theorem (C.-Rainer '19)

If F:P(T9) — Ris C', then there exists a sequence of symmetric Nash equilibrium payoffs
eV = (eV,...,eN)inthe N—player game such that

Wim e =ai=inf [ (a0, 0u(d) + F(w).

where the infimum is taken over the pairs («, p) such that

—Ap + div(ue) = 0 in TY, u>0, /dp,:1.
T

Remark : The RHS can be interpreted as the optimal cost for a global planer (social cost).
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Main results (2)

Theorem on efficiency (C.-Rainer '18)
If F: P(T9) — Ris C' and non constant, then

é:= inf
a,p

» L(a(x), x)u(dx) + F(n) < Ao — F(po),

where Ao — F(up) is the MFG equilibrium payoff.

If F: P(T?) — Ris C' and non constant, there exists symmetric Nash equilibrium payoffs
eV = (eN,...,eN) which does not converge to the the MFG equilibrium payoff :

Lim e =iz inf / L(a(x), )u(dx) + F(i) < Ao — F(jo).
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Main results (2)

Theorem on efficiency (C.-Rainer '18)
If F: P(T9) — Ris C' and non constant, then

é:= inf
a,p

» L(a(x), x)u(dx) + F(n) < Ao — F(po),

where Ao — F(up) is the MFG equilibrium payoff.

If F: P(T?) — Ris C' and non constant, there exists symmetric Nash equilibrium payoffs
eV = (eN,...,eN) which does not converge to the the MFG equilibrium payoff :

Gim eV == |nf/ L(a(x), X)u(x) + F(1) < Ao — Fluo)-

Remark : This is in sharp contrast with Lacker convergence result on finite horizon
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Sketch of proof of Theorem 1

@ W.l.o.g., we assume that F is non-constant, so that & < —\g + F(ug)-
@ As Fis C' and L coercive, there exists at least one minimizer (i, &) of the problem

inf L(a(x), x)p(dx) + F(u)
(ee,p) Jd

under the constraint —Ap + div(ua) = 0in T, 1 >0, / w=1.
Td
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Sketch of proof of Theorem 1

@ W.l.o.g., we assume that F is non-constant, so that & < —\g + F(ug)-
@ As Fis C' and L coercive, there exists at least one minimizer (i, &) of the problem

(‘i"rjfb) /ﬂ‘d La(x), x)p(dx) + F(p)

under the constraint —Ap + div(ua) = 0in T, 1 >0, / w=1.
Td

@ By duality arguments, one can prove that there exists I and A with &(x) = —Hp(x, Di(x))
and such that (}, &1, /) solves the MFG system

—AU(x) + H(Du(x), x) = ;L:(x, B +X inTY,
—Afi(x) — div(ii(x)Hp(DU(x),x)) =0  inTY,
20, | A=1

T
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Sketch of proof of Theorem 1

@ W.l.o.g., we assume that F is non-constant, so that & < —\g + F(ug)-
@ As Fis C' and L coercive, there exists at least one minimizer (i, &) of the problem

(‘i"rjfb) /ﬂ‘d La(x), x)p(dx) + F(p)

under the constraint —Ap + div(ua) = 0in T, 1 >0, / w=1.
Td

@ By duality arguments, one can prove that there exists I and A with &(x) = —Hp(x, Di(x))
and such that (}, &1, /) solves the MFG system

—AU(x) + H(Du(x), x) = ;L:(x, B +X inTY,
—Afi(x) — div(ii(x)Hp(DU(x),x)) =0  inTY,
pzo. [ =1

@ LeteV —/ L(&(x), x)ii( dx)+/ (M1 )ji(dx) . .. fi(dxw).-

TheneN — &:= mf/ L(a(x), x)p(dx) + F(p) < —Xo + F(uo)-
a,p frd
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Sketch of proof (continued)

@ Fixe >0andlet T, > 0 to be chosen below.
@ We define the strategies gN:7-9:/ as follows : Given (X7, ..., XN) € (CO(R, RI))V, let

t
N T (X XNy =inflt>T, sup d1(1/6x,-ds,ﬁ)25 )
je{1,....N} tJo %

We set )
axy) ift<oNTI(x, L xN)

N,T,8,i ¢y Ny ]
A (X0 X )t_{ ap(X]) otherwise,

where ag(x) = —Hp(Dup(x), X).
(recall that (Ao, Ug, mp) is the solution of the MFG system).
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Sketch of proof (continued)

@ Fixe >0andlet T, > 0 to be chosen below.
@ We define the strategies gN:7-9:/ as follows : Given (X7, ..., XN) € (CO(R, RI))V, let

t
ON’T’5(X1,...,XN)_inf{t> T, sup d1(1/6x,-ds,;1)>6}.
je{1,....N} tJo %
We set

axy) ift<oNTI(x, L xN)

N,T,8,i ¢y Ny ]
A (X0 X )t_{ ap(X]) otherwise,

where ag(x) = —Hp(Dup(x), X).
(recall that (Ao, Ug, mp) is the solution of the MFG system).
@ If no player deviates, then there exists T = T(N, ¢, ¢) such that
P [9N,T,6()"(17._.7)"(N) < +Oo] << 1

and the payoff of each player is close to eV.
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Sketch of proof (end)

@ If Player i deviates and plays o/, then
t
o either the deviation is not detected, i.e., § = +oo, but then ¢~ / bxids ~ jiand
0

her payoff is close to eV (depending on §),
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Sketch of proof (end)

@ If Player i deviates and plays o/, then

t
o either the deviation is not detected, i.e., § = +oo, but then ¢~ / bxids ~ jiand
0

her payoff is close to eV (depending on §),

@ or the deviation is detected, i.e., § < +oo. Then the other players switch to «y.
Thus (for N large)

1 1 1 t X
lim 7/ 4,,ds = pp so that limsup 7‘/ F(m;(v") dt ~ F(uo)-
tJo X t Jo t

t—=+oo t—+oo

Hence Player’s i's payoff is close to

~ lmsup 7. [, L0t ab)ds + Flro) > [ Loo(x). x)pa(x)a + F(so)

> —Xo + F(uo) > eV —e.
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Sketch of proof (end)

@ If Player i deviates and plays o/, then

t
o either the deviation is not detected, i.e., § = +oo, but then ¢~ / bxids ~ jiand
0

her payoff is close to eV (depending on §),

@ or the deviation is detected, i.e., § < +oo. Then the other players switch to «y.
Thus (for N large)

1 1 1 t X
lim 7/ 4,,ds = pp so that limsup 7‘/ F(m;(v") dt ~ F(uo)-
tJo X t Jo t

t—=+oo t—+oo

Hence Player’s i's payoff is close to
1 .
~limsup - [ L0, ab)ds + Fluo) > [ | L(ao(x), 0o(x)dx + Flso)
7 T Jpa Td
> —Xo + F(uo) > eV —e.
@ Taking expectation, we get J'(Xg, o, (&°7)4) > J'(Xo, &%) — €.
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Conclusion and open problems

So far,

@ We have characterized the efficiency of MFG
(in most interesting cases, the MFG system is not efficient)

@ We have (roughly) quantified the lack of efficiency.

@ Application to a mean field limit.

Open problems.
@ The upper bound relies on a structure condition : Is this necessary ?

@ Obtain quantitatives properties independent of the regularity of the system.

@ Efficiency for MFG in which the interaction is also through the distribution of the controls.
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Conclusion and open problems

So far,

@ We have characterized the efficiency of MFG
(in most interesting cases, the MFG system is not efficient)

@ We have (roughly) quantified the lack of efficiency.
@ Application to a mean field limit.

Open problems.
@ The upper bound relies on a structure condition : Is this necessary ?

@ Obtain quantitatives properties independent of the regularity of the system.
@ Efficiency for MFG in which the interaction is also through the distribution of the controls.

Thank you'!
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