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Extreme Value Theory

Consider a stationary stochastic process Xp, X1, Xz, . .. with marginal
df. Fandlet F=1-F.

In the Extreme Value Theory (EVT) we study the distributional
properties of the maximum

My = maX{XO7"'7an1} (1)

as n — oo.
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Extreme Value Laws

Definition

We say that we have an Extreme value law (EVL) for M, if there is a
non-degenerate d.f. H: R — [0, 1] (with H(0) = 0) and for all = > 0,
there exists a sequence of levels u, = un(7) such that

nP(Xy > up) — 7 as n— oo, (2)

and for which the following holds:

P(M, < up) — H(r) as n — oc. (3)
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The independent case

In the case Xy, X1, Xo, ... are i.i.d. r.v. then since
P(Mp < un) = (F(un))"
we have that if (2) holds, then (3) holds with H(7) = e ":

P(M, < up) = (1= P(Xp > up))" ~ (1 — %)n —e 7 as n— oo,

and vice-versa.

When the random variables Xy, Xi, Xo, ... are not independent but
satisfy some mixing condition D(up,) introduced by Leadbetter then
something can still be said about H.



Condition D(u,) from Leadbetter

Let F;, _j,denote the joint d.f. of X;,,..., X],, and set
FI‘1,.‘.,I'n(U) = FI‘1,.4.,I'n(U7 c U)

Condition (D(uy))

We say that D(up) holds for the sequence Xy, Xi, ... if for any integers
It <...<lpandjj <...< jixforwhich j; —ip > t, and any large n € N,

|Fi1""»ip’j1""7jk(un) - Fi17""ip(un)Fj17"'7jk(un)’ S v(n7 t)7

where ~(n, t,) — 0, for some sequence t, = o(n).
[e.9]
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Extremal Index

Theorem ([C81], see also [LLR83])

If D(up) holds for Xy, Xi, ... and the limit (3) exists for some T > 0 then
there exists 0 < § < 1 such that H(t) = e~ for all > 0.

Definition

We say that Xo, Xi, ... has an Extremal Index (El) 0 < 6 < 1 if we have
an EVL for M, with H(7) = e~ for all 7 > 0.
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Stationary stochastic processes arising from chaotic dynamics

Consider a discrete dynamical system
(X,B,P,f),

where

X is a topological space,

B is the Borel o-algebra,

f: X — X is a measurable map,

P is an f-invariant probability measure.



In this context, we consider the stochastic process Xy, X1, ... given by
Xp=¢of" foreachnecN, (4)

where ¢ : X - RU {40} is an observable (achieving a global
maximum at ¢ € X), of the form

p(x) = g (dist(x, ), ()

where ¢ € X, “dist” denotes a Riemannian metric in X and the function
g :[0,4+00) = RU {400} has a global maximum at 0 and is a strictly
decreasing bijection for a neighborhood V of 0.



So, if at time j € N we have an exceedance of the level u sufficiently
large, i.e. Xj(x) > u, then we have an entrance of the orbit of x in the
ball Bg—1(u)(C) at time j, i.e. fj(X) € Bg—1(u)(<).

The behaviour of 1 — F(u), as u — uf, depends on the form of g .
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Assuming D(up) holds, let (k,)nen be a sequence of integers such that

Condition (D'(up))

We say that D'(uj) holds for the sequence Xy, Xi, ... if there exists a
sequence {kn}nen satisfying (6) and such that

[n/kn]
limsup n Z P{Xo > upand X; > u,} = 0. (7)

n—oo

=




Assuming D(up) holds, let (k,)nen be a sequence of integers such that

Condition (D'(up))

We say that D'(uj) holds for the sequence Xy, Xi, ... if there exists a
sequence {kn}nen satisfying (6) and such that

[n/kn]
limsup n Z P{Xo > upand X; > u,} = 0. (7)

n—oo .
J=1

Theorem (Leadbetter)

Let {un} be such that n(1 — F(up)) — 7, as n — oo, for some v > 0.
Assume that conditions D(up) and D'(up) hold. Then

P(M, <up) —e ™ asn— .




Motivated by the work of Collet [C01] we considered:
Condition (D2 (up))

We say that D>(up) holds for the sequence Xy, Xi, ... if for any integers
£, tand n

‘P{Xo > Unpn max{Xt, coy Xiyo—1 < Un}} —
P{Xo > un}P{M; < un}| <~(n, 1),

where ~(n, t) is nonincreasing in t for each nand ny(n, t,) — 0 as
n — oo for some sequence t, = o(n).




Motivated by the work of Collet [C01] we considered:
Condition (D2 (up))

We say that D>(up) holds for the sequence Xy, Xi, ... if for any integers

£, tand n

‘P{Xo > Unpn max{Xt, coy Xiyo—1 < Un}} —
P{Xo > un}P{M; < un}| <~(n, 1),

where ~(n, t) is nonincreasing in t for each nand ny(n, t,) — 0 as
n — oo for some sequence t, = o(n).

Theorem ([FF08al])

Let {un} be such that n(1 — F(up)) — 7, as n — oo, for some v > 0.
Assume that conditions D»(up) and D'(up) hold. Then

PM,<up —e ™ asn— oc.
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Periodic points

Now, we assume that:

(R) ¢ € X is arepelling periodic point of period p € N. The periodicity
of ¢ implies that for all u sufficiently large, {Xo > u} N{X, > u} # 0
and {Xo > u}n{X;>u} =0forallj=1,...,p—1.

We also suppose that we have backward contraction implying that
there exists 0 < # < 1 so that {Xy > u} N {X, > u} is another ball
of smaller radius around ¢ with

P({Xo > u} 0 {Xp > u}) ~ (1 = )P(Xo > u),

for all u sufficiently large.

Under this assumption, D’(u,) does not hold since

[n/kn]
n " P(Xo > tp, Xj > Un) > nP(Xo > Un, Xp > Un) = (1= 0)7

2



Define the events

U(u) = {Xo > u} and Apo(u) := {Xo > u, Xp < u}.

Observe that for u sufficiently large, Ay o(u) corresponds to an annulus
centred at (.

Define the events: A, j(u) := {X; > u, Xi;p < u}, and

Qps.e(u) = Mg AS j(u).



Theorem (F, Freitas, Todd - [FFT12])

Let (un)nen be such that nP(Xy > un) — 7, for some T > 0. Suppose
Xo, Xiq,...isasin(4). Then

lim P(Mn, < up) = I|m P(on,,(un)) (8)

n—oo
V.

@ First observe that {M, < up} C Qp o n(Un).
@ [t follows by stationarity that

P(Qp,0,n(Un) \ {Mn < un}) < pP(Xo > up) = p —— 0.

n—oo



Condition (/1 (un))
We say that JIp(un) holds forXp, X1, ... if forany ¢,t and n
’P( p,0 (un) N th((un)) - P(Ap,O(Un))P(Qp,O,E(Un))‘ <~(n,t),

where ~(n, t) is nonincreasing in t for each nand nvy(n, t;) — 0 as
n — oo for some sequence f, = o(n).

Let (kn)nen be a sequence of integers such that k, — oo and
Knth = o(n).

Condition (/1j,(un))
We say that [T;,(un) holds for the sequence Xp, X1, Xz, . . . if

[n/kn]
lim 0> P(Apo(un) N Ap,(un)) = 0. (9)
j=1




Theorem (F, Freitas, Todd - [FFT12])

Let (un)nen be such that nP(Xy > un) — 7, for some T > 0. Suppose
Xo, X1, ... is as in (4) and (R) holds. Assume further that conditions
Hp(un) and I, (un) hold. Then

Jim_ P(Mn < un) = lim P(Qpon(un) =€, (10)

where 0 = limp_ oo %_

e 16/42



Rare events point processes

Consider the Rare Event Point Process (REPP) by counting the
number of exceedances (or hits to U(up)) up to time nt:

[nt]
Nn(t) = Z1{)(].>un}. (11)
j=0



Consider the events
UOu) = Uu) and AP(u) = {Xo > u, Xq < U, ..., X < u}.
Now let

U) = U* D) - AV (),

AP (u) = UM (u mﬂf— (COBE
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Condition (Ip(un)*)

We say that J15(up)* holds for the sequence Xo, Xi, Xz, .. . if for any

integers t,k1,...,k, nand any J = U;_, [ € R withinf{x : x € J} > ,
[P (A5 (wn) 0 (oo in () = 1)) = P (A5 (un) ) P (O in () = )| < 2, 0),

where A, (1) = Z,eNm,j 1x;>u,}- for each n we have that v(n, t) is
nonincreasing in t and nvy(n, t,) — 0 as n — oo, for some sequence

Assuming Ip(un)* holds, let (kn)nen be a sequence of integers such
that k, — oo and knt, = o(n).

Condition (/T,(un)*)
We say that /T;,(un)* holds for the sequence Xp, X1, Xa, . . . if
[/ ks)

lim > PAD (un) N {X; > un}) = 0. (12)
j=1




Theorem (F, Freitas, Todd - [FFT13])

Let (Un)nen be such that nP(Xy > up) — 7, for some T > 0. Suppose

Xo, Xi,... is as in (4) and (R) holds. Assume that conditions 1p(un)*, 1, (Un)*
hold.

Then, the REPP N, converges in distribution to a compound Poisson process
N with intensity 6 and multiplicity d.f. = given by (x) = 6(1 — 6)*~', for

P(AY (un))

every k € N, where the extremal index 6 is given by 8 = limp_, o EURITOE

If p = 0, we obtain the result of [FFT10]: under a condition Ds(u,) and D'(up),
the REPP N, converges in distribution to a (simple) Poisson process.




Systems to which we can apply directly the above result are:

- uniformly expanding maps on the circle/interval,

- piecewise expanding maps, like Rychlik maps;

- higher dimensional expanding maps studied by Saussol (2000)
([S00]).

For these type of systems, we then have the following:

- if the point ¢ is non periodic, then the REPP N, converges in
distribution to a Poisson process.

- if the point ¢ is periodic, then the REPP N, converges in distribution
to a compound Poisson process.



In [FFTV16] we studied the limiting process for the REPP N,, in the
case of a simple non-uniformly hyperbolic dynamical system, the
Manneville-Pomeau (MP) map equipped with an absolutely continuous
invariant probability measure.

The form for such map that we studied is the one considered in
[LSV99], and given by

f— f(x) = x(1+2%x*) forx €[0,1/2)
S lax -1 for x € [1/2,1]

fora € (0,1).



In [FFTV16] we have proved that for this map and for ¢ € (0, 1]:

- if the point ¢ is non periodic, then the REPP N, converges in
distribution to a Poisson process.

- if the point ¢ is periodic, then the REPP N,, converges in distribution
to a compound Poisson process with intensity 6+ for

6 =1 — |D(f~P)(¢)| and multiplicity distribution function = given by
T, = 0(1 — )", for every x € N.

We recall that if ar.v. D ~ Ge(f) then E(D) = 1/6 and so 6 = 1/E(D).

Even in more general cases, typically, the extremal index coincides
with the inverse of the mean of the limiting cluster size distribution.



In a very recent paper ([AFF18]) we built a counterexample for that.

The idea was to make a balanced mixture of a behaviour associated
with an extremal index equal to 0 with the behaviour of an extremal
index different from 0.

For that, we considered the LSV map and assumed that the
observable ¢ was maximized at two points. One of them was (; =0
and for the other one we considered two cases:

1) (2 €]1/2,1] such that f((2) ¢ {(1,¢), V) €N,

2) (2 €]1/2,1] such that for some p € N, fl(G) = ¢ and
f/(CZ) 7& CZ?vjE {177p_ 1}



Study of case 1)

We start by noting that if the observable was maximized at the single
point ¢; = 0, then the extremal index would be equal to 0.

And if the observable was maximized at a single non periodic point (5,
then the extremal index would be equal to 1.

Here we consider the case where the chosen observable is maximized
at the two points ¢; and (,.



Study of case 1)

Theorem (Abadi, F, Freitas - 2018)

Consider the LSV map for some 0 < a < /5 — 2. Let (Un)nen be such
that nP(Xy > up) — 7, for some v > 0. Suppose Xy, X1, ... is as in (4)
for an observable ¢ conveniently chosen and maximized at the points
¢1 and Ca.

Then, this process admits an EI 0 = 1/2. Moreover the REPP N,
converges in distribution to a Poisson process N with intensity 6.

So, in this case, § = 1/2.

The multiplicity distribution is given by 7(1) =1 and n(x) =0 for k > 2
and so the corresponding mean is equal to 1.

Then, this is an example for which 6 does not coincide with the inverse
of the mean of the limiting cluster size distribution.
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Study of case 2)

In this case, if the observable was maximized at the single point
¢1 = 0, then the extremal index would be equal to 0.

If the observable was maximized at a single periodic point (» of period
p, then the extremal index would be equal to a certain 0 < 6> < 1.

Here we consider the case where the chosen observable is maximized
at the two points ¢; and (,.
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Study of case 2)
Theorem (Abadi, F, Freitas - 2018)

Consider the LSV map for some 0 < o < v/5 — 2. Let (Un)nen be such
that nP(Xy > up) — 7, for some T > 0. Suppose Xy, X1, ... is as in (4)
for an observable v conveniently chosen and maximized at the points
¢1 and Ca.

Then, this process admits an EI 0 = 3(1 — "), where v = DfP((2).
Moreover the REPP N, converges in distribution to a compound
Poisson process N with intensity T and multiplicity distribution given
by (k) =1 -7y ), Ve

v

So, in this case, 6 = %(1 — ~~1) and the multiplicity follows a geometric
distribution with parameter 1 — 4~ (that is, with mean (1 —4~')~")

Then, the extremal index does not coincide with the inverse of the
mean of the limiting cluster size distribution is the parameter.
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Decay of correlations implies D>(up)

Suppose that there exists a nonincreasing function v : N — R such
that for all ¢ : X — R with bounded variationand ) : X — R € L*°,
there is C > 0 independent of ¢,y and n such that

[o-@eridu- [ [ v

where Var(¢) denotes the total variation of ¢ and nvy(t,) — 0, as
n — oo for some sequence t, = o(n).

< CVar(9)[[¢]lccn(t), Vvt =0,
(13)

Taking ¢ = 1;x>y,y @and ¢ = 14y,<y3, then
(13) = Do(up),

(with +(n, 1) = CVar(1 x=u) 11 m<un () < C'A(2) and for the
sequence {t,} such that t,/n — 0 and nvy(t;) — 0 as n — o).



Decay of correlations against L' implies I, (un)

Suppose that there exists a nonincreasing function v : N — R such that for all
¢ : X — R with bounded variationand ¢ : X — R € L', thereis C > 0
independent of ¢, and n such that

] [o-wotyan—[oan [ ¢du]3(JVar(¢)|w|m(t), V>0, (14

where Var(¢) denotes the total variation of ¢ and nvy(t,) — 0, as n — oo for
some sequence {, = o(n).

Taking ¢ = 14,(u,) and ¥ = 14,.4,), then
(14) = Tp(un),
P(Ap,0(Un) N Ap,j(Un)) < P(Apo(Un))? + C'P(Apo(un))v(j) S (/n)? + C'(r/n)v(j).
So, NS/ f P(Apo(Un) N Apj(Un)) S 1 (7/n)? + NS, C'(m/m)() =
72 /kn + C/T Z/:H,, v(j) —n=o0 0 if we check that limy_.oc Ry = +oo (for non-periodic
points this is true if for example the map f is continuous at every point of the orbit of ¢;

for periodic points it is enough to be a repelling periodic point which implies the
existence of the derivative ...) - R, is the first return time of the set to itself.



Proof of the extreme value law

This proof is for the case of no clustering. In the case of clustering we just have to replace balls by annulli.
Let k be the number of big blocks, let £ = ¢, = [g] be the approximate size of each block where [%] is the integer part of % and
let t be the size of the small blocks. We begin by replacing P(Mp < up) by P(Mk(“,) < up) for some t > 1. We have

‘P(Mn < up) = P(Mk(eqp < un)| < KtP(X > up). (15)
We now estimate recursively P(Mi([+,) < up)fori=0,...,k. Using a Lemma and stationarity, we have forany 1 < i < k

)P(M/‘(15+t) < up) = (1 = £P(X > un)) P(Mi_1)(e+t) < Un)| < This
where

£—1
Tn,i = |P(X > un)P(Mj_1)(e4t) < Un) = D P ({Xj > un} O Myt (i—1)erty < Un})
=0
2—1
+P(X > up) +2¢ > P ({X > un} 0 {X > un}) -
=1

Using stationarity, D(up) and, in particular, that v(n, t) is nonincreasing in ¢ for each n we conclude

2—1
Tni <> )P(Xo > Un)P(Mj—1)(e+ty < Un) — P ({Xo > Un} N AMpip—j (i—1y(e+t) < Un}))
j=0
£—1
+1P(X > up) +2 37 P ({X > un} 1 {X > un})
j=1
£—1
< ey(n )+ tP(X > up) + 20 P ({x > up} N X > un}) .
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Define Tn = £y(n, t) + tP(X > un) + 2¢ zf; P({X > un} N {X > un}). Then for every 1 < i < k we have

‘P(Mi(lﬂ) < up) = (1= LP(X > un)) P(Mi—1)(e+1) < Un)‘ <Tp
andfori =1
|P(Me1y < tn) = (1 = POX > up))| < T
Assume that k and n are large enough in order to have £P(X > up) < 2, which implies that |1 — LP(X > un)| < 1. Asimple
inductive argument allows to conclude
|P(Mypty < un) = (1= £P(X > un)*| < KTn.

Then we have

|P(Mn < up) = (1 = €P(X > un)¥| < KIP(X > up) + KT, (16)

Since nP(X > up) = n(1 — F(up)) — 7,as n — oo, for some = > 0, we have

lim (1— Z)f=e™ 7.
k— oo

lim 1= [21P(X > up)* =

lim (
k— oo N—r o0
Now, observe that nP(X > up) = n(1 — F(up)) — 7 is equivalentto P(M, < up) = (F(un))" — e~ 7, where the limits are
taken when n — oo and 7 > 0 (see [LLR83], Theorem 1.5.1] for a proof of this fact). Hence,

Jimlim (1= [R1P(X > un))f = lim  P(ftp < un). (17)

It is now clear that, according to (16) and (17), M, and M, share the same limiting distribution if

Nim  lim (KP(X > tp) + KT =0,

that is
I3
lim lim  2KIP(X > un) + ny(n, 1) + 2037 P ({x > up} N X > un}) =0. (18)

k—oo
=

Assume that t = tp where t, = o(n) is given by Condition D(up). Then, for every k € N, we have limp_, o ktnP(X > up) =0,
i > i use D(un) and D’ (un) to obtain that the two remainina terms in (18) also ao to 0.
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Convergence in distribution of a point process

A point process N, converges in distribution to a point process N if and
only if for any s disjoint intervals i, ..., Is (I = [a;, b)), the joint
distribution of N, over these intervals converge to the joint distribution
of N over the same intervals, i.e.

(Nn(h), .-, Nn(ls)) = (N(h),..., N(Is))
that is,

P(No(h) = ki, ..., No(ls) = ks) — P(N(I) = ki,..., N(ls) = ks).

This is equivalent to show that the joint moment function of
Nin(l), ..., Na(ls) converge to the joint moment generating function of
N(h),...,N(ls).



Definition of a compound Poisson process

Definition
We say that {N(t)}+>0 is @ compound Poisson process of intensity ¢
and multiplicity d.f. 7 if we may write

M(t)

ZD

where {M(t)}+>¢ is a Poisson process of intensity ¢ and Dy, D5, ... is a
sequence of i.i.d. r.v/s with d.f. 7, which are independent of M(t).

In our case, D; corresponds to the size of the cluster i and M(t) to the
number of clusters observed up to time t.
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Theorem

Let Xo, X1, . .. satisfy conditions [14(un)* and [1g(un)*, where (un)nen is
such that nP(Xy > up) — 7, for some v > 0. Assume that the limit

. . P(AD (un))
0 = limp_ 95 exists, where 0, = W, and moreover that for each

k € N, the following limit also exists

lim mn(k) = lim P(AS ™ (un) = (AY (un)

. 19
N300 00 PAY(un)) (19)

Then the REPP N, converges in distribution to a compound Poisson
process with intensity T and multiplicity distribution = given by (19).




Convergence of the REPP for the intermittent map

The method was to use inducing techniques, extending a result of
[HWZ14] (for hitting times).

We proved that if for the first return time induced map the REPP
converges to a certain limiting point process, then for the original
system the REPP converges N, to the same limiting point process.



Hitting Time Statistics and Return Time Statistics
Definition

Given a sequence of sets (Un)nen so that P(Up) — 0, the system has
RTS G for (Up)pen ifforall t > 0

Py, <fun < P(i/n)) — G(t) as n — oco. (20)

v

and the system has HTS G for (Up)pen if forall t > 0

P <fun < P(tU,,)) — G(t) as n — oo, (21)

We say that the system has HTS G for balls centred at ¢ if we have
HTS G for (Un)n = (Bs,(€))n, for any sequence (6,)neny € R such that
onp —0as n— oo.



Theorem

Consider an unperturbed map Ts(x) = x mod 1 for 5 > 1+ ¢, with
¢ > 0, with invariant absolutely continuous probability ;. = pg with
respect to Lebesgue measure m. Consider a sequential system acting
on the unit circle and given by Tn = Tpo---o Ty, where T; = Tg,_,, for
alli=1,... . nand|3,— 3| < n¢ holds for some ¢ > 1. Let X1, Xa, ...
be as before, where the observable function ¢, given by (5), achieves
a global maximum at a chosen ¢ € [0,1]. Let (un)nen be such that
nu(Xo > up) — 7, @ n — oo for some v > 0. Then, there exists
0 < 6 <1 such that
nim m(Xo < Up, Xy < Un,...,Xn—1 < Up) = e’
The value of 0 is determined by the behaviour of ( under the original
dynamics Tg, namely,
@ Ifthe orbit of ¢ by Tg never hits 0 ~ 1 and ¢ is periodic of prime
period p then =1 — ~P;
@ Ifthe orbit of ¢ by Ts never hits 0 ~ 1 and ¢ is not periodic then
0=1.
I




Doubling map
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Rychlik map




Intermittent map




Benedicks-Carleson maps




